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I n t r o d u c t o r y  N o te .
Towards th e  end o f  1946, c o n s id e r a b le  v a r i e t y  e x i s t e d  i n  th e  t e c h n ic a l  
l i t e r a t u r e  on the  s u b j e c t  o f  servo-m echan ism s. W ith t h e  i n t e n t i o n  o f  
rev iew ing  t h i s  l i t e r a t u r e  and th u s  o b ta in in g  gu idance  f o r  f u tu r e  work, th e  
a u th o r ,  i n  O ctober 1946, began a programne o f  s tu d y  and r e s e a r c h  in  th e  
E l e c t r i c a l  E n g in e e r in g  D epartm ent.  S h o r t l y  a f t e r  t h i s ,  th e  volume of 
p u b l i s h e d  w ork on servo-m echanism s r e le a s e d  a t  C onferences  i n  th e  p o s t -w a r  
y e a r s ,  and a p p e a r in g  a l s o  i n  t e x t - b o o k  form, in c re a s e d  to  an e x t e n t  which 
made i t  q u i t e  c l e a r  t h a t  the  rev iew  o r i g i n a l l y  p lanned  cou ld  n o t  be c a r r i e d  
o u t  i n  a work o f  t h i s  n a t u r e .  The a u t h o r ,  t h e r e f o r e ,  tu r n e d  to  th e  more 
r e s t r i c t e d  problem s o f  the d e s ig n  of servo-m echanism s w i th  s p e c i f i e d  
t r a n s i e n t  re sp o n ses  and th e  c o r r e l a t i o n  of f re q u e n c y  and t r a n s i e n t  response  
i n  an  e x p e r im e n ta l  s y s t a n .  At t h e  same t im e ,  i t  was th o u g h t  t h a t  th e s e  
m ight be p re fa c e d  by a rev iew  o f  t h e  b a s ic  th e o ry  o f  th e  s u b j e c t ,  and more 
p a r t i c u l a r l y  o f  th e  r e l a t i o n s h i p  o f  r e l a t i v e  s t a b i l i t y  to  th e  t r a n s i e n t  
r e s p o n s e .
The T h e s is ,  t h e r e f o r e ,  i s  d iv id e d  i n t o  t h r e e  P a r t s .  P a r t  I  c o n ta in s  
a rev iew  o f  th e  b a s ic  th e o ry .  C hap te rs  4 and 5 o f  t h i s  P a r t  g ive  a f u l l  
d i s c u s s io n  o f  s t a b i l i t y  and r e l a t i v e  s t a b i l i t y  n o t  to  be found e lsew here  in  
th e  l i t e r a t u r e  o f  th e  s u b j e c t ,  and some p o i n t s ,  w h ich  i t  i s  b e l i e v e d ,  a r e
n o t  so w ell-know n. P a r t  I I  d e a l s  w i th  th e  s p e c i f i c  problem  o f  d e s ig n in g  
f o r  a p r e s c r ib e d  o v e rs h o o t  i n  th e  s t e p - f u n c t i o n  r e sp o n s e .  The whole of 
t h i s  P a r t  i s  o r i g i n a l  and fo l lo w s  up th e  i d e a ,  due to  Campbell, o f  th e  
p r i n c i p a l  mode r e p r e s e n t a t i o n  o f  t h e  e r r o r  q u a n t i t y .  P a r t  I I I  g iv e s  th e  
d e s c r i p t i o n  and r e s u l t s  o f  an  ex p e r im en ta l  i n v e s t i g a t i o n  in t o  th e  t r a n s i e n t  
and freq u en cy  re sp o n se s  o f  a m e ta d y n e -c o n t ro l le d  servo-m echanism .
The work was c a r r i e d  o u t  d u r in g  th e  p e r io d  O ctober 1946 to  O ctober 
1951 i n  th e  E l e c t r i c a l  E n g in ee r in g  L a b o ra to ry .  The a u th o r  w ishes  to  thank  
P r o f e s s o r  B ernard  Hague, D .S c . ,  f o r  h i s  p e rm is s io n  to  u se  t h e  equipment 
co n ta in e d  t h e r e i n  and f o r  h i s  encouragem ent to  th e  a u th o r  w h i le  i n  pu rsuance  
o f  th e  w ork . The a u th o r  a l s o  w ish es  t o  acknowledge th e  b e n e f i t  d e r iv e d  
from a s h o r t  v i s i t  made i n  1948 to  th e  E l e c t r i c a l  E n g in ee r in g  D epartm ent, 
U n iv e r s i t y  o f  Birmingham and to  th a n k  P r o f e s s o r  A. T u s t in  f o r  k in d ly  
p e r m i t t in g  t h i s .
PART I .




P a r t  I  o f  t h i s  t h e s i s  p ro v id e s  a rev iew  of t h e  b a s ic  t h e o ry  govern ing  
th e  o p e r a t io n  and d e s ig n  o f  se rvo-m echan ism s. Fo llow ing  a g e n e ra l  
d e s c r i p t i o n  o f  th e  c lo se d -se q u e n c e  ty p e  o f  c o n t r o l ,  t h e  developm ent o f  
servo-m echanism  th e o ry  i s  o u t l i n e d .  T ra n s ie n t  and freq u en cy  a n a ly se s  
a r e  d e a l t  w i th  i n  th e  succeed ing  c h a p te r s  and a d i s c u s s io n  o f  s t a b i l i t y  
i s  th e n  g iv e n .  The P a r t  conc ludes  w i th  a c o n s id e r a t io n  o f  r e l a t i v e  
s t a b i l i t y  and d e s ig n  p ro c e d u re ,
1 , 1 ,  C losed-Sequence C o n tro l  System s,
A broad d i v i s i o n  o f  c o n t r o l  system s can be made a c c o rd in g  to  w h e th e r  
th e  c o n t ro l  i s  o f  th e  open-sequence o r  c lo se d -s e q u e n c e  ty p e ,  th e  
fundam ental d i f f e r e n c e  between th e  two b e in g  th e  e f f e c t i v e  cau se  ■which 
o p e ra te s  th e  sy s tem . In  t h e  f i r s t  c a s e ,  th e  q u a n t i t y  o p e r a t in g  th e  
system  i n  no way depends on th e  v a l u e  o f  th e  c o n t r o l l e d  q u a n t i t y ,  b u t  i s  
f ix e d  i n  s i z e  and v a r i a t i o n  m ere ly  by p re v io u s  d e s ig n .  I n  th e  second 
c a s e ,  th e  e f f e c t i v e  cause  o p e ra t in g  th e  system  i s  t h e  d i f f e r e n c e  between 
a p r e s c r ib e d  q u a n t i t y  and a n o th e r  q u a n t i t y  which i s  p r o p o r t i o n a l  to  th e  
a c t u a l  v a lu e  o f  th e  c o n t r o l l e d  q u a n t i t y  o f  th e  system , w i th  th e  d i r e c t i o n  
o f  o p e ra t io n  so a r ra n g e d  t h a t  t h i s  d i f f e r e n c e  always te n d s  to  z e r o .  The 
schem atic  d iag ram  o f  a c lo se d -se q u e n c e  c o n t ro l  system  i s  t h e r e f o r e  as  
g iven  by F ig .  1 .















F i g . l .  C losed-sequence  
c o n t ro l  system .
F i g . 2. A ngular o o s i t i o n  c o n t ro l  
s ervo-me cha n i  sm.
In  t h e  diagram ,-^ i s  t h e  c o n t r o l l e d  q u a n t i t y ,  e . g .  v o l t a g e ,  te m p e ra tu re ,
speed , e t c .  I t  i s  measured by some means which p roduces  a p r o p o r t i o n a l
q u a n t i t y  kf  f o r  com parison  w i th  <f>, the  q u a n t i t y  c o r re s p o n d in g  to  t h e  d e s i r e d
v a lu e  o f  th e  c o n t r o l l e d  v a r i a b l e .  The v a lu e  o f  (f> w i l l  i n  g e n e ra l  n o t  be 
%
p re -d e te rm in e d .  The d i f f e r e n c e  e i s  now a r ra n g e d  t o  move V' i n  such a way 
t h a t  c te n d s  to  z e ro ,  t h a t  i s ,  t h a t  'f' te n d s  to  w hich  i s  th e  d e s i r e d  v a lu e  
o f  th e  o u tp u t  q u a n t i t y .
The s u b - d iv i s io n  o f  c lo se d -s e q u e n c e  c o n t ro l  sjrstems u s u a l l y  d e s ig n a te d  
by t h e  te rm  servo-mechanisms r e f e r s  to  such systems i n  which t h e  q u a n t i t i e s  
<j) and ^  a r e  o f  a m echanical n a t u r e  and a o n e - to -o n e  r e l a t i o n s h i p  i s  d e s i r e d  
between them. Agreement on t h i s  d e f i n i t i o n  i s ,  however, by no means 
u n i v e r s a l .  I f  t h i s  s ta t e m e n t  i s  ad o p ted ,  however, th e  d iagram  o f  F ig .  2 
r e s u l t s .  The p r e s c r ib e d  v a lu e  o f  th e  c o n t r o l l e d  q u a n t i t y  o r  o u tp u t  q u a n t i t y  
0O, i s  g iven  by 0• and i s  d e s ig n a te d  th e  i n p u t  q u a n t i t y .  The r e s u l t  o f  th e
^  I f  (p i s  p re -d e te rm in e d ,  some ty p e  of  r e g u l a t o r  r e s u l t s .  In  the  case  o f  
<f> be ing  c o n s ta n t ,  i t  i s  u s u a l l y  r e f e r r e d  t o  as  th e  d a tu m  q u a n t i t y  o f  th e  
regu la  t o r .
3 -
c o n t r o l  a c t i o n  i s  t h a t  60 te n d s  to  th e  v a lu e  QL u n d e r  b o th  s t e a d y - s t a t e  
and changing  c o n d i t i o n s .  Such a system o o c u rs ,  f o r  example, i n  th e  
fo l lo w in g  by a gun-mounting o f  i t s  p r e s c r ib e d  a im ing  an g le  as  p ro v id e d  
by th e  a n g le  o f  r o t a t i o n  o f  a l i g h t  computing s h a f t .  This p a r t i c u l a r  
p roblem  of f i r e - c o n t r o l  i s  one of rem ote p o s i t i o n i n g  o f  a l a r g e  mass.
Such a n g u la r  p o s i t i o n  c o n t r o l s  form th e  g r e a t  b u lk  o f  servo-m echanism
\  ^ . *a p p l i c a t i o n s ,  and i t  has become custom ary  t o  r e p r e s e n t  th e  in p u t  and)^ z /
1 \
q u a n t i t i e s ,  t h e r e f o r e ,  as  th e  s h a f t  a n g le s  and 60 .
The a d o p t io n  o f  c lo se d - s e q u e n c e  c o n t r o l  im m ed ia te ly  c o n fe r s  two 
main a d v a n ta g e s  compared w i th  t h e  more sim ple open-sequence  ty p e .  These 
a r e ,  f i r s t l y ,  th e  a c c u ra c y  o f  co rrespondence  o f  o u tp u t  and i n p u t  which 
i s  o b ta in e d ,  and sec o n d ly ,  th e  speed o f  re sp o n se  o f  th e  o u tp u t  when 
fo l lo w in g  a chang ing  i n p u t .  Both th e s e  ad v an tag es  a r e  secu red  m ere ly  
by i n s e r t i n g  s u f f i c i e n t  a m p l i f i c a t i o n  i n t o  the  main c o n t ro l  sequence 
from th e  e r r o r  q u a n t i t y  to  th e  o u tp u t  q u a n t i t y .  I t  i s ,  o f  c o u r s e ,  
fundam ental t h a t  power a m p l i f i c a t i o n  be p r e s e n t  i n  o rd e r  to  move an 
o u tp u t  hav ing  i n e r t i a ,  and p o s s i b l y  r e s i s t e d  by e x t e r n a l  t o r q u e s .  W hile ,  
in  th e  open-sequence type  o f  c o n t r o l ,  ao cu ra cy  can o n ly  be a c h iev ed  by a 
power a m p l i f i c a t i o n  which i s  bo th  h ig h  and c o n s t a n t , a c lo se d -se q u e n c e  
c o n t ro l  system  o n ly  r e q u i r e s  t h a t  i t  shou ld  be h ig h .  In  p r a c t i c e ,  I t  
i s  im p o ss ib le  f o r  an  open-sequence  c o n t r o l  t o  r e t a i n  i t s  i n i t i a l  
c a l i b r a t i o n  i n  th e  fa c e  o f  normal te m p e ra tu re  and lo a d  c h a rg e s .  I t  i s ,  
t h e r e f o r e ,  e s s e n t i a l  t h a t  f a s t  and a c c u r a te  c o n t r o l  system s be o f  th e  
c lo se d -se q u e n c e  ty p e ,  and i t  i s  w ith  th e  s u b d iv is io n  o f  servo-mechanisms 
t h a t  t h i s  t h e s i s  i s  conce rned ,  a l th o u g h  l i t t l e  e x te n s io n  i s  r e q u i r e d  to  
cover  t h e  g e n e ra l  c a s e .
-  4
The advan tages  m entioned i n  t h e  p rece d in g  p a ra g ra p h  a r e  n o t ,  however, 
o b ta in e d  w i th o u t  s a c r i f i c e  i n  th e  s i m p l i c i t y  and o p e r a t io n  o f  th e  system . 
In  p a r t i c u l a r ,  s e l f - e x c i t e d  o s c i l l a t i o n s  r e q u i r i n g  no e x t e r n a l  i n p u t  
s i g n a l ,  w i l l  u s u a l l y  a p p e a r  u n le s s  s t e p s  have o th e rw is e  been ta k e n  to  
c o u n te r a c t  such b e h a v io u r .  This p o s s i b i l i t y  i s ,  o f  c o u rs e ,  common to  
a l l  systems hav in g  feedback  o v e r  an energy  so u rce  and c o n s t i t u t e s  th e  main 
u n d e s i r a b l e  f e a t u r e  o f  a c lo s e d -se q u e n c e  c o n t r o l .  The d es ig n  problem  i s  
t h e r e f o r e  th e  ach ievem ent o f  a c c u ra c y  and speed  o f  r e s p o n s e ,  which r e q u i r e  
h ig h  a m p l i f i c a t i o n ,  w i th o u t  such a m p l i f i c a t i o n  c a u s in g  undue lo s s  o f  
s t a b i l i t y .
1 . 2 ,  Development o f  Servomechanism Theory.
Servomeohanism th e o ry  has  t a k e n  two main l i n e s  i n  i t s  developm ent.  
These a r e  f i r s t l y ,  th e  re sp o n se  o f  th e  system  t o  a t r a n s i e n t  i n p u t  and 
se c o n d ly ,  t h e  re sp o n se  o f  t h e  system  to  a s t e a d y - s t a t e  s in u s o id a l  i n p u t .
In  t h e  f i r s t  c a s e ,  th e  i n p u t  q u a n t i t y  i s  g iven  a d i s c o n t i n u i t y ,  such 
as  a s t e p - f u n c t i o n  o f  d is p la c e m e n t ,  and th e  speed and a c c u ra c y  w i th  which 
th e  o u tp u t  rep roduces  t h i s  s t e p ,  a r e  m easures o f  th e  perform ance  o f  t h e  
system . Such a p ro ced u re  i s  known a s  t r a n s i e n t  a n a l y s i s  and i t  has 
developed  on a c c o u n t  o f  th e  ap p ro x im a tio n  to  such an in p u t  w hich o ccu rs  
in  p r a c t i c e ,  as  f o r  example, i n  f i r e - c o n t r o l ,  when a f r e s h  t a r g e t  i s  
engaged. A second r e a s o n  i s  th e  r e l a t i v e  e a se  w i th  which a l a b o r a t o r y  
t e s t  may b e  c a r r i e d  o u t  t o  check a p a r t i c u l a r  d e s ig n .  . As an a l t e r n a t i v e  
to  t h e  s t e p - f u n c t i o n ,  th e  system may be g iv e n  a p u ls e  o f  s h o r t  d u r a t i o n  
and t h e  tim e ta k e n  f o r  th e  system  t o  r e v e r t  t o  ze ro  u sed  as  an  i n d i c a t i o n
-  5 -
o f  th e  s t a b i l i t y .  As i t  i s  n o t  p o s s i b l e  t o  a c h ie v e  i n  p r a c t i c e  th e  
measurement o f  t h e  t r u e  im pu lse  re s p o n s e ,  th e  r e l a t i o n  of p u ls e -w id th ,  
i . e .  d u r a t i o n ,  to  th e  tim e c o n s ta n t s  o f  th e  system i s  h ig h ly  im p o r ta n t .  
S ince  t h i s  w i l l  c e r t a i n l y  n o t  be a sim ple m a t t e r  to  ta k e  i n t o  a c c o u n t  
when a t te m p t in g  to  a s s e s s  th e  speed  of re s p o n s e ,  i t  i s  g e n e r a l l y  e a s i e r ,  
bo th  a n a l y t i c a l l y  and i n  p r a c t i c e ,  to  o b ta in  th e  re sp o n se  to  a s t e p -  
f u n c t io n  r a t h e r  th a n  u se  th e  p u ls e - r e s p o n s e .  The t r u e  im p u ls e - re s p o n se  
may o f  cou rse  be o b ta in e d  by d i f f e r e n t i a t i o n  of th e  s te p - r e s p o n s e .
There a r e  n o rm a l ly  o th e r  p r a c t i c a l  re q u ire m e n ts  t o  be met by a 
servo-m echanism . The maximum p e r m is s ib le  e r r o r s  under s p e c i f i e d  maximum 
in p u t  v e l o c i t y  and a c c e l e r a t i o n  a re  u s u a l l y  s t a t e d ,  and a f u r t h e r  
req u ire m en t upon minimum smooth o u tp u t  speed may have to  be s a t i s f i e d .  
There i s  a l s o  th e  problem  o f  d e s ig n in g  th e  a p p a ra tu s  i n  a manner which 
w i l l  reduce  m echan ica l r e s i l i e n c e s  i n  th e  d r iv e  o r  p la t f o r m  o f  th e  mount­
in g  as  f a r  a s  p o s s i b l e ,  o r  w i l l  a r r a n g e  th e s e  i n  th e  b e s t  manner to  
p r e v e n t  a n t i - s t a b i l i s i n g  i n f l u e n c e s .  I t  i s  o n ly  i n  a d d i t i o n  to  th e s e  
f a c t o r s ,  t h a t  t h e  s te p - r e s p o n s e  may be c o n s id e re d  a s  s p e c i f y in g  th e  
perform ance o f  th e  system .
The s t e a d y - s t a t e  re sp o n se  to  a s in u s o id a l  i n p u t  i s ,  on th e  o th e r  
hand , n o t  so i n t i m a t e l y  connec ted  w i th  c o n d i t io n s  encoun te red  i n  p r a c t i c e ,  
n o r  i s  i t  p a r t i c u l a r l y  easy  to  a r r a n g e  a t e s t  i n  th e  l a b o r a t o r y .  The 
method i s  j u s t i f i e d ,  however, i n  th e  m a t te r  o f  a n a l y s i s  and d e s ig n ,  
a f f o r d in g  a s  i t  d o es ,  an  a n a l y t i c a l  means o f  b re a k in g  down th e  system  
i n t o  a number o f  s im p le r  components, t h e  i n d i v id u a l  e f f e c t s  o f  each  o f  
which ap p ea r  e x p l i c i t l y  i n  t h e  f i n a l  o v e r a l l  o u tp u t - i n p u t  r e l a t i o n s h i p .
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This f a c t  and th e  e x i s t e n c e  o f  p re v io u s  work on feedback a m p l i f i e r s  
a p p l i c a b l e  w i th  l i t t l e  m o d i f i c a t io n  to  servo-m echanism s, has  b ro u g h t  th e  
f requency  response  method i n t o  p rom inence . Here i t  i s  a q u e s t io n  o f  
o b ta in in g  th e  am p li tu d e  r e sp o n s e  o f  th e  system , t h a t  i s ,  th e  r a t i o  o f  
o u tp u t  to  in p u t  m ag n itu d es ,  f o r  f r e q u e n c ie s  o f  the  i n p u t  v a r i a t i o n  from 
ze ro  to  a s  l a r g e  a v a lu e  as  p o s s i b l e .  The p re se n c e  o f  i n e r t i a  a t  th e  
o u tp u t  w i l l  cause  t h i s  response  to  f a l l  o f f  as  th e  f requency  i s  r a i s e d ,  
and th e  bandw id th  o f  a v e ry  small and f a s t  se rv o  w i l l  v e r y  o f t e n  n o t  
exceed 30 c / s .  L arge system s have, o f  c o u rs e ,  c o r re s p o n d in g ly  s m a l le r  
bandw id ths .  W hatever th e  bandw idth may b e ,  however, r e p ro d u c t io n  o f  
in p u t  s i g n a l s  w i l l  o n ly  occu r  i f  t h i s  band ex ten d s  to  f r e q u e n c ie s  
r e p r e s e n t in g  th e  h i g h e s t  im p o r ta n t  f req u en cy  component i n  any  o f  th e s e  
i n p u t  s i g n a l s ,  and i f  co n s ta n c y  o f  am p li tu d e  re sp o n se  i s  m a in ta in ed  
w i th in  t h e  band. Peaks w i th i n  t h i s  band cause  c e r t a i n  f r e q u e n c ie s  to  
be m agn if ied  o u t  o f  p r o p o r t i o n ,  and t h e  r e s u l t  on a p p ly in g  a s te p -  
f u n c t io n  i s  to  o b ta in  an o u tp u t  c o n ta in in g  an e x c e s s iv e  o s c i l l a t i o n  a t  
a p p ro x im a te ly  t h i s  f re q u e n c y .  A te c h n iq u e  h a s ,  t h e r e f o r e ,  a r i s e n  o f  
r e s t r i c t i n g  th e  maximum v a lu e  o f  th e  a m p li tu d e - re s p o n se  to  a f i g u r e  
v a ry in g  from 1 .2  to  1 .6  and l a r g e l y  de term ined  by p a s t  o p e r a t in g  
e x p e r ie n c e ,  i n  an a t te m p t  t o  keep t h i s  r e s o n a n t  o s c i l l a t i o n ,  w hich  con­
t r i b u t e s  to  th e  o v e rs h o o t  i n  a s t e p - r e s p o n s e ,  t o  a c c e p ta b le  v a l u e s .
The e x p l i c i t  e f f e c t  on a s te p - r e s p o n s e  o f  an y  d e f i c i e n c y  in  th e  f req u en cy  
response  i s  n o t  i n  g e n e ra l  p r e d i c t a b l e .  The g e n e ra l  t r e n d  o f  th e se  
e f f e c t s ,  however, i s  i n d i c a t e d  a t  the  c o n c lu s io n  o f  Sec . 3 .2 .
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CHAPTER 2.
TRANSIENT ANALYSIS OF LINEAR SYSTEMS.
In  th e  p r e s e n t  C h a p te r ,  f o rm u la t io n  o f  servo-m echanism  perform ance 
i s  c o n s id e re d  f i r s t  o f  a l l  from th e  c l a s s i c a l  p o i n t  o f  v iew . The 
L ap lace  Transform te c h n iq u e  i s  th e n  used  i n  d e r iv in g  t h e  t r a n s f e r  
f u n o t io n ,  and i n  e s t a b l i s h i n g  an im p o r ta n t  theorem  r e l a t i n g  th e  minimum 
o v e rsh o o ts  and u n d e rs h o o ts  i n  th e  s t e p - r e s p o n s e  to  th e  s t e a d y - s t a t e  
perform ance o f  th e  system . The C hap te r  co n c lu d es  w i th  a c l a s s i f i c a t i o n  
o f  b a s i c  servo-m echanism  ty p e s .
2 .1 .  O u tp u t - In p u t  R e la t io n s h ip  o f  L in e a r  System s.
Throughout t h i s  t h e s i s  we s h a l l  be d e a l in g  w i th  l i n e a r  system s, t h a t  
i s ,  systems whose perfo rm ance  i s  m a th e m a t ic a l ly  d e s c r ib e d  by a l i n e a r  
d i f f e r e n t i a l  e q u a t io n  w i th  c o n s ta n t  c o e f f i c i e n t s .  In  p r a c t i c e  no system  
i s  t r u l y  l i n e a r .  Small m otions may be g r e a t l y  dependen t on s t i c t i o n ,  
v a r i a b l e  f r i c t i o n ,  and b a c k la s h  i n  g e a r in g ,  and l a r g e  e r r o r s  may p la c e  
th e  o p e ra t in g  f i e l d  c u r r e n t s  o f  g e n e r a to r s  and m otors  i n  th e  s a t u r a t i o n  
ra n g e .  W hile th e  a ssum ption  o f  l i n e a r i t y  may o n ly  h o ld ,  t h e r e f o r e ,  over  
a v e r y  l i m i t e d  r a n g e ,  i t  i s ,  a n a l y t i c a l l y ,  th e  s im p le s t  one to  make; and 
i t  a t  l e a s t  p ro v id e s  some r e s u l t s  w hich can be l a t e r  m o d if ied  to  a c c o u n t  
f o r  c e r t a i n  n o n - l i n e a r  f e a t u r e s  o c c u r in g  i n  p r a c t i c a l  sy s tem s . With 
th e  assum ption  o f  l i n e a r i t y ,  th e  s u p e r p o s i t i o n  p r i n c i p l e  and t h e  r e l a t e d  
frameworks o f  o p e r a t io n a l  c a l c u lu s  and F o u r ie r  a n a l y s i s  become a v a i l a b l e .
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The fo rm u la t io n  o f  th e  b e h a v io u r  of any system  c o n s i s t s  in  b re a k in g  
th e  system  down i n t o  s im p le r  u n i t s ,  each o f  w h ich  may be d e s c r ib e d  by a 
s im ple l i n e a r  d i f f e r e n t i a l  e q u a t io n .  For servo-m echanism s, m ost o f  
th e s e  u n i t s  o r  components w i l l  be  u n i - d i r e c t i o n a l ,  t h a t  i s ,  w i th o u t  
mutual e f f e o t s .  C e r ta in  b i - d i r e c t i o n a l  e lem en ts  do o c c u r ,  however, th e  
most im p o r ta n t  o f  th e s e  b e in g  th e  m o to r - lo a d  co m b in a t io n .  C o n s id e r ,  f o r  
example, th e  s im p le  p o s i t i o n  c o n t ro l  system  o f  F ig .  3.
error thermionic machine motor
transducer amplifier amplifier




F ig .  3 . Simple p o s i t i o n  c o n t ro l  system .
L e t  Kc -  e r r o r  t r a n s d u c e r  c o n s ta n t ,  v / r a d n
= a m p l i f i e r  g a in  up to  o u tp u t  s t a g e  g r id s  
M = a m p l i f i c a t i o n  f a c t o r  of o u tp u t - s t a g e
R ~ t o t a l  o u tp u t  s t a g e  r e s i s t a n c e  i n  each  h a l f  c i r c u i t  ( in c lu d in g  
v a lv e  r e s i s t a n c e )
T ~ ^ ; th e  o u tp u t  s ta g e  tim e c o n s ta n t  
Ke = g e n e r a to r  e . m . f .  p e r  in c re m e n ta l  f i e l d  ampere 
Ra.= t o t a l  a rm atu re  c i r c u i t  r e s i s t a n c e  
H a -  m otor back e . m . f .  p e r  r a d n / s e c .
Kr  = motor to rq u e  p e r  a rm a tu re  ampere
J" = t o t a l  i n e r t i a  r e f e r r e d  to  m otor s h a f t ,  s l u g - f t ^ .
& = v is c o u s  f r i c t i o n  c o e f f i c i e n t  o f  lo a d ,  l b - f t  p e r  r a d n / s e c .  
n = g e a r  r a t i o ,  m otor to  lo a d .
Then L di -b R l. = y^K^K^. £
dC
Kb dOn bdt I ■if dJjitK b 3  ddfn ~ Ky ia 
d t
-  o u tp u t  s t a g e  e .m . f .  e q u a t io n  ( l )
-  g e n e r a to r  e . m . f .
-  a rm a tu re  c i r c u i t  e . m . f .  e q u a t io n  (2)
-  to rq u e  e q u a t io n  a t  m otor s h a f t  (3)
€ -  fundamental e r r o r  e q u a t io n (4)
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E l im in a t in g  in  o rd e r  t o  f in d  -the o v e r a l l  d i f f e r e n t i a l  e q u a t io n  r e l a t i n g
th e  o u tp u t  t o  t h e  i n p u t ,  we o b ta in
+ \ l - n ]  d%  + ± A d ,  +  K 8 m K g :  (5)
i t» U  Ti  V 3 t  S T  0 %T
where k -  J 3 T= L , K -  y/^lCcJ<.e Kr KE
[ & + * & )  *■ n R a R [ 6 +  « d < s]
A ccording to  th e  v a r io u s  forms which th e  i n p u t  s ig n a l  d'L t a k e s ,  so
th e  a p p r o p r i a t e  s o l u t i o n  of (5) w i l l  y i e l d  th e  perfo rm ance o f  t h e  system .
Thus f o r  t h e  re sp o n se  t o  a s t e p - f u n c t i o n ,
we s e t  $i -  Hit)  t where Hit)  = I } t  > 0 (6)
- 0 , t < 0 .
In  terms o f  t h e  c l a s s i c a l  s o l u t i o n ,  we o b ta in  th e  p a r t i c u l a r  i n t e g r a l  o f  
0O = / , g iv in g  th e  " s t e a d y - s t a t e "  o u tp u t ,  and th e n  th e  com plementary 
f u n c t io n  which d e te rm in e s  th e  t r a n s i e n t  p a r t  o f  th e  o u tp u t .  To do t h i s ,  
th e  r o o ts  o f  th e  system  c h a r a c t e r i s t i c  e q u a t io n , 
m3 -h U -h ~ ] tn z -t J - m  -h K  = 0
tTo t j  u t  r0r
a r e  r e q u i r e d ,  and we s h a l l  suppose th e s e  a r e  m^/T^and mi  , f o r  th e  
p r e s e n t  ta k e n  as d i s t i n c t .  The re sp o n se  o f  t h e  system i s  now
e„ = i  + +■ A3t m>t
s u b je c t  to  th e  v a lu e s  o f  A- ,^ A^, Ag b e in g  d e te rm in e d  by th e  i n i t i a l  
c o n d i t i o n s .  This conc ludes  th e  fo rm u la t io n  and p r i n c i p l e  o f  c l a s s i c a l  
s o lu t i o n  o f  th e  above r e l a t i v e l y  s im ple  system  ta k e n  f o r  th e  p u rp o ses  o f  
i l l u s t r a t i o n ,
2 .2 .  S t a b i l i t y  and Root L o c a t io n .
The s im ple  system above y ie ld e d  a t h i r d - o r d e r  d i f f e r e n t i a l  e q u a t io n  
r e l a t i n g  th e  o u tp u t  and i t s  v a r io u s  tim e d e r i v a t e s  to  t h e  i n p u t  q u a n t i t y .
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A more g e n e ra l  system  w i l l  a l s o  in c lu d e  c e r t a i n  t im e  d e r i v a t i v e s  of t h e  
i n p u t  q u a n t i t y ,  i n  a d d i t i o n  t o  b e ing  o f  h ig h e r  o r d e r .  Thus a r e l a t i o n  
o f  th e  form
( a 0D f -h a , D ~ l -h ■ +■ O f . , D  -h a r ) d Q = (  b 0 D  +  L t D & -b ■ ■ ■ -hbs_ ,D - t  (8)
w i l l  in c lu d e  a l l  p a r t i c u l a r  c a s e s .  For t h e  m a j o r i t y  o f  sy s tem s , T and 
s do n o t  exceed 7 and 2 r e s p e c t i v e l y .  As above, th e  r o o ts  o f  t h e  
c h a r a c t e r i s t i c  e q u a t io n
Qom +■ a{rn ‘+ -t af im -h ar *  O (9)
d e te rm ine  th e  form o f  t h e  t r a n s i e n t  p a r t  o f  t h e  r e s p o n s e .  The te rm s 
which may a r i s e  a r e  g iv e n  b e lo w ,w ith  th e  p a r t i c u l a r  r o o t - l o c a t i o n  t o  w hich 
th e y  co r re s p o n d .  The c o n s ta n t s  A , R %<p a r e  f o r  th e  moment a r b i t r a r y  and 
a re  o f  no consequence , as  we a r e  i n t e r e s t e d  o n ly  i n  t h e  manner i n  w hich  
th e  te rm  depends on t ,
R o o t - l o c a t i o n .  Term i n  t r a n s i e n t  r e s p o n s e .
±cc Ae.±ut
Rsiri (i3t + <p)
+ OL±J 6 R s^ sin  ( f it+  <fi)
- ot±7'3 Rs.-°Ltsin(0t + <p)
o* A&o t - A
Any o f  th e  above r o o t s  o c c u r r in g  tw ic e  o r  more w i l l  c a u se  t h e i r  t r a n s i e n t  
te rm  t o  c o n t a i n  some p o s i t i v e  power o f  t  a s  a f a c t o r .  The c o n c lu s io n  can 
t h e r e f o r e  be s t a t e d  t h a t  s t a b i l i t y  w i l l  on ly  be  a s s u re d  i f  r o o t s  o f  t h e  type
oL ,±j@ }ol± J 0  and a second o r  h ig h e r  o rd e r  r o o t  a t  th e  o r i g i n  a re  ex c lu d ed .
*  This w i l l  n o t  occu r  i n  p r a c t i c e .  From t h e  v ie w p o in t  o f  s t a b i l i t y ,  i t  i s  
p e rm i t te d  however, and i s  in c lu d e d  fo r  the  sake o f  co m p le te n ess .
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A l t e r n a t i v e l y ,  f o r  s t a b i l i t y ,  o n ly  th o s e  r o o t s  hav ing  n e g a t iv e  r e a l  p a r t s  
and a s im ple r o o t  a t  th e  o r i g i n ,  c an  be a d m it t e d .  This i s  shown in  
F ig .  4 .  _______________________ _________________
F ig .  4 .  L o c a t io n  o f  r o o ts  o f  c h a r a c t e r i s t i c  e q u a t io n .
This f ig u r e  makes c l e a r  a fundam ental d i s t i n c t i o n  betw een th e  r i g h t  and th e  
l e f t  h a lv e s  o f  th e  complex p la n e ,  namely t h a t  t h e  fo rm er c o n fe r s  u n s t a b l e , 
and th e  l a t t e r ,  s t a b l e  p r o p e r t i e s .  In  c o n t r a s t  to  t h i s ,  no fundam ental 
d i f f e r e n c e  e x i s t s  between t h e  top  and bottom  h a lv e s  o f  th e  p la n e .  This 
fo llo w s  from th e  f a c t  t h a t  th e  c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t io n  
a r e  w h o lly  r e a l ,  and t h a t  complex r o o t s  can occu r  o n ly  i n  c o n ju g a te  p a i r s ,  
each o f  w hich  d e f in e s  one r e a l  f req u en cy  to g e th e r  w i th  i t s  damping c o e f f i c i e n t .
The a c t u a l  l o c a t i o n  o f  th e  ro o ts  o f  th e  c h a r a c t e r i s t i c  e q u a t io n  i s  
t h e r e f o r e  a m a t te r  o f  g r e a t  im p o r tan ce ,  b u t  from th e  p o i n t  o f  v iew  o f  s t a b i l i t y  
o n ly ,  i t  i s  s u f f i c i e n t  t h a t  th e  r e a l  p a r t s  o f  a l l  th e  r o o t s  be n e g a t i v e .  
C r i t e r i a  e x i s t  which answer t h i s  q u e s t io n ,  b u t  i n  p r a c t i c e  th e  e x i s t e n c e  o f  
m ere ly  l i m i t i n g  s t a b i l i t y  i s  i n s u f f i c i e n t .  For a s u i t a b l e  re s p o n s e ,  we
permiss/b/e
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r e q u i r e  i n  f a c t  t h a t  th e  r e a l  p a r t  o f  any complex r o o t  be r e l a t i v e l y  l a r g e
compared w i th  the  im ag in a ry  p a r t ,  i n  o rd e r  t o  reduce  th e  number of
o s c i l l a t i o n s  o c c u r r in g  w h i le  a c e r t a i n  decay  i n  th e  te rm  ta k e s  p l a c e .  For
l a r g e  a b s o lu t e  damping, i . e .  damping i r r e s p e c t i v e  o f  th e  o s c i l l a t o r y
f req u e n c y ,  th e  r e a l  p a r t s  o f  a l l  the r o o ts  shou ld  be l a r g e .
I f  an a c t u a l  tim e s o l u t i o n  o f  th e  o u tp u t  i s  r e q u i r e d ,  th e  e v a lu a t io n
o f  th e s e  ro o ts  and th e  c o r re sp o n d in g  m u l t ip ly in g  c o n s t a n t s ,  r e q u i r e s  an
e x c e ss iv e  amount o f  a r i t h m e t i c a l  w ork . F u r th e r ,  t h e  a l t e r a t i o n  of any
d e s ig n  p a ram e te r  means t h a t  a com plete  new c a l c u l a t i o n  i s  r e q u i r e d .  I n
an  a t te m p t  to  surmount th e s e  d i f f i c u l t i e s ,  r e c o u rs e  has  been  made to  
H,8Q
c h a r t s  f o r  a t h i r d  o rd e r  system , b u t  th e  perfo rm ance  o f  a system
re p re s e n te d  by a h ig h  o rd e r  d i f f e r e n t i a l  e q u a t io n  can n o t  be so r e p r e s e n t e d .
D esign  and s y n th e s i s  by t h i s  method has i n  t h e  p a s t  been l i m i t e d  to  v e ry
zi
s im ple  sy stem s . The method o f  ’’S tanda rd  Forms” g iven  by Whit e l  ey 
p a r t i a l l y  r e l i e v e s  th e  s i t u a t i o n  and t h i s  i s  o u t l i n e d  i n  Sec. 5 . 2 .  The 
th e o ry  g iven  i n  P a r t  I I  o f  t h i s  t h e s i s  t a k e s  th e  s y n th e s i s  problem a s ta g e  
f u r t h e r .
2 .3 .  The L ap lace  Transform  and th e  T ra n s fe r  F u n c t io n .
The d e f i n i t i o n  o f  t h e  L ap lace  Transform  adop ted  h e re  i s  t h a t  i f  *(b)
%
i s  a tim e f u n c t i o n ,  known f o r  t > 0 , th e  L ap lace  Transform  ^c(p) o f  *U)
ctO
i s  x-(p) = Jd ^ x i t ) d t  , (10)
O
where p i s  a complex number w i th  Re(p) l a r g e  enough to  make th e  i n t e g r a l
12 (3
% The n o t a t i o n  and d e f i n i t i o n  a r e  th o s e  o f  J a e g e r  * . Use w i l l  a l s o  be 
made o f  th e  symbols and SC" to  d e n o te  L ap lace  T ran s fo rm a tio n  and in v e r s e  
L ap lace  T ran sfo rm a tio n  r e s p e c t i v e l y ,  a s  i n  th e  book by G ardner and B arnes /y . 
Thus £ x . ( t )  = Zip') and <£~'ji(p) -  JcCt) .
-  13 -
co n v erg e .  In  a d d i t i o n  t o  t r a n s fo rm in g  tim e f u n c t i o n s , c e r t a i n  
m a them a tica l  o p e r a t io n s  may a l s o  be t r a n s fo rm e d ,  a s  i n  th e  fo l lo w in g  two 
theorems •
Theorem I .
y n y n-l n-iol d  x  * pcLU x  -  u *-ta0 , and i n  p a r t i c u l a r
Z D *  -  p3.<p» -  x ^ o , t o T n . ,
X o x  = pzx (p )~  Dx -  p x  , f o r  n -2
1 ' t=o i t=o
Theorem I I   t
X j x C r )  dT =■ XCp) , g iv e n  t h a t  £ x(T)dT-r- o a s  •
o P  o
With th e  a i d  o f  th e  above th e o re m s ,  t h e  d i f f e r e n t i a l  e q u a t io n  (8) 
r e l a t i n g  t h e  i n p u t  and o u tp u t  o f  a l i n e a r  sy s tem , i s  f i r s t  t r a n s fo rm e d  
i n t o  an  a l g e b r a i c  e q u a t io n  i n  p , w i th  th e  a p p r o p r i a t e  i n i t i a l  c o n d i t io n s  
i n s e r t e d  i n t o  th e  prob lem . Thus, t a k in g  th e  system  a s  i n i t i a l l y  a t  r e s t  
and s u b je c t  to  an  i n p u t  BjLt) a t  1=0 , we o b ta in
(a0p r-h a,pf"+ - * a r )6Jp) -  ( b . p + b / ' ^  +bs_tp  + b ^ W p )  , * < r - ,
and e . W  = k f + k ps~‘+ ■ - • k  . ec(p) ■
at p , +a,p'-,+ - . a f
L e t  Q-(p) = + • + 4-i/> + i s ,  ^
&op *-j- ■ ■ -j- 0-y_ip -b &r
th e n  Qjo)is a r a t i o n a l  f r a c t i o n a l  f u n c t io n  r e l a t i n g  th e  t r a n s f o r m  o f  th e  
o u tp u t  to  t h e  t r a n s fo rm  o f  the  in p u t  and t h e r e f o r e  e x p re s s e s  th e  perfo rm ance  
o f  th e  system  i n  e v e ry  r e s p e c t .  QCp) i s  known as th e  system  t r a n s f e r  
f u n c t i o n , and i t  i s  d e d u c ib le  i n  th e  above manner o r  more d i r e c t l y ,  from th e  
combined e f f e c t  o f  th e  s e p a r a t e  t r a n s f e r  f u n c t io n s  o f  t h e  sequence , as  
fo l lo w s .
-  14 -
Y,(.p )
F ig .  5 .  T ra n s f e r  f u n c t io n s  i n  c a s c a d e .
I f  th e  c o n n ec t io n  o f  any one component does n o t  lo a d  ' th e  p re v io u s  member 
o f  th e  c h a in ,  th e n
|c/>) „  = Y/ (p)Y(p)Y(n) etc.;
ecp) ezcp) e,cp) e(pJ
th u s ,  f o r  th e  example o f  F ig .  3 , th e  component e q u a t io n s  y i e l d  th e  t r a n s ­
f e r  f u n c t io n s
c (p ) ^ K aKe I
* R ( l + p T )
J ?  (p) =* KB
L
6 tp (p )=  — ________ t___
*3 pO+pX)
Ra
i > ( P ) -  i
dm
Henoe §>(/>) =  I______ .Y fp V s a y .  (12)
£ nHa R P(l ipTln-pQ
3
t r a n s f e r  f u n c t i o n .  The b a s ic  d iagram  o f  a servo-m echanism  can now be
= i s  known a s  th e  open -loop  t r a n s f e r  fu n c t io n  o r  s im ply  loop
d e p ic te d  as  i n  F ig .  6 .
’ I f  mutual i n t e r a c t i o n  ta k e s  p l a c e ,  th e  two components c an n o t  be 
a n a l y t i c a l l y  s e p a r a t e d .  In  t h i s  c a s e  a g e n e ra l  t r a n s f e r  f u n c t io n  f o r  th e  
two i n  com bina tion  i s  o b ta in e d .
-  15 -
F ig .  6 .  B as ic  d iagram  o f  a servo-m echanism .
E q u a t io n  (1 2 ) ,  w i th  t h e  e r r o r  e q u a t io n  
b a s ic  s e rv o  e q u a t io n s , namely
i ‘Cp) Y Cp)
I +• Y(p)
L i p ) .  _ J ____
ec i +  yep)
eCp) -  dicp) -  Q0lp) , y i e l d s  th e
(13)
(14)
When YCp) i s  w r i t t e n  o u t ,  (13) g iv e s  t h e  e q u a t io n
C T0 T p 3 -h [To -h T ] p 1 +■ P + K  ) d 0(p) = Kdi(p)  
i n  agreement w i t h  ( 5 ) .
2 .4 .  T ra n s ie n t  A n a ly s i s .  T e s t  S ig n a l s .
Having fo rm u la te d  i n  th e  p re v io u s  s e c t i o n  th e  system  t r a n s f e r  f u n c t i o n ,
Q.(p) = |>(p) = Yty) ,
6 i ‘ i. -hy(p)
th e  re sp o n se  to  a p a r t i c u l a r  i n p u t  6[it) i s
eoct) =  ov ' yep) , eLcp) . ( i s )
I -f YCp)
Once 0-L(t) i s  a s s ig n e d ,  and 6cCp) s u b s t i t u t e d ,  t h e  tim e s o l u t i o n  i s  o b ta in e d
11-13
as i n d i c a t e d  i n  s ta n d a rd  te x t -b o o k s  on th e  s u b j e c t .  I t  sho u ld  be
emphasised t h a t  (15) i s  th e  re sp o n se  o f  th e  sy s tem  from a s t a t e  o f  r e s t ,
p r i o r  to  th e  a p p l i c a t i o n  o f  th e  i n p u t  s i g n a l ,  I t  i s  u s u a l l y  d e s ig n a te d
normal re sp o n se  o f  th e  system . The te rm  t r a n s i e n t  re sp o n se  h i t h e r t o
-  16 -
u sed  i n  a g e n e r a l  s e n s e ,  i s  s t r i c t l y  th e  complementary f u n c t io n  p a r t  o n ly ,  
o f  th e  c l a s s i c a l  s o l u t i o n .
The normal re sp o n se  t o  a u n i t  s t e p - f u n c t i o n  i s  v e r y  o f t e n  r e q u i r e d .  
As i t  a p p l i e s  an  i n f i n i t e  r a t e - o f - c h a n g e  o f  in p u t  s i g n a l ,  i t  i s  a 
co n v en ien t  way o f  a s s e s s i n g  th e  speed o f  re sp o n s e  o f  'the system ,- The 
u n i t  im p u ls e - fu n c t io n  might a l so  be u sed  f o r  t h i s  pu rpose  b u t  as  th e  
re sp o n se  shows more o v e rsh o o ts  and u n d e rsh o o ts  th a n  "the s t e p - r e s p o n s e ,  i t  
i s  e a s i e r  to  work w i th  th e  l a t t e r .  In  a d d i t i o n  to  th e  u n i t  im p u lse -  
f u n c t i o n ,  Sit)  » and th e  u n i t  s t e p - f u n c t i o n  H(fr) , a f u r t h e r  t e s t  s ig n a l  
i s  th e  u n i t  r a m p -fu n c t io n  tHCt) . The normal re s p o n se s  to  th e  above 
w i l l  be deno ted  by and T.Ct) , and th e  e r r o r s  by e Ct) , <c.0Cb)S o  1 *
and e.t(t) a l l  r e s p e c t i v e l y .  The d e f i n i t i o n s  o f  th e s e  s ig n a l s  and t h e i r  
re sp o n ses  a r e  summarised i n  Table 1 ,
I t  i s  to  be  n o ted  t h a t  th e  t r a n s fo rm  o f  th e  re sp o n se  to  a u n i t  
im p u ls e - fu n c t io n  i s
th e  R .H .S. o f  w hich has  a l r e a d y  been d e f in e d  as  th e  system  t r a n s f e r
can be  used to  c h a r a c t e r i s e  a system  in  ev e ry  r e s p e c t  j u s t  as  th e  system  
t r a n s f e r  f u n c t io n  does o r  th e  govern ing  d i f f e r e n t i a l  e q u a t io n .  This 
response  has been c a l l e d  th e  w e ig h t in g  f u n c t io n  o f  th e  system  by c e r t a i n
r(p) = . Y(P} (16a)
f u n c t io n .  I t  fo l lo w s  t h a t  th e  re sp o n se  T,( t)  t o  a u n i t  im p u ls e - fu n c t io n
o





















2 .5 .  Two Theorems r e l a t i n g  T es t S ig n a l  Responses .
A g e n e r a l i s a t i o n  o f  th e  t e s t  s ig n a l s  o f  th e  p re v io u s  S e c t io n  w i l l  now
he c o n s id e r e d .  L e t  u s  t a k e  th e  t e s t  s ig n a l  whose L ap lace  T ransform  i s
W  -  ~nn <19)
This has th e  tim e form, BiH) = A t nH(t)  , o f  which th e  n* d e r i v a t i v e  i s  A .
n!
I t  w i l l  he term ed an  ~ o rd e r  i n p u t .  For n - o and n= I r e s p e c t i v e l y
t h i s  g iv e s  th e  z e r o - o r d e r  i n p u t  o r  s t e p - f u n c t i o n  o f  h e i g h t  A , and th e
f i r s t - o r d e r  i n p u t  hav in g  th e  c o n s ta n t  s lo p e  A . The n - o r d e r  re sp o n se  and
and e r r o r  w i l l  he g iv e n  hv the  in v e r s e  t r a n s fo rm s  o f
? . Cp) -  _V&L A  (20a)
I + YCp) p ^ 1
£nCb) = 1 • A  ( 2 0 h )
l+V(p) pn-hl
For n = 0  and I r e s p e c t i v e l y  we o b ta in  th e  z e r o - o r d e r  e r r o r  o r  d is p la c e m e n t  
e r r o r  and th e  f i r s t - o r d e r  e r r o r  o r  v e l o c i t y  e r r o r .  The c o r re sp o n d in g  
re sp o n ses  a r e  th e  z e r o - o r d e r  re sp o n se  o r  response  to  a s t e p - f u n c t i o n  o f  h e ig h t  
A , and th e  f i r s t - o r d e r  re sp o n se  o r  re sp o n se  to  a ra m p -fu n c t io n  o f  s lo p e  A  . 
The f i r s t  theorem  concerns  a r e l a t i o n s h i p  between th e  e r r o r  q u a n t i t i e s  
namely,
Theorem 1 -  th e  a re a  u nder  th e  tim e p l o t  o f  th e  (rv-i)^ o rd e r  e r r o r  from O
fhto  any p a r t i c u l a r  i n s t a n t ,  i s  equal to  th e  n- o rd e r  e r r o r  a t  
t h a t  i n s t a n t .  C onverse ly  th e  d e r i v a t i v e  o f  th e  n ^ -o rd e r  e r r o r  a t  
any i n s t a n t  i s  equal to  th e  o rd e r  e r r o r .
The p ro o f  i s  s im ple  and p r a c t i c a l l y  s e l f - e v i d e n t  from a c o n s id e r a t io n  o f  
Theorems I  and I I  o f  S e c t io n  2 .3 .  For th e  a r e a  under  th e  o rd e r  e r r o r
-  19 -
i s  e (t)dt , and the  t r a n s fo rm  o f  t h i s  by Theorem I I ,  i s
o = _ J _ A  dp I + Y(p) pn f>
= A . I ,
/ + Y(p) pM
t h a t  i s ,  t h e  t r a n s fo rm  of the  nth-  o rd e r  e r r o r .  The theorem  i s  t h u s
p ro v ed .  I t  a p p l ie s  a l s o ,  of c o u r s e ,  t o  t h e  r e s p o n s e s .  The im portance
m
o f  t h i s  theorem  was f i r s t  p o in te d  o u t  by Ludbrook as  f o l l o w s .
Theorem 2. -  A servo-m echanism  hav ing  ze ro  nth- o rd e r  s t e a d y - s t a t e
e r r o r ,  n e c e s s a r i l y  has  a minimum t o t a l  o f  n o v e rsh o o ts
and u n d e rsh o o ts  In  t h e  z e ro -o rd e r  re sp o n s e  o r  re sp o n se
to  u n i t  s t e p - f u n c t i o n .
This can  be argued  from th e  f a c t  t h a t  i f  t h e  n*- o rd e r  s t e a d y - s t a t e  e r r o r
I jj
i s  z e ro  t h e r e  must be a t  l e a s t  one o v e rsh o o t  i n  th e  (n-i)~ o rd e r  r e s p o n s e ,  
f o r  i n i t i a l l y  th e  e r r o r  (g iv en  by 6[— 0o ) must be p o s i t i v e  and i f  
th e r e  were no o v e rsh o o t ,  the  i n t e g r a t e d  ( n - / ) ^ -  o rd e r  e r r o r  up to  
i n f i n i t y ,  would be p o s i t i v e .  This c o n t r a d i c t s  Theorem 1 .  We a r e  
t h e r e f o r e  o b l ig e d  to  have a t  l e a s t  one o v e rsh o o t  i n  o rd e r  t h a t  the  two 
a re a s  may be equal and o p p o s i t e ,  and t h e  t o t a l  i n t e g r a t e d  e r r o r  up to  
i n f i n i t y  be z e r o .  By d i f f e r e n t i a t i o n  o f  th e  ( n - i o rd e r  e r r o r  the  
(n - 2 -  o rd e r  e r r o r  i s  o b ta in e d  and by th e  n a tu re  o f  t h e  
d i f f e r e n t i a t i n g  p ro c e s s ,  a f h r t h e r  u n d e rsh o o t  i n  t h e  o rd e r
response  i s  o b ta in e d .  P roceed ing  i n  -this manner, we a r r i v e  a t  a minimum
t o t a l  o f  n  o v e rsh o o ts  and u n d e rsh o o ts  i n  th e  (n~n)~  o rd e r  o r  z e r o - o r d e r
re s p o n s e .  F ig .  7 below i l l u s t r a t e s  th e  theorem  f o r  a servo-m echanism  
hav ing  zero  2 n~ o rd e r  s t e a d y - s t a t e  e r r o r .  This r e p r e s e n t s
-  20 -






F ig .  7 .  A minimum of two o v e r-  and u n d e rsh o o ts  in  th e  u n i t  s t e p -
resp o n se  of a servo-m echanism  hav ing  z e ro  o rd e r  s te a d y -  
s t a t e  e r r o r .
o v e rsh o o t  i n  t h e  2.n- o r d e r  re sp o n se  i t s e l f .  Having th u s  r e l a t e d  ze ro  s te a d y -  
s t a t e  fo l lo w in g  p r o p e r t i e s  to  ihe  number o f  o v e r -a n d  u n d e rsh o o ts  i n  th e  
response  to  a u n i t  s t e p - f u n c t i o n ,  i t  i s  now l o g i c a l  to  e n q u i re  w hat c o n d i t io n s  
a r e  n e c e s s a ry  fo r  th e s e  ze ro  s t e a d y - s t a t e  e r r o r s .  This forms th e  s u b je c t  o f  
th e  n e x t  S e c t io n .
2 .6 .  S t e a d y - s t a t e  P r o p e r t i e s  o f  Servo-m echanism s.
The s t e a d y - s t a t e  p r o p e r t i e s  o f  servo-mechanisms when s u b je c te d  to  th e
in p u t  s ig n a l s  AH(t) , At  Hit),  A EH it) . At* H(t) a r © e a s i l y  e s t a b l i s h e d  by
2 n!
th e  F in a l  Value Theorem77 o f  L ap lace  Transform  th e o ry ,  namely
-  21  -
Theorem I I I .
I f  x  (p) = <£xCt)
th e n  Urn px(p)  -  Urn xCt)
p-*- 0 f-?- oc
tflApplying t h i s  to  t h e  n~  o rd e r  e r r o r  t r a n s f o r m ,  i n  o rd e r  to  e s t a b l i s h  ze ro
s t e a d y - s t a t e  e r r o r ,  we have e ip) =>  I  . A
n r  i-t-W(p) p"+l
and e( t )  = Lim . A ( 2 1 )
t-VaO p - r O
The R .H .S . o f  ( 2 l )  w i l l  tend  t o  z e ro  i f  Y(p) te n d s  t o  th e  fo rm  I W a s  p tends
to  z e r o ,  w here th e  i n t e g e r  r  i s  g r e a t e r  th a n  n . The r e s u l t  may be
ex p ressed  by th e  s t a t e m e n t ,
Theorem 3 -  A servo-m echanism  has  z e ro ,  c o n s ta n t  o r  i n f i n i t e  n^- o r d e r
s t e a d y - s t a t e  e r r o r ,  p ro v id ed  t h a t
Urn YCp) -  K 
p ^ o  pr
where th e  i n t e g e r  r* i s  g r e a t e r  th a n  n , equal t o n ,  o r  l e s s
th a n  n r e s p e c t i v e l y .
C o ro l la ry  -  When T i s  equal t o  n , th e  s t e a d y - s t a t e  n -  o rd e r  e r r o r  i s
A / ,  f o r  n > l  and > f o r  n==o , where A i s  t h e  m agnitude
o f  th e  t / 1 d e r i v a t i v e  o f  th e  i n p u t .
In  th e  m a jo r i t y  o f  servo-mechanisms l , a s  i n  the  example o f  F ig ,  3,
These ty p es  t h e r e f o r e  w i l l  s u s t a in  a s t e a d y - s t a t e  f i r s t - o r d e r  o r  v e l o c i t y -
e r r o r ,  l i m i t e d  o n ly  by th e  s i z e  o f  K • In  th e  l i n e a r  case  th e y  w i l l  have
*•
no z e r o - o r d e r  o r  d isp la c e m e n t  e r r o r .  The f a c t o r  K i s  term ed e i t h e r  th e
* In  p r a c t i c e ,  s t i c t i o n  causes  such types  to  have a sm all d isp la c e m e n t  
e r r o r .
-  22 -
g a i n - f a c t o r ,  f ig u r e  o f  m e r i t  o r  in  t h e  c a s e  o f  th e  system s b e ing  c o n s id e re d ,  
i . e .  r=* I , th e  v e l o c i t y - e r r o r  c o n s t a n t .  Here i t  i s  d im e n s io n a l ly  
seconds \  s in c e  f o r  an  e r r o r  o f  oc d e g r e e s ,
°C => A 
K
i . e .  [K] = d eg ree s  p e r  second p e r  d e g re e ,  i . e .  seconds '.
I t  i s  - there fo re  im p o r ta n t  from th e  p o i n t  o f  v iew  o f  s t e a d y - s t a t e  e r r o r s ,  to  
have K as l a r g e  a s  p o s s i b l e .  This i s  done by in c r e a s in g  th e  th e rm io n ic  
a m p l i f i c a t i o n ,  w hich can  be done w i th o u t  s e r i o u s l y  a f f e c t i n g  t h e  f requency  
dependent p a r t  o f  th e  sequence yep) K i n  f a c t  com prises a l l  such 
c o n s t a n t s ,  g a in s ,  g e a r  r a t i o s  e t c .  which a r e  f requency  in d e p e n d e n t , so 
a r ra n g e d  t h a t  the  f requency  dependent p a r t ,  e x c lu s iv e  o f  th e  f a c t o r  l/pf* 
tends  t o  u n i t y  as  p -^ o  . To ta k e  th e  example o f  F i g . 3, whose open-loop  
t r a n s f e r  f u n c t io n  was deduced in  S e c .2 .3 ,  namely
= Y(p) =*  ^ia.K.G'K^ K,gKy  / ^
 ^ n R a R pil-hpTXI + p T o )
th e  g a i n - f a c t o r  h e re  i s  K =  ^  ^  Pr . The f a c t o r  d r  i s  a
nRJl p
simple p o le  a t  th e  o r i g i n ,  i . e .  r =  i , and th e  rem ain ing  p a r t
I
Cl + p i  Xi-bpTo)
ex p re s se s  th e  e f f e c t  o f  two t i m e - l a g s .  This p a r t ,  w hich i n  f u tu r e  w i l l  be
denoted  by q(p) , te n d s  to  u n i t y  a s  p-*- o . In  g e n e r a l  cj(p') w i l l  be o f  th e
form O+p^Xu-pSjJ  - . (H/>sp
CI -h p 17 X 14- p lj_) ■ • ' C(-f-plfjj)
where S/ } Sa - ■ and 7 /,  Tx • ■ may be e i t h e r  r e a l  o r  complex, and r+ m  > £ .
This l a s t  c o n d i t io n  e n su re s  t h a t  a t  i n f i n i t e  f req u en cy  Y ( p ) - r  o
-  23 -
The r e s u l t s  o f  Theorem 3 w i l l  now be used  t o  c l a s s i f y  servo-m echanism  
ty p es  acc o rd in g  to  th e  type  o f  i n p u t  which th e y  w i l l  fo l lo w  w i th o u t  any 
s t e a d y - s t a t e  e r r o r .  This i s  done i n  Table I I .
TABLE I I
L in  Y (p) 
P -*• o
In p u t  s u s t a in e d  
w i th o u t  s t e a d y -  
s t a t e  e r r o r .
Type Name o f  Type
K ~ K Hone 0 d i  s p la  c e m e n t-e r ro r
p°
K s te a d y  d isp la c e m e n t 1 ze ro  d is p la c e m e n t-
P o r  s t e p - f u n c t i o n e r r o r
K s t e a d y - v e l o c i t y  o r 2 z e ro  v e l o c i t y -
P2
ramp-func t i o n e r r o r
K s te a d y  a c c e l e r a t i o n 3 zero  a c c e l e r a t i o n -
P3 o r  2nd o rd e r  i n p u t . e r r o r .
Types 1 and 2 a r e  a l s o  s a id  to  be d is p la c e m e n t ,  v e l o c i t y -  and a c c e l e r a t i o n -  
c o n t r o l l e d ,  r e s p e c t i v e l y .  For in s t a n c e  i n  a Type 1 servo-m echanism , a 
s t e a d y - in p u t  v e l o c i t y  i s  fo llo w ed  o n ly  as  a r e s u l t  o f  an  e r r o r  b e in g  p r e s e n t  
to  m a in ta in  th e  o u tp u t  a t  a c o n s ta n t  v e l o c i t y  equa l t o  th e  i n p u t - v e l o c i t y  
and a n a lo g o u s ly  w i th  t h e  o th e r  Types.
In  conc lud ing  t h i s  S e c t io n ,  i t  should  be  s t a t e d  t h a t  a Type 3 se rv o ­
mechanism h a s ,  a s  f a r  as  th e  a u th o r  i s  aw are, n o t  y e t  been  c o n s t r u c t e d .
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The t h e o r e t i c a l  form i s  u s e f u l ,  however, as  Type 2 servo-m echanism s hav ing  
h ig h  g a in  do, in  f a c t ,  ta k e  on Type 3 c h a r a c t e r i s t i c s .  I n  co n n e c t io n  
w i th  s t a b i l i t y ,  i t  i s  p o s s i b l e  t o  u se  Type 3 t r a n s f e r  f u n c t io n  forms (see  
S e c s .  5 .2  and 9 . 2 ) .
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CHAPTER 3 .
FREQUENCY ANALYSIS OF LINEAR SYSTEMS.
The p r e s e n t  C h ap te r  i s  in te n d e d  t o  e x p la in  th e  t h e o r e t i c a l  b a s i s  o f  
f re q u e n c y  a n a l y s i s  and i t s  u se  in  s t a t i n g  d e s ig n  r e q u i re m e n ts .  The 
d e f i c i e n c i e s  o f  f re q u e n c y  re sp o n se  c h a r a c t e r i s t i c s  a r e  d i s c u s s e d  w ith  
s p e c i a l  r e f e r e n c e  t o  the  in p u t  s ig n a l  f req u en cy  spec trum , and i n  c o n c lu s io n  
b r i e f  c o n s id e r a t io n  i s  g iv e n  to  th e  e f f e c t  o f  e x t e r n a l  d i s tu r b a n c e s .
3 .1 .  B a s is  of F requency  A n a ly s i s .
In  Sec. 1 .2  i t  was s t a t e d  t h a t  th e  te c h n iq u e  o f  f re q u e n c y  a n a l y s i s  
d e s ig n  methods was th e  c o n t r o l  of th e  a m p l i tu d e - re s p o n se  o f  t h e  se rv o ­
mechanism in  o rd e r  t o  a v o id  peaks g r e a t e r  th a n  1 .2  -  1 .6 ,  th e s e  f i g u r e s  
b e in g  q u i t e  e m p i r i c a l .  The fundam ental p r i n c i p l e s  on which such f requency  
re sp o n se  i n v e s t i g a t i o n s  sh o u ld  be  b a s e d ,  i n  o rd e r  t o  s ecu re  a c c u r a te  
r e p ro d u c t io n  o f  th e  in p u t  s ig n a l  by th e  o u tp u t ,  form th e  s u b je c t  o f  t h i s  
and th e  fo l lo w in g  th r e e  S e c t io n s .
From e lem en ta ry  c o n s i d e r a t i o n s ,  t h e  p r e c e p t  upon which p e r f e c t ,  and 
c o n seq u en t ly  n o n -p h y s ic a l ,  r e p ro d u c t io n  would be a c h ie v e d ,  i s  t h a t  a l l  
f req u en cy  components in  any in p u t  s ig n a l  shou ld  be  i n s t a n t a n e o u s ly  and 
f a i t h f u l l y  r e p re s e n te d  in  t h e  o u tp u t  s i g n a l .  This im m ed ia te ly  g iv e s  th e  
obvious req u irem en t o f  u n i t y  a m p li tu d e - re s p o n se  o v er  an i n f i n i t e  bandw idth  
and ze ro  p h a s e - s h i f t  a t  a l l  f r e q u e n c i e s ,  o r  i n  term s o f  th e  o v e r a l l  t r a n s f e r  
f u n c t io n ,  QCpD -  3yg Cp),
A
1 ,
-  26 -
and th e  a n g le  o f  Q.Cjuo') *  O , f o r  a l l  v a lu e s  o f  to . Here |QCjuo)|
d eno tes  th e  m agnitude o f  QCjoi), t h a t  i s  th e  r a t i o  o f  th e  m agnitudes ( r . m . s .
o r  peak) o f  t h e  o u tp u t  and  in p u t  s ine-w aves  a t  any  f r e q u e n c y .
A l e s s  u n re a s o n a b le ,  b u t  n e v e r th e le s s  s t i l l  n o n - p h y s ic a l ,  demand i s
t h a t  t h e  o u tp u t  s h a l l  be i d e n t i c a l  w i th  th e  i n p u t  a f t e r  th e  e la p s e  o f  a
c e r t a i n  tim e i n  th e  t r a n s m i s s i o n ,  say  t ^ seco n d s .  This re q u ire m e n t  can be
e x p re ssed  i n  te rm s of th e  f re q u e n c y  re sp o n s e  by means o f  a theo rem  o f
/4
F o u r ie r  Transform  Theory , a s  f o l lo w s .
$
Theorem -  I f  cS^xCk) ~  XCoo),
th e n  J tjc  ( b ± t d)  =  € ±Ji° t<L X(co)
A pplying the  Theorem, s in c e  0oCt)i s  to  be g iven  by , th e n  th e  F o u r ie r
Transforms and ©iiuS) a r e  r e l a t e d  by
GoCuj) -  £TJ(^ td @L(oo) .
Hence QC/'co) =--- §>Cjoo) =  ®o0*>) =» e . , t h a t  i s ,  Q.(/co) shou ld  have
£i ©cCuj)
am plitude  u n i t y  and th e  p h a s e - s h i f t  —a jtd ,  f o r  a l l  v a lu e s  o f  CO .
These req u ire m en ts  a re  shown i n  F ig .  8 .  The q u a n t i t y  i s  known as  th e  
d e la y  t im e .
deno te  the  p ro c e s s  o f  F o u r ie r  T ran s fo rm a tio n  and in v e r s e  
F o u r ie r  T ran s fo rm a tio n  r e s p e c t i v e l y ,  t h a t  i s
~/oO
i t )  = jD c C t ) t  ^ dk  = X  Cm) , say
— oO
^OO
and J f - ' X M  -  ~ J x C ^ L jtM dw  = * £ t )  .
— oG
-  27 -
co
-ISO
F ig .  8 .  F requency  re sp o n s e s  fo r  p e r f e c t  r e p ro d u c t io n  
a f t e r  a f i n i t e  d e la y  o f  t d seco n d s .
The f requency  c h a r a c t e r i s t i c s  o f  F ig .  8, a l th o u g h  in  f a c t  n o n -p h y s ic a l
a r e  sometimes tak en  a s  the  aim o f  communication c i r c u i t  d e s ig n ,  b u t  f o r  
servo-m echanism s, th e  p re s e n c e  o f  th e  f i n i t e  d e la y  td i s  u n d e s i r a b l e .  As 
we know, however, t h a t  t h e  f re q u e n c y  response  o f  a servo-m echanism  o n ly  
covers  a f i n i t e  b andw id th ,  i t  i s  r e a so n a b le  to  e n q u i re  w hat w i l l  be the  
r e s u l t i n g  d e fo rm a tio n  o f  t h e  in p u t  s i g n a l ,  supposing  t h a t  th e s e  s o - c a l l e d  
id e a l  c h a r a c t e r i s t i c s  were s a t i s f i e d  w i th i n  a f i n i t e , i n s t e a d  o f  an i n f i n i t e  
bandw idth . Suppose, f o r  i n s t a n c e ,  t h a t  th e  f req u en cy  c h a r a c t e r i s t i c s  o f  a 
servo-mechanism, shown i n  F ig .  9a , w ere approx im ated  by th o se  shown in  F ig .  
9b, how i s  th e  r e p ro d u c t io n  o f  an in p u t  s ig n a l  now a f f e c t e d ,  compared w i th  
s im ply th e  f i n i t e  d e la y  i n  t r a n s m is s io n  when an i n f i n i t e  bandw idth e x i s t s ?  
The c o r r e c t  answ er to  t h i s  q u e s t io n  must ta k e  i n t o  a c c o u n t  th e  in p u t  s i g n a l
i t s e l f , f o r  th e  lo s s  o f  a c c u ra c y  o f  fo l lo w in g  w i l l  d i f f e r  w i th  d i f f e r e n t
* The bandw idth  i s  u s u a l l y  d e f in e d  o n ly  f o r  servo-m echanism s showing a 
r e s o n a n t  peak .  I t  i s  the  band up t o  t h a t  f req u en cy  a t  which th e  am p li tu d e  
response  a g a in  becomes u n i t y .




F ig .  9 . A ctua l and app rox im ate  f req u en cy  c h a r a c t e r i s t i c s  
o f  servo-m echanism  o r  low -pass  f i l t e r .
ty p e s  o f  i n p u t  s ig n a l ,  and i t  i s  p r e c i s e l y  th e  form o f th e  F o u r ie r  Transform  
o f  th e  i n p u t ,  w hich  d e te rm in e s  t h i s  p o i n t .  From an  e le m e n ta ry  v ie w p o in t  i t  
can be a t  once seen  t h a t  i f  t h e  in p u t  s ig n a l  can  be r e p re s e n te d  o r  even 
approx im ated  by a p e r io d i c  wave and i f  t h i s  i s  a n a ly se d  i n t o  i t s  f re q u e n c y  
components, th o s e  ty p es  o f  in p u t  s ig n a l  i n  which t h e  m agn itudes  o f  th e  
f re q u e n c y  components d e c re a s e  r a p i d l y  a s  th e  o rd e r  o f  th e  component i n c r e a s e s ,  
w i l l  s u f f e r  th e  l e a s t  d i s t o r t i o n  i n  p a s s in g  th ro u g h  a system  having  a f i n i t e  
bandw id th . For i n  th o s e  c a s e s ,  o n ly  th e  sm all m agnitude f req u en cy  components 
w i l l  be c u t  o u t  and th e y  w i l l  make the  l e a s t  c o n t r i b u t i o n  to  th e  wave shape as  
a whole*.
-  29
For th e  u n i t  s t e p - f u n c t i o n  th e  o u tp u t  from th e  f i n i t e - b a n d  system  
o f  F ig .  9b i s°  /4
%(t) = { 5 ( 2 2 )
where S i(x )  i s  th e  s i n e - i n t e g r a l  o f  DC g iven  by
JC
S i ( x )  =  f  4 n j j d<J
J  Vy
th e  fu n c t io n  (22) i s  i l l u s t r a t e d  i n  F ig .  10b and a t y p i c a l  re sp o n se  f o r  an 






t< r - (b )
F ig .  10. Responses to  u n i t - s t e p  f u n c t io n  o f  a c t u a l  s e rv o -  
.mechanism and approx im ate  f i n i t e - f r e q u e n c y  band 
system .
There a r e  a number o f  r e l a t i o n s  co nce rn ing  th e  d e la y - t im e  td , th e  b u i ld -u p  
time and th e  p e r io d  o f  th e  decay ing  o s c i l l a t i o n  2 / ^ ,  b u t  a s  th e y  a l l  
p e r t a i n  to  a n o n -p h y s ic a l  system  th e y  a re  o f  l i m i t e d  u s e .  A ll le a d  to  th e
* I t  w i l l  be n o t i c e d  t h a t  th e  o u tp u t  i s  n o t  z e ro  b e fo re  t  = -0 .  . This i s
a f u r t h e r  i n d i c a t i o n  t h a t  th e  p o s tu l a t e d  system i s  n o n -p h y s ic a l  and i t  i s  
due to  in c o m p a t ib le  am p litu d e  and phase  c h a r a c t e r i s t i c s .
3D -
c o n c lu s io n  t h a t  cue shou ld  he  l a r g e ,  which i s  s e l f - e v i d e n t .  I t  i s  u s e f u l  
to  h e a r  i n  mind th e  r e l a t i o n
however, a s  a p r e l im in a r y  d e s ig n  a i d .  I t  a t  l e a s t  w i l l  g ive  an app rox im ate  
i n d i c a t i o n  o f  how f a s t  an a c tu a l  servo-m echanism  p o s s e s s in g  a c e r t a i n  band­
w id th  can he expec ted  to  respond .
3 .2 .  The In p u t  S ig n a l  Frequency Spectrum .
The im portance  o f  th e  f re q u e n c y  spec trum  of th e  in p u t  s ig n a l  in  r e l a t i o n  
to  th e  f i n i t e  f r e q u e n c y  hand o f  system  was n o ted  i n  -the p re v io u s  S e c t io n .  In  
t h i s  S e c t io n  th e  f req u en cy  s p e c t r a  o f  v a r io u s  in p u t  s i g n a l s  a r e  compared.
This i s  done hy r e p la c in g  th e  s in g le  t r a n s i e n t  i n p u t  s ig n a l  by i t s  p e r io d i c  
wave e q u iv a le n t  and m ere ly  pe rfo rm in g  a F o u r ie r  A n a ly s is  f o r  e a c h .
In  each c a se  pit) r e p r e s e n t s  t h e  e q u iv a le n t  p e r io d i c  wave and P(nuo) th e
iL
r e l a t i v e  a m p li tu d e  and phase  o f  th e  n ha rm onic . We have t h e r e f o r e
This i s  commonly known a s  t h e  e x p o n e n t ia l  F o u r ie r  S e r i e s  and i s  d e r iv e d  i n
o f  Pcnoj) . The fo llow ing  r e s u l t s  th e n  ho ld  f o r  th e  t e s t  f u n c t io n s  d i s  
cussed  in  C hap ter  2.
t  » ~  %  2fc
where
n = -f-oa
c t)  = ~L 2  P(noo)£
P(noS)
T2
ftIAppendix I .  I t  i s  a l s o  shown in  t h e  Appendix t h a t  th e  n harmonic i s
in s t a n ta n e o u s ly  g iven  by
j: \ P(nuo)\ cos (noot-  <pn)
and t h e r e f o r e  has  the  am p li tu d e  2 /  \P(nuok and th e  phase  <pt
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1 .  Im pulse F u n c t io n  In p u t
Q; ASCt) - --------------- T — ---------- »- - • -------------- T  -------------- * -
cr  (a) t (b) t
(a )  Impulse I n p u t .  (b) E q u iv a le n t  p e r io d i c
i n p u t .
| P ( n u o ) l  =  A
i . e .  a l l  components 
p r e s e n t  t o  t h e  same 
e x t e n t .
/\
i 10 15 n
(c )  Amplitude l i n e  spectrum  
o f  p e r io d i c  i n p u t
n > O o n ly  i s  shown,
as |P(-nco)|- iPC nw l
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2 , P u lse  In p u t  ( p r a c t i c a l  t e s t  form o f  im pulse)
Co)









3. S tep  o r  Z ero -O rder I n p u t .
(c )  Amplitude l i n e  spectrum .
C6)Co)
(a )  S tep i n p u t . (b) E q u iv a le n t  p e r io d i c  i n p u t .
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| P ( n c o } |  = B J  , n  -  o  
2
BT , n odd, 
Tin
— O ■) n even ,
4 .  F i r s t - O r d e r  I n p u t .
cu
10 15 nI 5
(o) Amplitude l i n e  spec trum .
s/ope m
T
(a )  F i r s t - o r d e r  i n p u t .
No e x a c t  p e r io d ic  e q u i v a le n t  i s  p o s s i b l e .  A pproxim ations a r e  a s  
fo l lo w s .  The c o r r e c t  c o n d i t io n s  h o ld  on ly  a t  A, i n  f i g u r e  ( b ) .
( c )
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w
Ce)
(e )  A m plitude l i n e  spec trum(d) Amplitude l i n e  spectrum  
o f  ( b ) .
IP(nuS)\ = tru ism  nox 72 \P(noo)\ = m J2, n = 0
< 4
=  m l% V  ’
n odd 
= 0 y 11 even
J,
The r e s u l t s  1 t o  4 may b e  compared b y  e x p re s s in g  th e  n harmonic r e l a t i v e  
to  th e  fu n d a m e n ta l . Thus we have
Impulse p u ls e  s te p
/inharm onic  am p litude  j j_ f s in  ]  jj
fu n d am en ta l . n i sin cup J
2
The r e l a t i v e  am p li tu d es  a re  shown p l o t t e d  a g a i n s t  n , th e  o rd e r  o f  th e  
harm onic, i n  F ig .  11 . In  c a l c u l a t i n g  th e  cu rv es  T/e has been ta k e n  equal to  
8 fo r  th e  p u ls e  wave and equal to  2 f o r  th e  in p u t  4 ( b ) .  In  t h e  second c a se  
th e  r a t i o  T/e a c t u a l l y  r e q u i r e s  t o  b e  tak en  l a r g e  enough to  o b ta in  th e  con­
d i t i o n s  i l l u s t r a t e d  a t  the  p o i n t  A, i n  th e  d iagram  o f  4 ( b ) .  As t h i s  r a t i o  
i s  in c r e a s e d ,  keeping  th e  s lo p e  m c o n s t a n t ,  the  enve lope  o f  t h e  spectrum  w i l l  
move tow ards  th e  r i g h t .
f i r s t - o r d e r  a p p ro x i ­






F ig .  11 . R e la t iv e  harmonic am p li tu d es  o f  p e r io d i c  waves 
e q u iv a le n t  to  t e s t - s i g n a l s  1 - 4 .
A s tu d y  of  F ig .  11 i n d i c a t e s  i n  a g e n e ra l  manner t h a t  th e  im portance  
o f  th e  h ig h e r  harm onics i n c r e a s e s  as  th e  d i s c o n t i n u i t i e s  (o r  s h a rp n e s s )  o f  
th e  p e r io d i c  waves become g r e a t e r .  For th e  im pulse i n p u t  a l l  a r e  r e q u i r e d  
i n  equal amount; fo r  t h e  s te p  in p u t  th e  harm onics drop o f f  as  l/n j f o r  th e  
t r i a n g u l a r  wave th e y  d e c r e a s e  a s  V/7* • C o n v erse ly ,  i t  can be concluded  t h a t ,  
shou ld  th e s e  h ig h e r  harm onics be removed from a wave, i t  w i l l  l o s e  i t s  
s h a rp n e s s .  For in s ta n c e ,  a sq u a re  wave p a s s in g  th rough  a sy stem  having  th e  
am plitude  re sp o n se  I ,  i n  F ig .  12a w i l l  be reproduced  i n  a rounded form as in  
I ,  F ig .  12b. The c h a r a c t e r i s t i c  I I ,  however, c o n ta in in g  more o f  th e  h ig h e r  
harm onics w i l l  r e s u l t  i n  th e  sh a rp e r  r e p ro d u c t io n  shown. The cu rve  I I ,
F ig .  12a has been  shown w ith  a re sonance  peak o f  a b o u t  1 .2  and w i l l  be expec ted  
to  g ive  a w e l l  damped and sharp  square-w ave r e s p o n s e .  Curve I I I  i s  to o






(a )  (b)
F ig .  12. Square-wave r e s p o n s e s ,  co rresp o n d in g  to  t h r e e  
c o n t r a s t i n g  types  o f  f re q u e n c y  re s p o n s e .
3 .3  The System Frequency Response i n  r e l a t i o n  to  E x te rn a l  D is tu r b a n c e s .
Thus f a r  i t  has  been argued t h a t  th e  aim o f  th e  d e s ig n  should  be to
extend th e  f req u en cy  band o f  th e  servo-m echanism  a s  f a r  as  p o s s i b l e .  This
i s  q u i t e  c o r r e c t  p ro v id ed  no e x t e r n a l  d i s tu r b a n c e s  a re  c o n s id e re d ,  b u t  in  
any p r a c t i c a l  system  t h i s  w i l l  n o t  be  th e  c a s e .  There may be sp u r io u s  
n o is e  o r i g i n a t i n g  i n  the  a p p a ra tu s  o r  coming i n  w ith  th e  i n p u t  in fo rm a t io n .  
There may be e f f e c t s  o f  a m echanical n a t u r e ,  such a s  th e  e x i s t e n c e  o f  
unbalanced  to rq u e s  a t  th e  o u tp u t  due to w ind, o r  t h e  r o l l  o f  a s h ip ,  and
m echanical re so n an ces  aLso may be p r e s e n t  i n  the  s t r u c t u r e  o f  th e  lo a d
i t s e l f .  The e l im i n a t io n  o f  unwanted s ig n a l s  i n  t h e  i n p u t  i s  a t  p r e s e n t  
the  o b je c t  o f  much r e s e a r c h  b u t ,  i n  th e  p a s t ,  t h e  tendency  has been to  
avoid  having th e  bandw idth  g r e a t e r  th a n  i s  n e c e s s a ry  f o r  th e  e s t im a te d  
types  o f  i n p u t  s i g n a l .  By t h i s  means, th e  h ig h  f r e q u e n c ie s  a s s o c i a t e d  w i th  
such in p u t s  a r e  smoothed o u t  . "Whenever p o s s i b l e ,  th e  so u rc e s  o f  any
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m echanical r e s i l i e n c e  should  be  i n v e s t i g a t e d  and i f  resonances  a r e  l i k e l y  
to  be i n  th e  o p e ra t in g  range  of th e  system , i t  may be p o s s i b l e  to  u t i l i s e  
th e  e f f e c t  i n  a s t a b i l i s i n g  manner. The in f l u e n c e  o f  a s in u s o id a l  
d i s t u r b i n g  to rq u e  on th e  o u tp u t  s h a f t  a t  some low freq u en cy  w e l l  w i th in  
th e  band of t h e  servo-m echanism , which i s  a p p ro x im a te ly  the' e f f e c t  
produced on an  unba lanced  mounting by th e  r o l l  o f  a s h ip ,  i s  most s e r i o u s .
I f  th e  open-loop  a m p l i f i c a t i o n  i s  k e p t  a t  as l a r g e  a v a lu e  a s  p o s s i b l e  a t  
t h a t  f req u en cy ,  t h a t  i s ,  i f  n e a r - u n i t y  o v e r a l l  am p li tu d e  r e sp o n s e  can be 
c a r r i e d  up to  t h a t  f req u en cy ,  a p a r t i a l  s o lu t i o n  i s  o b ta in e d ,  b u t  th e  
d i f f i c u l t y  o f  m a in ta in in g  ad eq u a te  s t a b i l i t y  i n c r e a s e s .  Such p r a c t i c a l  
c o n s id e r a t io n  as  th e  above take  away some o f  th e  v a lu e  o f  th e  c o n c lu s io n s  
drawn from fundam ental th e o ry .  By ex ten d in g  t h i s  th e o ry  t o  the 
d i s tu r b i n g  in f lu e n c e s  -diemselves, how ever, i t  may become p o s s i b l e  t o  m odify  
the  system  d e s ig n  i n  the  d i r e c t i o n  to  m inim ise - the ir  e f f e c t s .
This S e c t io n  conc ludes  t h e  e x p la n a t io n  o f  th e  t h e o r e t i c a l  background 
o f  f req u en cy  a n a l y s i s .  The u se  o f  th e  s in u s o id a l  te c h n iq u e  i n  d e s ig n  i s
2 ,4 ,5
ex p la in ed  i n  d e t a i l  i n  t e x t -b o o k s  on th e  s u b j e c t .  A b r i e f  rev iew  o f  t h e  
des ig n  p ro ced u re s  i n  t h i s  method i s  g iven  i n  Sec . 5 .2  fo l lo w in g  c o n s id e r a t io n s  
of r e l a t i v e  s t a b i l i t y .
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CHAPTER 4 .
STABILITY CRITERIA.
In  t h i s  and th e  succeeding  C h ap te r ,  a rev ie w  i s  g iv en  o f  th e  methods 
r e l a t i n g  to  t h e  i n v e s t i g a t i o n  of s t a b i l i t y .  V arious  a u th o r s  have ta k e n  
up t h i s  q u e s t io n  and numerous c r i t e r i a  have been  s t a t e d .  These however 
m ere ly  r e s u l t  from d i f f e r e n t  methods o f  e x p re s s in g  th e  problem . The 
fundam ental r e l a t i o n s h i p s  a r e  e x p la in e d  below and th e  e x t e n s io n  to  f i n i t e  
t im e - la g s  c o n s id e re d .
4 .1 .  The Fundamental Theorem on th e  Zeros of an  A n a ly t ic  F u n c t io n ;
A p p l ic a t io n  to  S t a b i l i t y  I n v e s t i g a t i o n .
The r e s u l t  o f  complex v a r i a b l e  t h e o ry  upon w hich a l l  th e  c r i t e r i a  o f  
s t a b i l i t y  a r e  based  i s  sometimes known as  th e  " p r i n c i p l e  o f  t h e  a rgum ent11^  
and i s  as  fo llo w s  s-
1 .  L e t  th e  f u n c t io n  F(p) o f  th e  complex v a r i a b l e  p be r e g u la r  w i th i n  
and on a c lo s e d  c o n to u r  C ex ce p t  fo r  a f i n i t e  number o f  p o l e s .
2. L e t  FCp) ^  0 fo r  v a lu e s  o f  p  on C.
Then th e  excess o f  th e  number o f  z e r o s ,  Z, over th e  number o f  p o le s ,  
P, o f  FCp) w i th i n  C i s  th e  n e t  number o f  tim es FCp) e n c i r c l e s  th e  o r i g i n  
i n  a p o s i t i v e  ( a n t i - c lo c k w is e )  d i r e c t i o n  a s  p  t r a c e s  th e  co n to u r  C once 
in  th e  p o s i t i v e  d i r e c t i o n .  This in c lu d e s  m u l t i p l e  p o le s  and ze ros  
counted  a c c o rd in g  t o  t h e i r  o r d e r .
*  R e fe re n c e s .  22-28,47.
t See f o r  i n s t a n c e ,  Copson "F unc tions  of a Complex V a r ia b l e " ,  p . 119. 
Bode, "Network A n a ly s i s " ,  p .  149 .
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The a p p l i c a t i o n  t o  s t a b i l i t y  i s  s t r a i g h t f o r w a r d .  S ince  we a r e  to  
i n v e s t i g a t e  th e  p o s s i b l e  o ccu rren c e  o f  r o o t s  o f  th e  c h a r a c t e r i s t i c  
e q u a t io n  anywhere i n  th e  r i g h t  h a l f - p l a n e ,  th e  co n to u r  r e q u i r e d  i s  one 
e n c lo s in g  t h i s  a r e a ,  such a s  i n  F ig .  13. I t  i s  u n d e rs to o d  t h a t  th e  
ra d iu s  R w i l l  be  a l low ed  to  i n c r e a s e  i n d e f i n i t e l y .
F ig .  1 3 .  Contour bounding th e  r i g h t  h a l f - p l a n e  
as  o q  .
Having s t a t e d  th e  theorem  and i t s  h y p o th e se s ,  i t  m ust now be 
a s c e r t a in e d  i f  t h e  f u n c t i o n s ,  whose z e ro s  a r e  to  be  i n v e s t i g a t e d ,  s a t i s f y  
th e s e  c o n d i t i o n s .  A cco rd in g ly  the  g en e ra l  system  hav ing  any number of 
feedback lo o p s  i s  exam ined, F ig .  14 .
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F ig ,  14, m-loop coupled  system ,
*
The system  o f  F ig ,  14 has been  g iven  m coupled lo o p s  and w i l l  g iv e  th e  






i +  y;(/»%(p)i-Y</»Y3(p )* - -■ ■ 
and the  o v e r a l l  d i f f e r e n t i a l  e q u a t io n  r e l a t i n g
O + f y J W  = ’•
th e  c h a r a c t e r i s t i c  e q u a t io n  i s  t h e r e f o r e
/  + J-  =  0 .
Y(p)
Before exam ining the  fo rm  of Y(p) , t h e  in d iv id u a l  t r a n s f e r  f u n c t io n s  
y , ( . e t c .  r e q u i r e  to  be d e s c r ib e d .  I f  we exc lude  f i n i t e  tim e la g s  fo r  
th e  moment, Yip') ,Yz(p) e t c .  w i l l  be q u o t i e n t s  o f  r a t i o n a l  i n t e g r a l  fu n c t io n s  
o f  p  o f  low d e g re e  and p o s s i b ly  c o n ta in in g  some power o f  p  as a f a c t o r .  The 
t r a n s f e r  f u n c t io n s  w i l l  be s t a b l e  by them se lves  and com prise no "non-minimum
5* I f  a t r a n s f e r  f u n c t io n  i s  common to  two o r  more lo o p s ,  th e  lo o p s  a r e  
s a id  to  be co u p led .
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v /
phase"  e le m e n ts .  This be ing  so , e^°* "will have n e i t h e r  p o le s  no r
ze ro s  i n  the  r i g h t  h a l f - p l a n e .
The v a r io u s  f u n c t io n s  we can  u se  to  d is c u s s  s t a b i l i t y  a r e ,  t h e r e f o r e ,  
as  fo l lo w s .
1# i + J l = 1+ 1 + + YCpiXCp) + ' '
Yip) Yf cp)
This may have zero  anywhere i n  th e  p -  p la n e ,  b u t  has  no p o le s  i n  the  f i n i t e  
r i g h t - h a l f  p l a n e .  As was shown in  S ec. 2 .6 ,  however, V(p) w i l l  behave l i k e
J
K/pr as  p  te n d s  t o  z e ro ,  and t h e r e f o r e / / ^ w i l l  have an r -  o rd e r  z e ro  a t  p = 0 .  
As p becomes i n f i n i t e ,  Y(p) w i l l  l i k e w is e  tend  to  K‘/p* and hence / / ^ y w i l l  have 
an 5^ o rd e r  po le  a t  yU=oc ; f  and S a r e  bo th  low p o s i t i v e  i n t e g e r s  -  1 , 2, 3 
e t c .  These p o in t s  are  i l l u s t r a t e d  by th e  example i n  Sec. 4 .2  under th e  
h ead in g  G e n e ra l is e d  N yqu is t  C r i t e r i o n .
2 . S in ee I + l/y(p={l+y(p)}/y * ‘the ze ros  o f  l + Y(p) m a y b e  i n v e s t i g a t e d ,  t h a t  i s ,
th e  fu n o t io n  / -j- Y(p)_____________
I +Y,Cp)Y2Cf>) A Yip) Y3(p)+ - ■ •
This may have zeros  and p o le s anywhere i n  th e  p - p l a n e ,  and i f ,  u s in g  t h e  
theorem , we a r e  to  look  f o r  p o s s i b l e  z e ro s  i n  t h e  r i g h t  h a l f - p l a n e ,  the  
number o f  p o le s  i n  t h i s  a r e a  must p r e v io u s ly  be found o u t .
3 . The zeros  o f  I-hi/ . a r e  th e  ze ro s  o f  I +  Y,(p) + Y,(pY/z ip) -h + • • ■ •
I f  th e  in d iv id u a l  t r a n s f e r  fu n c t io n s  a r e  YYp) -  fity) > YzCp) ~ fyp) , - • e t c . ,
W  S& )
th e  z e ro s  o f  l +  l /y  w i l l  s im ply  b e  th e  z e ro s  o f  %(P^ZP^  - ■+  • + • -  ^ j
T
Components whose p h a s e - s h i f t  exceeds t h a t  d e d u c ib le  from t h e i r  
am p l i tu d e - f re q u e n c y  c h a r a c t e r i s t i c ,  w hich  i s  the  minimum p o s s i b l e .
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t h a t  i s ,  a r a t i o n a l  i n t e g r a l  f u n c t io n  o f  p . This i s ,  i n  f a c t ,  t h e  l e f t -  
hand s id e  o f  the  o v e r a l l  e q u a t io n  r e l a t i n g  Q0 to  , say
a*pn + aipn'' + azPn~2  ^ ' + an-,p + an (26)
The fu n c t io n  (26) has a n - o rd er  p o le  a t  i n f i n i t y ,  b u t  no p o le s  i n  ih e  f i n i t e  
p -  p la n e .
To suramarise, t h e r e f o r e ,  fo r  m u l t i - l o o p  system s, forms 1 and 3 have no 
p o le s  i n  th e  r i g h t  h a l f - p l a n e .  For s i n g l e - lo o p  system s, YCp) becomes Y ( p ) 9 
and th e r e f o r e  none o f  th e  t h r e e  forms have p o le s  in  t h e  r i g h t  h a l f - p l a n e .
The a p p l i c a t i o n  o f  -these r e s u l t s  t o  s t a b i l i t y  c r i t e r i a  now fo l lo w s .
4 .2 .  S t a b i l i t y  C r i t e r i a .
1 .  Simple N y q u is t  S t a b i l i t y  C r i t e r i o n .
D i r e c t  fo rm .
L e t  be t h e  loop  t r a n s f e r - f u n c t i o n  o f  a s in g l e - lo o p  se rv o ­
mechanism; V/(p) has no p o le s  i n  th e  r i g h t  h a l f - p l a n e  and ^(p)^0  as  p-*- oc . 
Then as p  goes once round the c o n to u r  o f  C o f  F ig .  13 i n  a p o s i t i v e  d i r e c t i o n ,  
o n ly  v a lu e s  of Yj(p) f o r p=ja> need be c o n s id e re d .  I f  ¥  i s  th e  number o f  
p o s i t i v e  r e v o lu t io n s  made by li-Y^joS) abou t th e  o r i g i n ,  th e n  Z = ¥  i s  t h e  number 
o f  u n s ta b l e  r o o ts  o f  l+ Y t(p)~0 % For s t a b i l i t y  t h e r e f o r e ,  I -hY/Ju)) should  
make no n e t  r o t a t i o n  a b o u t th e  o r i g i n ;  a l t e r n a t i v e l y  Y/Cjvo) shou ld  make no 
r o t a t i o n  abou t th e  p o in t  [-1,0]  . F u r th e r ,  t h e  r e a l  c o e f f i c i e n t s  o f  p i n
Y,(.p) mean t h a t  YfC-jco) = conj> Y,(ju>) > t h a t  i s ,  th e  p a r t  o f  t h e  lo c u s  f o r  
n e g a t iv e  f r e q u e n c ie s  i s  t h e  m i r r o r  image in  t h e  r e a l  a x i s  of th e  p a r t  o f  t h e  
lo c u s  fo r  p o s i t i v e  f r e q u e n c i e s .  The s t a b i l i t y  c r i t e r i o n  i s  t h e r e f o r e  as
-  43 -
fo llo w s
I f  th e  lo c u s  y,(/co) f o r  a l l  v a lu e s  of oo from 0 to  cc e n c lo se s  
th e  p o in t  [- / ,o]  , the  system i s  u n s t a b l e ;  i f  th e  lo c u s  does n o t  
e n c lo se  the  p o i n t  [-/,  0]  , th e  system  i s  s t a b l e .
This i s  th e  simple c r i t e r i o n  g iven  by N y q u is t  f o r  system s hav ing  no
p o le s  of t h e  f u n c t io n  i n  r i g h t  h a l f - p l a n e .  I n  t h e  c r i t e r i a
which fo l lo w ,  th e  g e n e ra l  s ta t e m e n t  on th e  number o f  u n s ta b l e  r o o t s  w i l l
be r e t a i n e d ,  and th e  fu n c t io n  w i l l  be c o n s id e re d  f o r  a l l  v a lu e s  o f  p  on
th e  c o n to u r .  I t  i s  u n d e rs to o d  t h a t  f o r  a s t a b i l i t y  c r i t e r i o n  one need
o n ly  s e t  t h i s  number of u n s ta b le  ro o ts  equa l to  z e ro .
In v e r s e  form .
L e t / / y ^ b e  th e  t r a n s f e r  fu n c t io n  e/gCp) o f  a s i n g l e - lo o p  servo-m echanism .
I/y((fl has no p o le s  i n  t h e  r i g h t  h a l f - p l a n e  and a s  p -^  00 } ! / y [p)  i s  o f  th e
o rd e r  o f  ps , s ay ,  w here s i s  a low p o s i t i v e  i n t e g e r .  The in v e r s e  form
of the  r u l e  i s  a s  f o l lo w s .
I f  th e  f u n c t io n  l/y(p)m&kes N a n t i - c lo c k w is e  r e v o lu t io n s  a b o u t  th e  
p o in t  [-IjO] , a s  p moves once round the  c o n to u r  C i n  a p o s i t i v e  
d i r e c t i o n ,  th e n  t h e r e  a r e  Z = N ro o ts  o f  (-{-If = o i n  t h e  r i g h t  
ha l f - p la n e  •
Both forms a r e  i l l u s t r a t e d  below f o r  the  f u n c t io n  YCp)—K/ptl+pT^i+pTz} •
The p o in t  [r i) o] i s  p la c e d  f i r s t  a t  A and th en  a t  B, t o  show an u n s ta b le
and a s t a b l e  lo c u s  r e s p e c t i v e l y .  I n  c o n s id e r in g  Y/(p) f o r  v a lu e s  o f  p
JO  _  _
n e a r  z e ro ,  p  i s  r e p la c e d  by where 6 changes from +H/2 to •
This c i rc u m s c r ib e s  the p o le  o f  Y ip) a t  the  o r i g i n .  S im i la r l y  i n  con­
s id e r in g  l/ycp) f o r  v a lu e s  o f  p  along th e  i n f i n i t e  a r c ,  p  i s  r e p la c e d  by
where 4> changes from ~ u/g fo-f • For an o rd e r  p o le  o f  Yypp)
a t  i n f i n i t y ,  t/y(n) w i l l  r o t a t e  th ro u g h  sll a n t i - c lo c k w i s e .
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P=0yZ=2. unstable.
- 1 ,0]  at B
Nm0 tP^O jZ» O. stable.
o)*\oc
M«2, P » 0 tZ m2. unstable. 
Na 0 %P * 0 ,Z m O . stable.
(a) d i r e c t  N y q u is t  (b) in v e r s e  N y q u is t
c r i t e r i o n .  c r i t e r i o n .
F ig .  15. D i r e c t  and in v e r s e  N yqu is t  c r i t e r i a  f o r  
s in g le - lo o p  servo-m echanism .
2 . G e n e ra l is e d  N y q u is t  S t a b i l i t y  C r i t e r i o n .
D i r e c t  form
L e t  Y(p) be th e  r e s u l t a n t  t r a n s f e r  f u n c t io n  @o/^(p) o f  a m u l t i - lo o p  
servo-m echanism . Y(p) w i l l  be the  g e n e ra l  form
and w i l l  have p o le s  i n  th e  r i g h t - h a l f  p lane  i f  I 4- Y , -l-YitfiYiCj)) - • 
has ze ro s  in  t h a t  r e g io n .  S ince  I +■ ' Y / t - - • w i l l  have no
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p o le s  i n  t h a t  r e g io n ,  as  th e  t r a n s f e r  f u n c t io n s  Y/Cp j^ Yz (p) , ■ • • a r e
s t a b l e  by th e m se lv e s ,  an a p p l i c a t i o n  o f  th e  s im ple  N y q u is t  c r i t e r i o n  above
can be u sed  t o  de te rm ine  th e  ze ro s  o f  I -h Y/Cp)yzCp) +Y,(p)Y$ ip) ■ • •» i . e .  th e
p o le s  o f  Yep) i n  t h e  r i g h t - h a l f  p la n e .  L e t  t h i s  number be P , We
have a l s o  th e  c o n d i t i o n  t h a t  YCp')-^ > O as  p-p~ oe • The r u l e  can
th e r e f o r e  be s t a t e d  as  f o l lo w s .
I f  th e  lo c u s  Y(jvo) - m a k e s  N a n t i -c lo c k v d .s e  r e v o lu t io n s  
a b o u t  th e  p o in t  C~/jO] , as  co v a r i e s  from og fo-oc , t h e n  
th e re  a re  Z = N + P ro o ts  o f  I+YCp)=0 , i n  th e  r i g h t - h a l f  
p la n e .  For s t a b i l i t y ,  t h e r e f o r e ,  N = -P .
In v e r s e  form
L e t I/'V(p') “  [  I ^ ~Y(p)Yz(p') • • ] / Y ( p )  ke t r a n s f e r - f u n c t i o n
^/gCp) o f  a m u l t i - lo o p  servo-m echanism . Then I t  has a l r e a d y  been shown
t h a t h a s  no p o le s  i n  th e  r i g h t - h a l f  p l a n e ,  ( /y ^  > however, w i l l  be  o f
th e  o rd e r  o f  p s as  b e f o r e ,  when p-r~ oc • The c r i t e r i o n  i s  th u s  i d e n t i c a l
w ith  t h e  in v e r s e  form f o r  a s in g l e - lo o p  system , nam ely :-
I f  the  fu n c t io n  i/Y(p) makes N a n t i - c lo c k w is e  r e v o lu t io n s  a b o u t  the  
p o i n t  [-1,0] as p  goes once round t h e  c o n to u r  C i n  a p o s i t i v e  
d i r e c t i o n ,  th e n  -there a r e  Z = h ro o ts  o f  l+l /Y(p)~0  i n  th e  r i g h t -  
h a l f  p l a n e .  For s t a b i l i t y ,  t h e r e f o r e ,  N = 0 ,
The s u p e r i o r i t y  of th e  in v e r s e  form i n  t h i s  case  i s  e v id e n t  a s  o n ly  
th e  one diagram  i s  r e q u i r e d .  This i s  dem onstra ted  by c o n s id e r a t io n  o f  th e  
two-loop servo-m echanism  hav ing  Y,Cp) =  K, JpO-f-pT  ^) and Y2 (p) = K2 ftC j(U pX f > 
w i th  T0>Tm . In  t h i s  case  th e  r e s u l t a n t  t r a n s f e r  f u n c t i o n  Q/ (p)- Y(jp) i s
* This example i s  ta k e n  from r e f e r e n c e s .  In  t h i s  and o t h e r  works t h e r e  
i s  no m ention  o f  the  a d v an tag e  c o n fe r re d  by th e  in v e r s e  d iagram  i n  e l i m i n a t ­
in g  th e  p o le s  o f  a m u l t i - lo o p  system .
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p ( l + p T m )  I - f  KtKz T0}p 3J ( li-plmX t i p l 0) 3
P o le s  o f  YCf>? i n  th e  r i g h t - h a l f  p la n e  can be a s c e r t a in e d  by a simple 
H y q u is t  d iagram  to  i n v e s t i g a t e  th e  z e ro s  o f  I + KiKzX*j>l(HplmXl+f>T0j> anc  ^ ^  
w i l l  be  found t h a t  t h e r e  a r e  none i f  K,KZ< & and two i f  K ,K Z > Q  
L et us a r r a n g e  f o r  the second c a se ,  so t h a t  t h e r e  a r e  P = 2 p o le s  o f  
in  t h e  r i g h t - h a l f  p l a n e .  The d i r e c t  and in v e r s e  diagrams showing YCp) 
and 1/yCp) r e s p e c t i v e l y  a re  now shown i n  F ig ,  1 6 ,  I f  we p la c e  the  p o in t  
[ - IjO]  f i r s t  a t  A, th e n  a t  B, we can  u se  the  same lo cu s  to  i l l u s t r a t e  
u n s ta b le  and  s t a b l e  c o n d i t io n s  i n  t u r n .
co=
os
- 1 *0)  at A
N~ O ,P=2,Z=2. unstab/e.
—f/,Q] at B
N=-2,P=2 , Z=0. stable .
OJoO0 —6--
N*2, P**OtZ= 2. unstab It. 
N= O,P~ 0,Z= O . s ta b / t .
F ig .  16 , G e n e ra l is e d  N yquis t c r i t e r i a  fo r  two- 
loop  servo-mechanism having u n s ta b le  
s u b s id ia r y  lo o p .
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The s im ple  d i r e c t  N yqu is t  c r i t e r i o n  canno t be used  f o r  examples
s i m i l a r  to  th e  above.
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3 . Leonhard C r i t e r i o n .
The Leonhard c r i t e r i o n  u se s  th e  polynom ial
Q ' f  +  a t f - ' +  v " ' 2 +  ' ■ + a n. t p  +  a n =  H( p >  ( 26 )
as t h e  fu n c t io n  r e p r e s e n t in g  t h e  l e f t - h a n d  s id e  o f  th e  c h a r a c t e r i s t i c  
e q u a t io n .  This e l im in a te s  p o le s  from th e  f i n i t e  p -p la n e .  According 
to  t h e  th eo rem , t h e r e f o r e ,  th e re  are  Z = N ro o ts  of H(p}= O w i th in  th e  
r i g h t - h a l f  p la n e ,  where Itf i s  th e  number o f  a n t i - c lo c k w is e  r e v o lu t io n s  
made by  H(p) as  p t r a c e s  th e  co n tou r  C in  a p o s i t i v e  d i r e c t i o n .  S t a b i l i t y  
w i l l  b e  ensu red  i f  N = 0 ,  i . e .  no n e t  r o t a t i o n  o f  H(pJ abou t th e  o r i g i n .
This may be s im p l i f i e d  f u r t h e r .  For s in ce  HCp)- -^ a0p n as  p - ^  oc , 
th e  r o t a t i o n  made by Hip) as  p moves a long  th e  i n f i n i t e  a rc  from /z to
R&.j ^  th ro u g h  +TJ r a d ia n s ,  i s  s im ply  -hnll • The t o t a l  r o t a t i o n  of 
be ing  z e ro  f o r  s t a b i l i t y ,  t h i s  le a v e s -n /T  > i . e . n / /  a n t i - c lo c k w is e  r a d ia n s ,  
f o r  th e  phase  change o f  Hip) as p goes from - j oc 1d+jcc . S ince HCjco)i s  
sym m etrical abou t th e  r e a l  a x i s ,  t h i s  i s  e q u iv a le n t  to  th e  fo llow ing  s t a t e ­
ment.
I f  Hip) r e p r e s e n t s  th e  l e f t - h a n d  s id e  o f  t h e  e q u a t io n
Q0p n + aipn~'+ Qzpn~Z+ ■ ■ A an-ip-h a n = °  
i n  w hich Qo^o , th e r e  w i l l  be no u n s ta b le  r o o t s  o f  th e  eq u a t io n  
i f  HCjco) r o t a t e s  th ro u g h  n a n t i - c lo c k w is e  q u ad ran ts  as co v a r i e s  
from O To oc .
The Leonhard c r i t e r i a  f o r  a f o u r th  o rd e r  e q u a t io n  i n  the  u n s ta b le  and s t a b l e  
c o n d i t io n s  a r e  shown in  F ig .  17.
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Nat2 ,Z ° 2 .  unstable. N*0,Z** 0  .stable.
F ig .  17. The Leonhard c r i t e r i o n  f o r  a f o u r th - o r d e r  
d i f f e r e n t i a l  e q u a t io n .
The Leonhard diagram does n o t  p o sse ss  the  advan tages  o f  th e  N yquist
d iagram  f o r  d e s ig n  p u rp o se s ,  i n  t h a t  the  co n n ec tio n  o f  a d d i t i o n a l
e lem ents  i n  th e  sequence i s  n o t  e x p l i c i t l y  shown in  th e  new s e t  of
c o e f f i c i e n t s  i n  t h e  e q u a t io n .
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4 .  Routh C r i t e r i o n :  Hurwitz C r i t e r i o n .
The s t a r t i n g  p o i n t  o f  bo th  th e s e  c r i t e r i a ,  which app ly  on ly  to 
polynom ial e q u a t io n s  o f  th e  form (26) i s  ag a in  th e  fundamental theorem o f  
Sec. 4 .1 .  Here th e  r o t a t i o n s  o f  H(jco) abou t th e  o r ig i n  a r e  counted  by 
the  n e t  number o f  t im es  th e  q u o t i e n t  r e a l  p a r t  I + - - • -hag] changes
imag.part ja„c/coJ'V • ■ +an]
i t s  s ig n  from 4- to  — th rough  z e ro .  I t  i s  p o s s ib le  to  pu t 
t h i s  i n t o  an  a n a l y t i c a l  form u s in g  S tu rm 's  Theorem. As th e  r u l e  fo r  
forming th e  Routh t e s t - f u n c t i o n s  i s  cumbersome, the same r e s u l t  due to  
Hurwitz i s
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g iv e n ,  namely
The n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n s  t h a t  t h e  eq u a t io n  
a , p n +  a lf>''-'+at pn-'i +  . . .  +  an.tp4<xn ~ O
(where <3„,o,. • a r e  r e a l ,  a„ being p o s i t i T e ) ,  sh o u ld  have no ro o ts  w i th
p o s i t i v e  r e a l  p a r t s  i s  t h a t  A , , A 2 } A^ . 
p o s i t i v e ,  where
A, -  Of , A 2, =■
Art should a l l  be
a, a3
i  A 3  =
o, a3
Q-t . a¥
0 Q / <*3
Qt a 3 Gfa- • • • a Zn-,
(i Oo al (Xq. ■ ■ a Zn-Z
0 a, a l  0.3 - a Zn- 3
0 a . a i  Qu. a z n -ty  
■ a n
I t  i s  t o  be n o te d ,  however, t h a t  Routh s t a t e d  a means o f  f in d in g  
th e  number o f  u n s ta b l e  ro o ts  w h i le  Hurwitz m ere ly  o b ta in ed  the c o n d i t io n  
t h a t  t h e r e  shou ld  be none o f  them . A f u r t h e r  p o in t ,  which i s  t im e -s a v in g ,  
i s  t h a t  a n e c e s s a ry  c o n d i t io n  f o r  none o f  "the ro o ts  o f  the  e q u a t io n  to  l i e  
in  th e  r i g h t - h a l f  p la n e ,  i s  t h a t  a l l  t h e  c o e f f i c i e n t s  a 0 , a »,- • • • a o
should be p o s i t i v e .
For a c u b ic ,  Hurwitz*s c r i t e r i o n  i s
a, > o  ,
G0 Qz,
> o  , /.e. a , Q z_ > Q 0 q 3
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S i m i l a r l y  th e  Leonhard c r i t e r i o n ,  see  F ig .  18, s t a t e s  t h a t  a t
~?s.
fI  stab/e I j 
S  unstable m
“  1
r ° • ( \ ,o j
F ig .  18.
th e  f re q u e n c y  oj0 a t  which th e  im aginary  p a r t  of H(ju>) i s  z e ro ,  t h e  r e a l  
p a r t  shou ld  he  n e g a t iv e .
S ince  / / (jo o ) = (—QiuJ' -h o3 ) +j  (—a0co +  QzoS)
Then - a / £ 2 z j  +  a3 < O
le .  @1^ 2. ^ 0^^ 3
I t  i s  however im p o ss ib le  to  extend t h i s  method o f  c o r r e l a t i n g  th e  Leonhard 
and Hurwitz c r i t e r i a  to  th e  g en era l  equa t ion  of th e  o r d e r .
The u s e  o f  e i t h e r  th e  Routh o r  Hurwitz c r i t e r i o n  fo r  d e s ig n  purposes  
i s  l i m i t e d .  They may be extended however to  l a y  down c o n d i t io n s  on th e
c o e f f i c i e n t s ,  i f  a l l  th e  r o o t s  a r e  to  have e i t h e r  a p r e s c r ib e d  r a t i o  o f
r e a l  p a r t  to  im ag inary  p a r t  ( r e l a t i v e  damping), o r  a p r e s c r ib e d  v a lu e  of 
the  r e a l  p a r t  i r r e s p e c t i v e  o f  th e  im aginary  p a r t  (a b so lu te  damping).
This i s  t a k e n  up i n  Sec. 5 .1 .
In  co n c lu d in g  t h i s  S e c t io n ,  mention should be made o f  one f u r t h e r
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a d a p ta t io n  o f  th e  g e n e r a l i s e d  N yqu is t  c r i t e r i o n  which r e q u i r e s  v e ry  l i t t l e  
com putation  i n  i t s  a p p l i c a t i o n ,  namely t h a t  o f  Demontvignier and L e f e v r e ^  
This i s  based  w h o lly  on th e  p h ase -f req u en c y  c h a r a c t e r i s t i c ,  from w h ich ,  
w ith  t h e  a id  o f  a T ab le ,  th e  number of h a l f - t u r n s  which th e  fu n c t io n  makes 
round th e  o r i g i n ,  can be found,
4 .3 .  The Case o f  F i n i t e  Time Lag.
Thus f a r  t h e  t r a n s f e r - f u n c t i o n s  which have r e s u l t e d  have been 
q u o t i e n t s  o f  r a t i o n a l  i n t e g r a l  fu n c t io n s .  I f  th e  p o s s i b i l i t y  of f i n i t e  
t im e - la g  i s  a d m i t t e d ,  t r a n s f e r  fu n c t io n s  of the type  £ /yP. ^Cp) a r e  
formed. F u r th e r ,  a s  th e  f i n i t e  t im e - la g  can occur i n  e i t h e r  th e  main 
sequence o r  i n  the  s u b s i d i a r y  loops or b o th ,  a c o n s id e ra b le  v a r i e t y  of 
problems i s  p r e s e n te d .  This can be o rgan ised  e i t h e r  on th e  b a s i s  o f  
c o n t ro l  ty p e ,  number o f  ex p o n en t ia l  la g s  and lo c a t io n  of  f i n i t e  t i m e - l a g s ,  
o r  on t h e  b a s i s  o f  th e  r e s u l t i n g  o v e r a l l  d i f f e r e n t i a l  e q u a t io n .  As th e  
f i r s t  a r ran g em en t,  b e s id e s  being more complex, l e a d s  to  th e  same o v e r a l l  
d i f f e r e n t i a l  e q u a t io n  fo r  a number o f  d i f f e r e n t  connec tions  o f  t r a n s f e r  
f u n c t io n s ,  the  second one i s  th e  more l o g i c a l .  The types  o f  eq u a t io n  
may t h e r e f o r e  be  l i s t e d  a s  fo l lo w s ,
I .  Having one e x p o n e n t ia l  term
M     j  f j
1 . a0pz -f-a,p + qa -h d p  g. r , f o r  m « o ,  / , 2
2. a bp* -h a ,p z + at p +  a3 -h * 1 7 1 ^ 0 , 1 , 2 , 3 .
and so on f o r  h ig h e r  degree o f  th e  polynomial p a r t  o f  th e  e q u a t io n .
* For m > 2  the  e q u a t io n  always g ives an u n s ta b le  s o lu t i o n .  S im i la r ly  
in  th e  cu b ic  c a s e ,  type 2 , w i th  m>3 .
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As a s u b c la s s  of I ,  may be l i s t e d  th o se  in  which m = 0 and the  c o n s ta n t  
term o f  th e  e q u a t io n  i s  a b s e n t .  This w i l l  be  th e  case  i n  th e  o v e r a l l  
e q u a t io n  o f  a s in g le - lo o p  system having t h e  t r a n s f e r  fu n c t io n
- V  -
p d + p h X i - h p i z )
I I .  Having two e x p o n e n t ia l  te rm s ,  w ith  d i f f e r e n t  f i n i t e  t im e - la g s  in  
g e n e r a l .
The p o s s i b l e  com binations  a re  v e ry  l a r g e ,  b u t  i t  i s  l i k e l y  t h a t  th e  
m a jo r i t y  w i l l  alw ays be u n s t a b l e .  P r a c t i c a l  cases  cou ld  a r i s e  however, 
as i n  a two loop  system having a main sequence t r a n s f e r  fu n c t io n  
VjCpl^KL ^/pQ+plj), and a feedback t r a n s f e r  fu n c t io n  Yz (p  ^ • For t h i s  
we have 0 O^  = KZ~'P m _ _ / ____________ _
pO-f-ph) i - h K t  rPYz,Cp)lp(t+ph) 
and t h e  c h a r a c t e r i s t i c  e q u a t io n
p*T, +- p + %Cp)Kt~lP+ = o
The ty p e s  o c c u r r in g  i n  th e  c l a s s i f i c a t i o n  I I  must n e c e s s a r i l y  be 
t r e a t e d  as  th e y  a r i s e  and some d i f f i c u l t y  may be expec ted  i n  the  s o lu t i o n  
o f  th e  p rob lem .
W ith re g a rd  t o  th e  s l i g h t l y  s im p le r  c l a s s  I ,  Gork has t r e a t e d  th e  
s t a b i l i t y  o f  t h e  e q u a t io n s  f O p + l - t  9 c  P and lOp +  I-h&E, P
32
showing t h a t  th e y  a re  u n s ta b le  and s t a b l e  r e s p e c t i v e l y .  Sherman has
g iven  c o n d i t io n s  f o r  th e  s t a b i l i t y  o f  t h e  e q u a t io n
acp z + a,p + a t -h o tp C ?  
which a g re e  w i th  th o s e  of M inorsky. A nsoff and Krumhansl have extended
t h i s  c a se  to  cover th e  e q u a t io n
m -7b
ck0p  ~h <Xtp ~f~ az -t d-p £ j  f o r  /77^-P
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4 .3 .  N umerical example.
I n  t h i s  S e c t io n ,  th e  e q u a t io n
f>3 + S f + S p  +  ! +  lo~ZP  ( 2 7 )
i s  examined as  an example i l l u s t r a t i n g  th e  use  o f  the  fundamental 
theorem  fo r  t r a n s c e n d e n ta l  f u n c t io n s .  A few n o te s  on th e  a p p l i c a t i o n  
o f  th e  theorem  a re  f i r s t  g iv e n .
1 . E q u a t io n s  o f  th e  type
r \  h —f ^  I P
a0p' 4- a,pn 4- - • • +Qn-ip+ an + Z- = o  , mLn  
may be t r e a t e d  d i r e c t l y  i n  th e  form o f  th e  L .E .S .  o f  the  e q u a t io n ,  i . e .
m-Tp
a r a t i o n a l  i n t e g r a l  f u n c t i o n  in  p p lus th e  te rm  up t . Such a form 
ten d s  to  th e  v a lu e  Q0p n f o r  v a lu e s  o f  p  on the  i n f i n i t e  a rc  o f  F ig .  1 3  
b u t  has no p o le s  e lsew here  in  the  f i n i t e  p a r t  of th e  r i g h t  h a l f  p- 
p la n e .
2. I t  i s  c o n v e n ie n t  to  exp ress  th e  eq u a t io n  however as
n /?-/ f UpmC /_ o
Qap + aiP -h + an.,p-t- Qn I ---------------—-—--------------------------------------—  ~ t
1 <■ a0pn +■ a,pn'1 -f ■ +Qn_,p-hQnJ
and i n v e s t i g a t e  the ze ro s  of th e  e x p re ss io n  i n  b r a c k e t s .  This has th e
advan tage  o f  s e p a r a t in g  out t h e  e f f e c t  of th e  tim e l a g .  I t  a l s o  i n  th e
a u t h o r ’s o p in io n  makes p l o t t i n g  much e a s i e r .
nm -lp  n
I f  Ftp)  = [ l +  _______    ■] (28)
‘ Q<>pn -ha,pn~ + - • +an-ip lhan J
th en  fo r  v a lu e s  of p along the  i n f i n i t e  a rc  p -R ^ J ^  9 -lpz <c<j> cfi/ ,Rp) ten d s
to  th e  v a l u e  u n i t y  a s  R  in c re a s e s  i n d e f i n i t e l y .  For v a lu e s  o f  p  on 
an i n f i n i t e l y  small s e m i - c i r c l e  p a s s in g  to  th e  r i g h t  o f  th e  o r i g i n ,  FCp)
behaves l i k e  1+ ^p™ . For i n d e f i n i t e l y  l a r g e  v a lu es  o f  p  on th e
-jToo
im ag inary  a x i s ,  F(jco) te n d s  t o  u n i t y ,  fo r  m^n, and to  1+pP*. f o r  .
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I f  however m>n , say  m~n+Q , then  FCjco) tends to  I + *  (/co)* £ J>u) a s
L Q0
—ir 00 and hence becomes i n d e f i n i t e l y  l a r g e .  Under th e s e  c o n d i t io n s  
th e  lo c u s  i s  bound t o  in c lu d e  th e  o r ig i n  and th e  system  w i l l  be u n s ta b l e ,  
This has b een  r e f e r r e d  to  a l r e a d y .
The im p o r ta n t  p o in t  t h a t  FCp) may now have po les  anywhere i n  th e  
f i n i t e  p - p la n e  must a l s o  n o t  be overlooked . This can e a s i l y  be checked 
by a p p ly in g  th e  Rdu.th c r i t e r i o n  or  th e  Leonhard c r i t e r i o n  to  th e  r a t i o n a l  
i n t e g r a l  f u n c t io n  i n  th e  denom ina to r .
I t  i s  i n t e r e s t i n g  to  n o te  t h a t  -these p o le s  canno t be ta k e n  o u t  by 
i n v e r t i n g  th e  e x p re s s io n  oLpm t. ^J [a0p n+atp n''p . . +an]  , i . e .  by u s in g  
th e  f u n c t i o n
/ + a,pn~'4- • • ■ +an-tp*-qn
oi p mr TP
as an e s s e n t i a l  s i n g u l a r i t y  oocurs a t  i n f i n i t y ,  and th e  theorem does n o t  
a p p ly .  This i s  i n  c o n t r a s t  t o  t h e  c a s e f o r  a m u l t i - lo o p  system 
p o in te d  o u t  p r e v io u s l y .
C ons ide r  th e n  th e  e q u a t io n ,
p* f  5/j2 + 5p  + I +  lot o
A p p l ic a t io n  o f  -the Eouth c r i t e r i o n  to  p 2+Spl+5p  t  I i n d i c a t e s  t h a t  
th e r e  a r e  no z e ro s  o f  t h i s  in  th e  r ig h t  h a l f - p l a n e ,  and t h a t  the re l o r e
FCp) = / +  g 10 Z[ - - ------- (29)' p3 +■ 5pz 4- 5 p -h I
has no p o le s  i n  t h a t  a r e a ,  n o te  a l s o  t h a t  FCp) v an ish es  f o r  i n f i n i t e l y
la rg e  im ag in a ry  v a lu e s  o f  p and a l s o  a long th e  i n f i n i t e  a r c .  The lo c u s
along th e  im ag inary  a x i s  w i l l  th e re fo r e  c o n s t i t u t e  the e n t i r e  p l o t .  In
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F ig .  19 , th e  lo c u s
—Ziuj
c ,  ^  l 0 t
R Ja j ) ~ l -  ;  ,  a — nI -  5  to 4 . j (  5  co -  o r  J 





F ig .  19.
i s  e n c lo se d  tw ice  i n  a n  a n t i - c lo c k w is e  d i r e c t i o n ,  and hence th e  equa t ion  
has two u n s ta b l e  r o o t s .  More d e t a i l s  can be taken  from t h e  d iagram  i f  
r e q u i r e d .  As th e  lo c u s  m ere ly  moves r a d i a l l y  as  th e  c o e f f i c i e n t  01 th e  
e x p o n e n t ia l  te rm  a l t e r s ,  i t  can  r e a d i l y  be e s t im a ted  approx im ate ly
( i )  t h a t  2  5 G 5 E .  ^  ren d e rs  ihe  system j u s t  s t a b l e  and t h a t
( i i )  ^-5 (ofL^^ w i l l  in t ro d u c e  two more u n s ta b le  r o o t s .
-  56 -
By c a l c u l a t i n g  t h e  f requency  v a lu e  f o r  which th e  u n i t  c i r c l e  i n t e r s e c t s  
th e  curve and by e s t im a t in g  th e  r o t a t i o n  n e c e s s a ry  to  make t h i s  p o in t  
c o in c id e  w i th  [-1,0] , i t  can a l s o  be found
( i i i )  t h a t  iOt 2 ^  w i l l  produce l i m i t i n g  s t a b i l i t y  and t h a t
( iv ) (Q£^44p w i n in t ro d u c e  two more u n s ta b le  r o o t s .
The d iag ram  i l l u s t r a t e s  i n  an  e x c e l l e n t  way th e  manner i n  which an 
i n f i n i t e l y  l a r g e  number o f  u n s ta b le  ro o ts  w i l l  be o b ta in ed  as th e  
c o e f f i c i e n t  o f  th e  ex p o n e n t ia l  te rm  in c re a s e s  w i th o u t  l i m i t ,  f o r  one-by- 
one, th e  i n f i n i t e  number o f  tu rn s  which F(jao) makes abou t th e  o r i g i n  w i l l  
expand to  e n c lo se  th e  p o in t  f— /,0 j  • In  view o f  th e s e  d e s ig n
ad v a n ta g e s ,  t h i s  ty p e  o f  d iagram  i s  much to  be p r e f e r r e d  over the  method 
o f  Gork.
This S e c t io n  concludes  th e  review  o f  those  c r i t e r i a  des igned  to  
t e s t  l i m i t i n g  s t a b i l i t y .
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CHAPTER 5 .
CRITERIA OF RELATIVE STABILITY. DESIGH PROCEDURES.
The p re v io u s  Chapter examined methods o f  a s c e r t a in i n g  w hether  s t a b l e  
o r  u n s t a b l e  o p e ra t io n  would ta k e  p la c e  in  any p a r t i c u l a r  system . Those 
methods w ere d e sc r ib e d  as  c r i t e r i a  o f  l i m i t i n g  s t a b i l i t y ,  in  t h a t  th e y  only  
p ro v id ed  in fo rm a t io n  concern ing  th e  e x i s te n c e  o r  n o n -e x is te n c e  o f  s t a b l e  
o p e r a t io n ,  and i f  th e  fo rm er was th e  c a s e ,  no i n d i c a t i o n  was o b ta in ed  o f  
th e  d eg ree  o r  margin o f  s t a b i l i t y .  By a simple e x te n s io n ,  however, t h i s  
e x t r a  d e t a i l  may be p r e d i c t e d .  Such ex te n s io n s  o f  th e  p re v io u s  meihods 
may be te rm ed  c r i t e r i a  o f  re la  t i v e  s t a b i l i t y .  T h e o r e t i c a l ly  th e  development 
i s  t r i v i a l  b u t  p r a c t i c a l l y  i t  i s  of some consequence . In  t h i s  C hap te r ,  a 
rev iew  o f  th e s e  c r i t e r i a  i s  f i r s t  g iven  and t h i s  i s  fo llow ed by  a summary o f  
the  a v a i l a b l e  d es ig n  p ro c e d u re s .
5 .1 .  E x te n s io n s  o f  P rev io u s  C r i t e r i a  o f  L im it in g  S t a b i l i t y .
The sim ple c r i t e r i a  a l re a d y  co n s id e re d  a r e ,  i n  e f f e c t ,  means o f  
d e te rm in in g  w h e th e r  th e re  a re  any r o o t s  of th e  c h a r a c t e r i s t i c  e q u a t io n  o f  
the  sy stem , which have n e g a t iv e  damping, t h a t  i s ,  ro o ts  having  p o s i t i v e  r e a l  
p a r t s .  The c r i t e r i a ,  w hich we now seek , a re  means o f  d e te rm in in g  w hether  
th e r e  a r e  any  r o o t s  having damping l e s s  th a n  some p re s c r ib e d  p o s i t i v e  v a lu e .  
In  com parison  w i th  th e  co n to u r  o f  F ig .  13 which bounded th e  r i g h t  h a l f  o f  
the complex p la n e ,  t h e  co n tou r  now con s id e red  ex tends  over th e  im ag inary  
a x is  as  shewn in  F ig .  2 0 .
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F ig .  2 0 .  Contour from which ro o ts  o f  c h a r a c t e r i s t i c  
e q u a t io n  should be excluded , f o r  r e l a t i v e  
damping to  exceed a p re s c r ib e d  v a lu e .
In  th e  above c o n to u r ,  v a lu e s  of p  a long  th e  ray  making th e  ang le  
w i th  th e  im ag inary  a x i s  i n  the  upper h a l f - p l a n e  a re  g iv e n  by p = u(-<r-i-j)f 
where <r = tan/5  . As the  p a ram eter  u i s  in c re a se d  from z e ro ,  so P  moves 
out a lo n g  th e  r a y .  As 0  in c re a s e s  from z e ro  to  TJ/2 th e  r a y  p iv o t s  a b o u t 
th e  o r i g i n  from a p o s i t i o n  o f  c o - in c id e n c e  w i th  th e  p o s i t i v e  im aginary  
a x i s ,  to  c o - in c id e n c e  w ith  th e  n e g a t iv e  r e a l  a x i s ,  th e  lower ray  rem ain ing  
a t  a l l  t im es  t h e  m ir ro r  image of th e  upper one in  t h e  n e g a t iv e  re a l  a x i s .  
In  t h i s  way th e  whole o f  the l e f t  h a l f - p l a n e  may be i n v e s t i g a t e d .  The 
v a lu e s  o f  p  i n  t h i s  more g e n e ra l  case  may be sa id  to  r e p re s e n t  th e  u se  o f  
complex f r e q u e n c ie s  by analogy w i th  th e  v a lu e s  o f  p on th e  im aginary  a x i s  
on ly , -which r e p r e s e n t  r e a l  f r e q u e n c i e s .  F u r th e r ,  th e  adop tio n  of  th e  
above c o n to u r ,  on th e  f i n i t e  p o r t i o n  o f  which th e  r a t i o  o f  damping to  
frequency  i s  c o n s t a n t ,  la y s  down a f ix e d  minimum v a lu e  of r e l a t i v e ,  a s  
d i s t i n c t  from a b s o l u t e ,  damping. A con tou r  to  r e p r e s e n t  th e  a b s o lu te
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damping 6 s ay ,  m ere ly  r e q u i r e s  the  i n f i n i t e  a rc  to  be  c lo se d  by a l i n e
p a r a l l e l  to  th e  im aginary  a x i s  and d is p la c e d  6 to  i t s  l e f t .  T e c h n ic a l ly ,
r e l a t i v e  damping i s  more im p o r ta n t  as  i t  a s s ig n s  a d e f i n i t e  v a lu e  to  th e
number o f  c y c le s  o r  h a l f - o y c le s  o f  o s c i l l a t i o n  'which a re  p o s s i b le  in  a
t r a n s i e n t  b e fo re  i t  i s  damped to  some f r a c t i o n  o f  i t s  i n i t i a l  v a lu e .
For i n s t a n c e ,  i f  t h i s  f r a c t i o n  was g iven by a"" (about 4 . 3$) we have,
( i n i t i a l  v a l u e ) £ ^  = ( f i n a l  v a l u e ) ,
f i n a l  v a lu e  _ 11
where i n i t i a l  v a lu e
The number of h a l f - c y c l e s  o f  o s c i l l a t i o n  o c c u r r in g  i n  th e  tim e
i s  g iven  by = = cotfi , which i s  c o n s t a n t  fo r  a f ix ed  v a lue  o f
$  • There a r e  t h e r e f o r e  2, 1, and 0 .5  h a l f - c y c l e s  o f  o s c i l l a t i o n  w h ile
th e  a m p li tu d e  reduces  to  4 .3 $  o f  i t s  i n i t i a l  v a lu e ,  fo r  /3 = 2 6 .5 ° ,  45°
and 6 3 ,4 3 °  r e s p e c t i v e l y .
The e x t e n s io n s  o f  the  p revious c r i t e r i a ,  which a r e  now b r i e f l y  g iven ,
m ere ly  c o n s i s t  i n  t h e  a p p l i c a t i o n  o f  th e  fundamental theorem  to  th e  c o n to u r
o f  F ig .  20. As analogous r e s u l t s  may be d e r iv e d  f o r  th e  case  o f  a b s o lu te
damping, d e t a i l s  o f  t h i s  a r e  o m itte d .
1 .  E x te n s io n  i n  N yqu is t  Form.
L e t  Y(p)be t h e  r e s u l t a n t  t r a n s f e r  f u n c t io n  Q/e (p) o f  a m u l t i - lo o p
servo-m echanism . YCp) i s  o f  the  gen era l  form
Yf(p)___________
/ + y (p ) y 2(p) -t %(p)Y3(p) • • • 
where Y,(p), Y2(p) , . • • e t c .  a r e  the  t r a n s f e r  fu n c t io n s  in d i c a te d  in  F i g . 14
and have n e i t h e r  p o le s  n o r  ze ro  i n  th e  r i g h t  h a l f - p l a n e .  L e t  P ’ be th e
number o f  p o le s  o f  I + Yi(p)yz (p) + Y/ (p)Y3(p) - - • c o n to u r  C o f  F i g . 20.
P ’ can u s u a l l y  be determ ined  by in s p e c t io n .  L et Z* be th e  number o f  ze ro s
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o f  I +  Y,(p)yg(p)+ - . • w i th in  C and N’ th e  number o f  a n t i - c lo c k w is e  r e v o lu t io n s  
o f  / -f + - • abou t the  o r ig i n  as  p goes once round C in  t h e  p o s i t i v e *
d i r e c t i o n .  Then by th e  theorem
Z* -  P» = N*
and hence Z' = N* + P '
S in ce  t h e  ze ro s  o f  I-f Y(Cp)'/z Cp) + . . a r e  th e  p o le s  o f  Yip) , th e  theorem 
may now be a p p l ie d  to  V(p)  . L e t  N be the  number o f  a n t i - c lo c k w is e  
r e v o lu t io n s  o f  Y(p) a b o u t the p o in t  1-1,0] , as  p  goes once round th e  c o n to u r .  
Then th e  number o f  ze ro s  Z , o f  V(p) w i th in  C i s  g iven  by
Z -  Z '1 =  N
and hence Z = N + Z 1
For s t a b i l i t y  th e r e f o r e  N =-Z*.
The c a se  o f  th e  s in g le  loop servo-mechanism i s  s im p le r ,  i n  t h a t  a 
p r e l i m i n a r y  a p p l i c a t i o n  o f  th e  theorem to  de term ine  th e  p o le s  o f  X ^)w ith in  
C i s  u n n e c e ss a ry  as  th e se  may be  found by in s p e c t io n .  I t  i s  t o  be no ted  
t h a t  p o le s  o f  Y,(p) cannot occur in  th e  r i g h t  h a l f - p l a n e  b u t  th e y  may occur 
w i t h i n  t h e  c o n to u r  C o f  F ig .  20. This i s  a s l i g h t  co m p lica t io n  compared 
w i th  th e  N y q u is t  c r i t e r i o n  of l i m i t i n g  s t a b i l i t y  f o r  a s in g le - lo o p  system .
For t h e  same reason  the  u se  o f  th e  in v e rs e  fu n c t io n  i s  h e re
no s im p le r  th a n  th e  d i r e c t  form u s in g  0o/ & ( p )  •
2 . E x te n s io n  i n  Leonhard Form.
The fu n c t io n  r e p r e s e n t in g  th e  l e f t - h a n d  s id e  o f  th e  c h a r a c t e r i s t i c  
e q u a t io n  i s
H(p)  =  a0p n + Qi p n >+ a2pn 2 -J- ■ ■ ■ -t an- iP +  an
 ^ The i n t e r i o r  o f  th e  con tour being  on th e  l e f t  hand s id e  of t h e  t r a c i n g  
p o i n t .
H(p) has  no p o le s  in  th e  f i n i t e  p - p la n e .  L e t  I  be t h e  number o f  
a n t i - c lo c k w is e  r e v o lu t io n s  o f  Hip) as  p t r a c e s  o u t  th e  co n to u r  C in  th e  
p o s i t i v e  d i r e c t i o n  and Z be the  number o f  ze ros  o f  H(pD w i th in  C. Then 
ac c o rd in g  the  theo rem  Z = N .
But s in c e  HCp) behaves l i k e  Q0p n as p-*- <e , HCp) w i l l  r o t a t e  a n t i ­
c lo ck w ise  by nC 71+2/3) ra d ia n s  as  p  moves round th e  i n f i n i t e  a rc  BCA.
L e t  if; be th e  a n t i - c lo c k w is e  r o t a t i o n  ( in  r a d ia n s )  o f  HCp) as  p  moves
a lo n g  th e  r a y s  from A to  0 and from 0 to  B. Then
Z  =  N =  n (17+2(3) 4 p  
2TJ
L e t y  be t h e  a n t i - c lo c k w is e  ra d ia n s  r o t a t i o n  o f  HCp) as  p moves f rom 0 
to  A . Then Y = -S^> anc* </'="~2y • The number o f  z e ro s  o f  HCp) w i th in  
C i s  t h e r e f o r e  g iv e n  by
z  “ -X'jj +  %  + nfyn  (30)
and th e  number o f  z e ro s  of Hip) w i th in  th e  V-shaped a re a  AOB i s
n - Z  -  X/n  -  n B /-  (31)
27
The r e l a t i o n s  (30) and (3 l )  a r e  th o se  g iven  by Leonhard •
The u s e  o f  complex f re q u e n c ie s  i n  th e  manner o f  th e  above two
e x te n s io n s  ap p ea rs  t o  have occurred  to  a number o f  d i f f e r e n t  a u th o r s ,
which i s  n o t  s u r p r i s i n g  i n  view o f th e  t r i v i a l  m athem atica l d i f f e r e n c e
30
from th e  u se  o f  r e a l  f r e q u e n c ie s .  Vazsoni in  1949 s t a t e d  th e  N yqu is t  
e x te n s io n  f o r  t h e  c a s e  o f  a s in g le - lo o p  servo-mechanism, w i th o u t  m ention
3 5
of th e  v e r y  s i m i l a r  -work o f  Leonhard in  1948. P r io r  to  t h i s  Campbell 
and P ro fo s ^ in  1945, had s e p a r a t e ly  been using  complex f r e q u e n c ie s .  In  
t h e i r  work, th e  l e f t  hand o f  the  p -p la n e  i s  mapped u s in g  r e c t a n g u la r  
c o - o r d in a t e s ,  t h a t  i s ,  d i f f e r e n t  f ix e d  v a lu e s  o f  a b s o lu te  damping.
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By t h i s  method Campbell showed how an approxim ate u n i t - s t e n  fu n c t io n  
response  could  be  d e r iv e d  from th e  Nyquist d iagram . The Tables i n  
Appendix I I  were p rep a red  by th e  w r i t e r  in  1948 to  h e lp  i n  th e  c a l c u l a t i o n  
o f  a N y q u is t  d iagram  f o r  complex f r e q u e n c ie s .  This i n  f a c t  i s  one o f  the  
p r a c t i c a l  d i f f i c u l t i e s  which b e s e t  the i n v e s t i g a t i o n  o f  complex frequency
•Si +
l o c i .  N e i th e r  Vazsoni or Leonhard made r e f e r e n c e  to  an e a r l y  paper of
25
c o n s id e r a b le  t h e o r e t i c a l  and te c h n ic a l  v a lu e  by L u th i  in  1942. In  t h i s
a p p a r e n t ly  l i t t l e  known p ap e r ,  L u th i  has a n t i c ip a t e d  bo th  L eonhard’ s
26 27
c o n t r i b u t i o n s  o f  1944 and 1948 , and fu r th e rm o re  has g iven  an e x te n s io n
o f  t h e  H urwitz C r i t e r i o n  to  th e  case  o f  r e l a t i v e  s t a b i l i t y .  For t h e
sake o f  com ple teness  t h i s  i s  g iv en  below, to g e th e r  w ith  an improved
+
r e s u l t  ex p re ssed  in  terms o f  Routhian t e s t  f u n c t io n s ,
49^ K u s te rs  and Moore g ive  c h a r t s  fo r  the  decibe l-m odu lus  and p h a s e - s h i f t  
a t  complex f r e q u e n c ie s  in  a v e ry  re c e n t  paper p re se n te d  a t  th e  D .S .I .R .  
C onference in  J u ly  1951.
48
t  Leonhard r e f e r s  to  t h e  work o f  L u th i  in  h i s  r e c e n t  paper p re s e n te d  a t  
th e  above D .S . I .R .  co n fe re n c e .
t Due to  Mr. B a b i s t e r  o f  th e  A eronau tics  Department, Glasgow U n iv e r s i t y  
(as  y e t  u n p u b l i s h e d ) .
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3. E x te n s io n  in  Hurwitz form.
L e t  the. e q u a t io n  whose r o o t s  a l l  l i e  o u ts id e  th e  con tou r  C o f  F ig .
2 0  be n n_.
HCp) = a 0 p -h a ,p  +azp 4- ■ +Qnj + C i n = o ^
I f  th e  r o o t s  of (26) a r e  z , , zZj . . z n , th e n
H(p) =  a 0 j"[ C /) -z r )
r — i
L e t  t h e s e  r o o t s  f i r s t  be r o ta t e d  c lockw ise  by th e  an g le  ft , g iv in g  the
polynom ial jn_
= a 0 | j ( p - z r £ )
Secondly , l e t  t h e  r o o t s  be r o t a t e d  a n t i - c lo c k w is e  g iv in g  th e  polynom ial
H z Cp) =  a 0J ]  C p - Z f £_J ^ )
-r^ i
Both t h e  above o p e r a t io n s  w i l l  r e s u l t  in  the  ro o ts  b e in g  i n  th e  n e g a t iv e  
h a l f - p l a n e ,  a l th o u g h  n o t  o ccu rr in g  i n  c o n ju g a te  complex p a i r s .  HtCp) and 
HzCp) a r e  t h e r e f o r e  polynom ials  w i th  complex c o e f f i c i e n t s .  I f  however, th e  
e q u a t io n
H t Cp) M z ( p )
of d e g r e e 2 n i s  formed, th e n  i t s  ro o ts  s t i l l  l i e  i n  t h e  n e g a t iv e  h a l f - p l a n e  
and o ccu r  i n  c o n ju g a te  complex p a i r s .  Thus th e  eq u a t io n
a f f l i p - z ^ X p - ^ 0 )  (32)
T~l
r e p r e s e n t s  a s t a b l e  system and has r e a l  c o e f f i c i e n t s .  I t  w i l l  s a t i s f y  th e  
o rd in a ry  Hurwitz c o n d i t io n s .
The ex tended  c r i t e r i o n  a p p l ie d  to  any e q u a t io n *
a0p n + a,pn''-PQzp n'Z-b ■ ■ dn_,p -h on * °
o f  the  d e g re e ,  i s  th e r e f o r e  a s  fo l lo w s .
*  A ll  th e  c o e f f i c i e n t s  a0,a, •• an a re  p o s i t i v e ,  o th e rw ise  th e  system i s  
u n s ta b l e .  The re q u ire m e n t  Q0,ol} o„>° i s  a n e c e ssa ry  b u t  i n s u f f i c i e n t  con­
d i t i o n  f o r  s t a b i l i t y .
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( i )  Form th e  e q u a t io n  o f  degree  2rj , having n r o o ts  equa l  t o  th e  
r o o t s  o f  th e  o r i g i n a l  e q u a t io n  r o t a t e d  through-f/3 r a d ia n s ,  and 
n r o o ts  equal to  th e  r o o ts  o f  th e  o r i g i n a l  e q u a t io n  r o t a t e d  
th ro u g h  -  /S r a d ia n s .  This i s  th e  e q u a t io n
L e t  t h i s  e q u a t io n  when w r i t t e n  o u t  be g iven  by
( i i )  Apply th e  normal Hurwitz C r i t e r i o n  t o  th e  s e t  o f  c o e f f i c i e n t s  
b0} b i , ■ . b o f  ih e  above e q u a t io n .
The most u n f o r tu n a t e  f e a t u r e  o f  t h i s  extended c r i t e r i o n  i s  t h e  doub ling  
o f  th e  d e g re e  o f  th e  o r ig i n a l  eq u a t io n  and consequent d i f f i c u l t y  i n  
e v a lu a t in g  th e  Hurwitz d e te rm in a n ts .  For th e  simple cub ic  e q u a t io n ,  a 
s i x t h  o rd e r  d e te rm in a n t  and i t s  su cc e s s iv e  co rne r  minors o f  o rd e r  f i v e ,  fo u r ,  
t h r e e  e t c . ,  r e q u i r e  to  be e v a lu a te d .  The c a l c u l a t i o n  o f  the  c o e f f i c i e n t s  
them selves  i s  n o t  i n o r d i n a t e l y  g r e a t .  For a cub ic  we have
I t  i s  n o t  l i k e l y ,  i n  v iew  o f  t h i s  doub ling  of the  o rd e r  o f  t h e  d e te rm in a n ts ,  
t h a t  t h i s  c r i t e r i o n  w i l l  be of much p r a c t i c a l  v a lu e .
4 .  E x te n s io n  i n  Routh form .
In  t h i s  form  th e  d e te rm in an ts  which r e q u i re  to  be g r e a t e r  th a n  ze ro  
a re  a l l  o f  Hie -third o rd e r ,  and th e re  a r e  Q(n-i) o f  them t o  be ev a lu a te d
fo r  an e q u a t io n  o f  th e  deg ree .  The ex tended c r i t e r i o n  i s  as  fo llow s
bt = 2.a0 a, cos <3
b3 ~ Zaaa3Cjo$3(& -h 2a(QLces^ 
bs  = 2azQ5 co5fi
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Th© n e c e s s a ry  and s u f f i c i e n t  c o n d i t io n s  t h a t  th e  polynomial
H i p ) = Q0p n +- q , p n~' +-qz p n~l  _f_ . . . Qn-tp +Qn ~ Q 
(where o0}qI} .. a r e  r e a l ,  q0 "being p o s i t i v e )  should have no roots* in  th e  s e c to r
AOBCA o f  -the complex p lan e  (see  F ig .  20),  a re  t h a t  J3C , C!a , D0 , - - • should
a l l  be p o s i t i v e ,  where
OJ A0 = a0sin n<p ? /\t = a( sin n<j> sin(n-i)fi , AL -  Qz sinn$sin(n-2)</> 9 . . .
An-i -  V /  sin n(j>sm<f> » 4  = -for m> n-i
Bo -  o,sm(f> y 5 /  =* a2s m Z f  » B z =  a3sm3<fi 5 . . .
5n-r®- Q/sin 9 &m =■ -ftr
A . A , A i 1 (2 /  =  - 4, A, 1ii
u
A . A t  A m + z
& 6 , K B o 8 / B o B i  S i n + L
0 5 . 8 , 0 S 0 8 > 0 B o  B m - t f
-^^7 - o  j -pa r tr\ y  n - z
Civ) Do ~ ~~ 8o b , e>i , 0 , « - £• 6 , j - ' D#, -  - Bo 8 / 8 m+2
Co C, c L Co C) Cc> C( ClH-fZ
0  Co C, 0 0 0 if* 0  C0 Ctn+I
Dm = O j -/or /7j > rr-3
The d e te rm in a n t  f o r  can be deduced from t h a t  fo r  Dm by
r e p la c in g  5  by C and C by D . S im i la r ly  f o r  Fm e t c .
The a r r a y  o f  t e s t - f u n c t i o n s  i s  i n  the  g e n e ra l  c a se  fo rm id ab le .  I f  
we c o n s id e r  th e  cub ic  e q u a t io n ,  and compare t h i s  method w i th  th e  p re v io u s  
one, we o b t a in
* The number o f  ro o ts  w i th in  the  s e c t o r  may a l s o  be found as shown by 
Mr. B a b i s t e r .
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^0 = do sinzn f A/ -  Q,siting sm (n-i)j> 5 A 2 ~ Qj> S
8a = a, sm B, -  at smZ<f> ? A  « a3
d. -  - Ac A, A* 9 <£. = - A0 /\, 0 i c2 « o
Ba 6 , A Bo B, o
0 S. 6, ° A Bz
A  = - A s , A 1 D, = o
Co C, o
0 c 0 a,
I f  3 OJCo and E>0 a re  a l l  p o s i t i v e ,  th e r e  a re  no ro o ts  w i th in  th e  
s e c t o r .  Comparison w i th  th e  p rev ious  c r i t e r i o n  c l e a r l y  shows the  Routh 
e x te n s io n  to  be s u p e r io r ,  as  i t  r e q u i r e s  th e  c a l c u l a t i o n  o f  s ix  
c o e f f i c i e n t s  and th e  e v a lu a t io n  of  th r e e  t h i r d  o rd e r  d e te rm in a n ts .  The 
H urwitz e x te n s io n  r e q u i r e s  about th e  same number o f  c o e f f i c i e n t s  and t h e  
e v a lu a t io n  o f  a s i x t h  o rd e r ,  f i f t h  o rd e r ,  fo u r th  o rd e r  e t c .  d e te rm in a n t .
In  a a u a r t i c  eq u a t io n  th e  Routh e x te n s io n  r e s u l t s  i n  s ix  t h i r d  o rd e r  
d e te rm in a n ts ,  which i s  much p r e f e r a b le  to  the s e t  o f  d e te rm in a n ts  up to  
the  e ig h th  o rd e r  g iv e n  by th e  Hurwitz e x te n s io n .
5 .2 .  Design P ro c e d u re s .
The p re v io u s  c r i t e r i a  a re  by them selves no guaran tee  t h a t  th e  
perfo rm ance o f  th e  system w i l l  be a c c e p ta b le .  In  th e  re sp o n se  to  a s t e p -  
fu n c t io n  i n p u t ,  a c e r t a i n  degree  o f  damping w i l l  be known to  e x i s t ,  b u t  
the  a c t u a l  h e i g h t  o f  th e  o vershoo t w i l l  be a s  y e t  unknown. In  th e  
c r i t e r i a  o b ta in e d  so f a r ,  no i n d i c a t i o n  i s  p r e s e n t  as t o  w hether  th e  ro o ts  
a re  r e a l  o r  complex. I t  would be p o s s ib le  f o r  a r e l a t i v e l y  small r e a l  
ro o t  to  be  p r e s e n t  and cause th e  response  to  p e r s i s t  lo n g e r  th a n  p e rm i t te d ,
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This co u ld ,  01  c o u r s e ,  be s e p a r a t e ly  checked by app ly ing  an extended 
c r i t e r i o n  o f  a b s o lu t e  damping ( f o r  in s t a n c e  by th e  s u b s t i t u t i o n  o f  — k+p 
i n  p la c e  o f  p and a p p l i c a t i o n  o f  th e  Hurwitz c r i t e r i o n ) .  There a r e ,  
however, s e v e r a l  d e s ig n  p ro ced u res  which deal w i th  th e  problem more 
d i r e c t l y .  I t  i s  proposed  o n ly  to  review  th e  two main methods b r i e f l y .  
The f i r s t  o f  th e s e  i s  based  upon th e  f requency  response o f  th e  system 
and may be c a r r i e d  out in  a number o f  ways d i f f e r i n g  on ly  i n  s l i g h t  
d e t a i l s  o f  c a l c u l a t i o n  and g r a p h ic a l  w ork. The second method i s  based  
upon th e  re sp o n se  to  a u n i t - s t e p  fu n c t io n  in p u t .
1 .  Frequency Response B a s is .  Q -  c o n to u rs .
A Q -co n to u r  i s  t h e  lo c u s  o f  p o in t s  on a N yqu is t ,  in v e rs e  N yqu is t ,  o r  
o th e r  d e s ig n  p la n e ,  a t  which th e  v a lu e  of i s  c o n s ta n t ,  th e
p a r t i c u l a r  m agnitude o f  being known as  th e  Q -value . I f  a s e t  of
Q -con tours  fo r  th e  v a lu e s  Q = 1, 1 .1 ,  1 .2  e t c .  a r e  p laced  upon a N yquis t 
diagram , f o r  example, t h e  manner i n  which th e  Q -value i s  a f f e c t e d  by 
changing v a lu e s  o f  made e v id e n t .  The maximum Q-value may, t h e r e ­
f o r e ,  be c o n t r o l l e d  a t  th e  same tim e aS tiie open-loop t r a n s f e r  fu n c t io n  
i s  d e s ig n ed  and s u f f i c i e n t  r e l a t i v e  s t a b i l i t y  can be o b ta in e d .  The 
Q -con tours  fo r  the  v a r io u s  d es ig n  p lan es  are  now g iven .  As a fo rm idab le  
l i t e r a t u r e ’4 ’5  e x i s t s  on t h i s  s u b je c t ,  the  r e s u l t s  on ly  a r e  g iven  h e re  w ith  
a few e x p la n a to ry  n o t e s .
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F ig .  21.
O P  =* a
<p = an g le  o f  O0 ; AP = AO+■ op =* I +  &o^ Cjco) = QL^ Cjco)
R a t io  OP/AP  =■ -  Q
A l i n e  o f  c o n s ta n t  Q i s  t h e r e f o r e  th e  locus  o f  p o in t s  whose d i s t a n c e
from two f ix e d  p o in t s  a re  i n  a c o n s ta n t  r a t i o  and i s  th e r e f o r e  a c i r c l e
(C i r c le  o f  A p p o l lo n iu s ) . The Q -contours form a fam ily  o f  c o a x ia l  c i r c l e s
o f  r a d i i ^  I and c e n t r e s  f —Q
< ^ -1 L fid
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(b) P o la r  Diagram o f  ^/^Cyco) . ( in v e r s e  H yquis t Diagram).
■:o- 2 ,- 3
10
0-7
F ig .  22.
°p  “  I V * ° I
0  *  an g le  o f
AP  = AO-hOP = l - t £ / e (jo>) =
Hence l e n g t h  o f  AP = | ^ 0 ^ |  =  . The Q -contours i n  t h i s  c a se  a re
a fa m i ly  o f  c o n c e n t r i c  c i r c l e s  o f  r a d i i  I/q  and c e n t r e s  a t  •
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(o) C a r t e s i a n  Diagram o f  2 0 aga i ns t  phase  ang le  o f  0a/€Cjco) . 
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Phase angle of a
F ig .  23. Log-modulns ph ase -an g le  diagram.
Ihe  Q -co n to u rs  may he d e r iv e d  from th o se  in  F ig .  21 by p l o t t i n g  the  
d e c ib e l  m agnitude o f  th e  v e c to r  OP as i t  t r a c e s  ou t th e  Q - c i r c l e  of t h a t  
f i g u r e .  More a c c u r a t e l y ,  th e  magnitude can be c a l c u la te d  a n a l y t i c a l l y  
and c o n v e r te d  to  d e c i b e l s .
The u s e  o f  th e  Q -con tours  on any of th e  diagrams i s  e i t h e r  to  f i x  the  
ga in  f a c t o r  so t h a t  a c e r t a i n  maximum Q w i l l  not be exceeded o r ,  more 
f r e q u e n t ly ,  to  d e s ig n  th e  l o c a l  ’d e n t ’ r e q u ire d  i n  t h a t  p a r t  o f  t h e  
locus  which ap p roaches  th e  c r i t i c a l  p o in t ,  once the gain  f a c t o r  has a l r e a d y  
been f ix e d  by c o n s id e r a t io n  o f  th e  s t e a d y - s t a t e  e r r o r s .  The d es ig n
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p ro ced u re  w i l l  e n a b le  a good f i r s t  approx im ation  to  th e  f i n a l  system  
ad ju s tm en t  to  be f a i r l y  q u ic k ly  o b ta in e d .  I t  i s  e v id e n t ,  however, t h a t  
n o t  o n ly  th e  Q—v a lu e  a t  th e  ta n g e n t  p o in t  o f  th e  lo cu s  and th e  Q -con tour 
i s  im p o r ta n t ,  b u t  a l s o  th e  n a tu r e  o f  th e  tan g en cy .  I f  th e  two curves  
can be made to  approach  each o th e r  and touch over a range  o f  f r e q u e n c ie s ,
r a t h e r  th a n  j u s t  a t  one f requency ,  th e  system w i l l  p o sse ss  a b ro ad e r  pass
band and b e  more f r e e  from re so n a n c e s .  I t  may on th e  o th e r  hand become
s u s c e p t i b l e  to  unwanted in p u ts  and the  p r o b a b i l i t y  of th e s e  o c c u r r in g  must
be c o n s id e r e d .  The u se  o f  Q -contours (o r  M-contours) has re c e iv e d  much 
a t t e n t i o n  i n  America b u t  th e  absence from th e  f req u en cy -re sp o n se  diagram  
o f  any r e a l  in fo rm a t io n  abou t th e  t r a n s i e n t  response  ( i . e .  s i z e  o f  o v e r ­
sh o o t ,  number o f  o v e rs h o o ts ,  d u r a t io n  o f  decay o f  f i n a l  o v e rsh o o t e t c . )  
le a v e s  much t o  be d e s i r e d  in  t h i s  t e c h n iq u e .
The m ethod, however, can  be extended by th e  com plex-frequency tech n iq u e
and, by u s in g  C am pbell’ s c o n s t r u c t io n ,  the  p r i n c i p a l  o s c i l l a t o r y  mode
may be found . With e x t ra  t r o u b le ,  th e  a d d i t io n a l  ro o ts  o f  i+ y ( p ) = o  may
49be found as  shown by  K u ste rs  and Moore • Having o b ta in ed  the  r o o t s ,  
however, and hav ing  c a l c u l a t e d  th e  c o e f f i c i e n t s  o f  th e  v a r io u s  te rm s in  
the  time re sp o n se  o f  th e  o u tp u t ,  th e  magnitude o f  th e  o v ersh o o t i s  s t i l l  
n o t  e x p l i c i t l y  g iv e n ;  f o r  t h i s  in fo rm a tio n  th e  t im e-resp o n se  o f  th e  o u tp u t  
r e q u i r e s  e v a l u a t i o n  and p l o t t i n g .  An ex ce p t io n  t o  t h i s  i s  t n e  case  when 
the  p r i n c i p a l  mode te rm  accounts  f o r  th e  whole o f  th e  o vershoo t by the  time
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maximum o v e rs h o o t  o c c u r s .  Campbell’ s method w i l l  th en  g ive  f a i r l y  good 
r e s u l t s  i n  a n a ly s in g  an experim enta l system . In  P a r t  I I  o f  th e  t h e s i s  
t h i s  co n ce p t o f  th e  p r i n c i p a l  mode r e p r e s e n ta t io n  i s  c a r r i e d  f u r t h e r  and 
a method o f  s y n th e s i s in g  a system t r a n s f e r  f u n c t io n  f o r  a p r e s c r ib e d  
t r a n s i e n t  r e sp o n se  i s  g iv e n .
2. T ra n s ie n t  Response B a s i s .  W h i te le y ’s S tandard  Forms.
The c l a s s i f i c a t i o n  o f  servo-mebhanisms adopted by "Whiteley in  h i s  pap er  
i s  based  upon f i r s t l y ,  th e  type o f  s t e a d y - s t a t e  e r r o r  which th e  system
s u s t a in s  and sec o n d ly ,  th e  o rd e r  o f  the  d i f f e r e n t i a l  eq u a t io n  r e l a t i n g  th e
in p u t  and o u tp u t  q u a n t i t i e s .  I f  a system has th e  d i f f e r e n t i a l  e q u a t io n  
( a 0 D r + Q , 0 r' ' +  ■ ■ ■ + or^ D  i - a r ) e Q^ ( L 0 0 s^  -h • • (8)
i n  which s<r t h i s  y i e l d s  th e  o v e r a l l  system t r a n s f e r  fu n c t io n
Q c p )  = = V M / w  + k , p . ^  ( n )
0L a0pr -fa,pn-li  ■ ■ + a r_ , p+Qr
The forms o f  Q(p) f o r  zero  s t e a d y - s t a t e  d isp lacem en t,  v e l o c i t y  and
a c c e l e r a t i o n  e r r o r  can now be found u s ing  the  F in a l  Value theorem o f  S e c . 2 . 6 .
The re q u ire d  forms a r e  in  f a c t .
1 . f o r  z e ro  s t e a d y - s t a t e  d isp lacem en t e r r o r
• ■ • +bs-tp +  an
a0p r'-halp r' l-i- ■ +or^p +-Qr
2 . f o r  ze ro  s t e a d y - s t a t e  v e l o c i t y  e r r o r
k p s + b,ps-'+ ■ ± q - t P + ar  ( 34)
Qopr + Qipr ‘p • ■ -h Qr-iP V ^
3. f o r  z e ro  s t e a d y - s t a t e  a c c e l e r a t i o n  e r r o r
k p S +■ bif>S~r± - • + Qr-2 ^ f  a r - iP  f  Qr  (35)
a0p r + Q,pr^+ ■ -f Qr-zPZ+ ar-iP + Qr
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The e q u a l i t y  o f  th e  c o n s ta n t  terms in  th e  numerator and denom inator th u s  
ensures z e ro  d isp la cem e n t e r r o r  w hile  agreement o f  th e  c o e f f i c i e n t s  up to  
the term in  p en su re s  zero  v e l o c i t y  e r r o r  and so on. A "S tandard Form"
can now be c o n s t r u c t e d  fo r  any one o f  the  types  ( 3 3 ) to  ( 3 5 ) ,  having a
p a r t i c u l a r  v a lu e  o f  r  ( th e  o rd e r  o f  th e  d i f f e r e n t i a l  e q u a t io n ) ,  by 
e s t a b l i s h in g  once and f o r  a l l ,  t h a t  s e t  o f  c o e f f i c i e n t s  which g iv es  a 
s a t i s f a c t o r y  s t e p - r e s p o n s e .  The b a s is  o f  the  forms g iven  by W hite ley ,  
reproduced in  Table  I I I  i s  in  most cases  the  l i m i t a t i o n  o f  th e  o v e rsh o o t .  
Some o f  th e  forms g iv e  a l s o  a sm all subsequent u n d e rsh o o t .
In  c o n n e c t io n  w ith  th e  Table s e v e ra l  p o in t s  re q u ire  to  be n o ted .
(a) The v a lu e s  o f  th e  c o e f f i c i e n t s  a r e  p re s c r ib e d  in  term s of  the
f ix e d  te rm  in  th e  denom inator o f  Q ( p ) . This c o n s ta n t
f i x e s  th e  t im e - s c a le  o f  th e  re sp o n se .  For example, th e  
S tan d a rd  Form (60) i s
5 (o) = --------------------------tJ * J ______________________   =. QCo)
6i p s  <?ojcp* -t 2 9 copp1 -I- -3&ujppz j- / B w f p  -h oj0s
I f  i s in c re a s e d  to  qoj0 , th e  R.H.S. becomes
______________________________ a 5 [ / 8 a > / ( ' f e )  i-copS]______________________________________ _
a s[CPt)5 + 9co» (/&)*■(■ zqcu.XP/o.Y + 38  (aoCPicf+IB^M + “ o5
which i s  Q0 %). The response  to  a u n i t  s te p - f u n c t io n  i s  now
g iv e n  by th e  in v e r s e  tran s fo rm  of QO%.)=* Gi(BL} , compared w ith
P aCPAtO. , u
QCpj/p p r e v io u s ly .  The S cale  Change Theorem th e r e f o r e  g ives
th e  o u tp u t  90 Cat) , i . e .  an ou tpu t a tim es as  f a s t  as  00(t) ,
b u t  o f  th e  same shape . The term  a0on should , t h e r e f o r e ,  be
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(b) I t  w i l l  be seen  t h a t  th e  S tandard  Forms i n  t h e  Table have t h e i r  
num era to rs  l i m i t e d  to  a c o n s ta n t ,  a l i n e a r  f a c t o r  and a q u a d ra t ic  
f a c t o r  f o r  C la sse s  A, B and C r e s p e c t i v e l y .  This i s  n o t  always 
th e  c a s e  a l th o u g h  most p r a c t i c a l  servo-mechanisms w i l l  f a l l  w i th ­
i n  th e s e  c a t e g o r i e s .  In  th e  absence o f  S tandard  Forms having 
num era to rs  i n  excess  o f  th e  second d eg ree ,  t h i s  c o e f f i c i e n t  in  a 
p roposed  servo  d e s ig n  w i l l  have to  be n e g le c te d ,
(c) There i s  some ch o ice  in  the S tandard  F0rms a v a i l a b l e .  A 
system  may be a n a l y t i c a l l y  o f  Type 1, i . e .  have a v e l o c i t y  e r r o r ,  
b u t  t h i s  may be so small t h a t  a z e r o - v e lo c i ty  e r r o r  Form, may be 
u s e d .  Such a d i f f e r e n c e  does n o t  g r e a t l y  m a t te r ,  as  th e  S tandard  
Forms them se lves  do n o t  n e o e s s a r i l y  r e p r e s e n t  th e  f i n a l  ad ju s tm en t 
o f  th e  system , b u t  on ly  a good f i r s t  app rox im ation .  I t  w i l l  a l s o  
be n o te d  t h a t  C la ss  A o f  th e  Table in c lu d e s  both  Types 0  and 1 ( in  
th e  n o t a t i o n  o f  t h i s  w ork). Form ally t h i s  i s  i n c o r r e c t ,  b u t
p r a c t i c a l l y  i t  i s  o f  l i t t l e  consequence.
In  p r e p a r in g  th d s e  S tandard  Forms, W hite ley  has a llow ed th e  e q u a t io n  
l+yCp^Oi to  have o n ly  r e a l  r o o t s  and to  o b ta in  th e  overshoo t as  a fu n c t io n  
o f  on ly  one p a ra m e te r ,  v a r io u s  o th e r  r e s t r i c t i o n s  have been l a i d  down.
These c o n d i t io n s  do n o t  e n t e r  i n t o  th e  a p p l i c a t io n  of  th e  S tandard  Forms. 
This method o f  red u c in g  th e  problem may be compared w i th  t h a t  adopted in  
P a r t  I I ,  where th e  e x i s t e n c e  o f  a t  l e a s t  one complex r o o t - p a i r  i s  e s s e n t i a l  
to  th e  t h e o r y .
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In  a d d i t i o n  t o  th e s e  main d e s ig n  p ro ced u re s ,  s e v e ra l  o th e r  te ch n iq u es
3 7e x i s t .  The r o o t - lo c u s  method of Evans i s  e s s e n t i a l l y  a means o f  t r a c in g  
the movement o f  t h e  ro o ts  o f  l+Y(p) as  th e  g a in  c o n s ta n t  i s  v a r i e d .  Again, 
s p e c i f i c  in fo rm a t io n  reg a rd in g  th e  t r a n s i e n t  r e sp o n se  i s  n o t  e a s i l y  o b ta in e d .
38
C hestnu t and Mayer have computed a s e r i e s  o f  c h a r t s  ■which enab le  an  open- 
loop t r a n s f e r  fu n c t io n  to  be des igned  fo r  any g iv en  v a lu e  o f  th e  resonance 
peak o f  e°/Q(juS) and f o r  a given re so n a n t  frequency , or f o r  a s p e c i f i e d  
t r a n s i e n t  r e s p o n s e .  T heir  method may be c r i t i c i s e d  on two main p o in t s  as 
fo l lo w s .
( i )  The number o f  open-loop  t r a n s f e r  fu n c t io n  types  i s  l i m i t e d  to  
fo u r ,  a l l  o f  which have a b a s ic  Type 1 c o n t ro l  c h a r a c t e r i s t i c .
The a u th o rs  s t a t e  t h a t  o th e r  c o n t ro l  ty p e s  may be approxim ated , 
as f a r  as  s te p - fu n c t io n ;  response  i s  concerned , by an e q u iv a le n t  
Type 1  d e s ig n .  I t  i s  d o u b tfu l  w hether  t h i s  w i l l  always be th e  
c a s e .
( i i )  The v e ry  l a r g e  number o f  c h a r t s  which a re  r e q u i r e d .  For th e  
above fo u r  t r a n s f e r - f u n c t i o n  types  no fewer th a n  56 c h a r t s  a r e  
g iven , each o f  which c o n ta in s  on th e  av e rag e  15 c u rv e s .
The above method does a d m i t te d ly  p rov ide  c o r r e l a t i o n  between th e  
frequency  and t r a n s i e n t  re sp o n se ,  f o r  th e  forms which a r e  c o n s id e re d .
Even so, f o r  th e  amount o f  in fo rm a tio n  p ro v id ed ,  th e  number o f  d e s ig n  c h a r t s  
i s  e x c e s s iv e .
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A l l i e d  to  th e  c e n t r a l  d e s ig n  o b je c t  o f  a c h ie v in g  s p e c i f i e d  frequency , 
and more im portan t  s p e c i f i e d  t r a n s i e n t  r e s p o n s e s ,  a re  two f u r t h e r  problem s. 
These a r e  ( i )  th e  c o r r e l a t i o n  o f  t h e  f req u en cy  and t r a n s i e n t  re sponses  and
( i i )  th e  d e s ig n  o f  c o n t ro l  systems in  w hich  n o ise  i s  p r e s e n t  i n  th e  in p u t  
s i g n a l .  The second-m entioned  has been and s t i l l  i s  th e  o b je c t  o f  much 
r e s e a r c h ,  and i s  c l o s e l y  l in k e d  w ith  th e  d e s ig n  c r i t e r i o n  o f  minimum r .m .s .  
e r r o r .  Regarding th e  c o r r e l a t i o n  o f  th e  f requency  and t r a n s i e n t  re sp o n se ,  
a v a r i e t y  o f  methods a re  a v a i l a b l e  f o r  th e  p r e d i c t i o n  o f  th e  t r a n s i e n t  from 
the frequency  response  o r  v i c e - v e r s a .  I n  P a r t  I I I  o f  t h i s  t h e s i s ,  an 
experim en ta l  s tu d y  of  a m e ta d y n e -c o n tro l le d  servo-mechanism i s  g iven ,  in  
which th e  t r a n s i e n t  re sp o n se  i s  (a) measured and (b) computed from th e  
measured f requency  re s p o n s e .  Reference may be made to  C hap ter  11 f o r  an 
e x p la n a t io n  o f  t h r e e  methods due to  Campbell35 , Bedford and F re d e n d a l l   ^ , 
and Floyd40 , by which th e  co n v e rs io n  from frequency  to  t r a n s i e n t  response  
m aybe  c a r r i e d  o u t .  The two la s t -m e n t io n e d  papers  a l s o  d e a l  w i th  th e  
converse problem .
In  c o n c lu s io n ,  i t  may be s a id  t h a t  th e  methods m entioned so f a r ,  
w ith  th e  p o s s ib le  e x c e p tio n  o f  t h a t  due to  C hes tnu t and Mayer, do n o t  pe rm it  
the r a p id  d es ig n  o f  servo-mechanism t r a n s f e r  fu n c t io n s  from which th e  
maximum o v ersh o o t and damping o f  th e  u n i t - s t e p  fu n c t io n  response  i s  e a s i l y  
p r e d i c t a b l e .  R Jh ite ley ’ s S tandard  Forms, o f  cours,e , do g iv e  th e  re q u i re d  
t r a n s f e r  f u n c t io n s  f o r  s p e c i f i e d  maximum o v e rs h o o ts ,  b u t  f a i l u r e  to  r e a l i z e  
the  ex a c t  f ig u r e s  demanded by the  S tandard  Forms le a v e s  th e  q u e s t io n  of
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p o s s ib le  maximum o v e rsh o o t unansw ered. With th e  aim o f  m eeting t h i s  
d e f ic ie n c y ,  th e  th e o ry  o f  P a r t  I I  i s  now p re s e n te d  and i l l u s t r a t e d .
The th e o ry  co n ta in ed  i n  t h i s  P a r t  i s  a l o g i c a l  developm ent o f  th e  id e a
35
of p r i n c i p a l  mode r e p r e s e n t a t i o n  due to  Campbell, and fo l lo w s  a. su g g es t io n  
made i n  th e  c o n c lu s io n  o f  h i s  p a p e r .
PART I I
THE DESIGN OF LINEAR SERVO-MECHANISMS HAVING PRESCRIBED TRANSIENT
RESPONSES.
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INTRODUCTION.
The b r i e f  rev iew  of d e s ig n  methods g iven  in  C hap te r  5 has in d i c a te d  
t h a t ,  so f a r ,  c o n s id e ra b ly  more time and thought has been accorded  to  
the f req u en cy  response  method o f  i n v e s t i g a t i o n  and d e s ig n ,  th a n  to  the  
t r a n s i e n t  re sp o n se  method. This has been r e c e n t ly  s t a t e d  i n  a P ro g ress  
Review by TOiiteley* to  whom i s  due th e  "S tandard  Form" Technique f o r  
o b ta in in g  s p e c i f i e d  t r a n s i e n t  r e s p o n s e s .  The method proposed in  t h i s  
P a r t  has rough ly  th e  same o b je c t  as W h i te le y ’ s work, t h a t  i s ,  th e  
p ro d u c t io n  o f  system t r a n s f e r  fu n c t io n s  which w i l l  g iv e  a d e f i n i t e  known 
o v ersh o o t i n  th e  s t e p - r e s p o n s e .  I t  i s  more f l e x i b l e ,  however, th a n
W h i te le y 's  method s in c e ,  as w i l l  be  shown l a t e r ,  th e  ov e rsh o o t i s  r e a d i l y  
c a l c u la b le  in  a l l  c a s e s .
The r e q u i s i t e  th e o ry  i s  g iven  in  th e  fo llo w in g  C h ap te r .  C hapter 7 
c o n ta in s  examples i l l u s t r a t i n g  th e  method and shows how d i f f i c u l t y  may 
a r i s e  in  th e  i n h e r e n t l y  u n s ta b le  Type 2 and Type 3 system s. This 
d i f f i c u l t y  i s  r e s o lv e d  i n  C hapter 8 by u s in g  th e  t r a n s f e r  fu n c t io n  , 
in s te a d  o f  th e  o v e r a l l  system t r a n s f e r  f u n c t io n  @o/Qi(p) . Numerical 
examples dem onstra t ing  t h i s  second method a r e  th e n  g iv e n ,  and f i n a l  
co n c lu s io n s  reg a rd in g  bo th  methods a re  drawn.
A.L. W h ite le y ,  P ro g re s s  Review o f  Servo-Mechanisms, P r o c . I .E .E ,  
v o l . 98, I ,  p . 289, S e p t .  1951.
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CHAPTER 6 .
THE DESIGN OF o^/ q^  TRANSFER FUNCTIONS.
6 .1 .  D e s c r ip t io n  o f  Method.
Before e n t e r in g  i n t o  m athem atica l d e t a i l s ,  th e  te rm  " p re s c r ib e d  
t r a n s i e n t  re sp o n ses"  r e q u i r e s  t o  be s im ply s t a t e d .  By t h i s  i s  meant
(a )  the  number o f  o v e rsh o o ts  and u n d e rs h o o ts ;  f o r  a s a t i s f a c t o r y  
response  t h i s  i s  e i t h e r  one o v e rsh o o t and no subsequen t un d er­
s h o o t ,  o r  one oversh o o t w ith  a small subsequen t u n d e rsh o o t ,  
p o s s i b ly  o f  1  -  2% o f  the s t e p - f u n c t io n  i n p u t .
(b) th e  s i z e  o f  th e  maximum o v e rsh o o t;  t h i s  w i l l  v a ry  acc o rd in g  
to  th e  a p p l i c a t i o n  bu t n o t  no rm ally  be a llow ed to  exceed 15%.
(c) th e  t im e  a t  which maximum overshoo t o c c u rs ,  i f  t h i s  may be 
s p e c i f i e d  in d e p e n d e n tly .
In  th e  above s p e c i f i c a t i o n  o f  a t r a n s i e n t  re sp o n se ,  i t  w i l l  be seen
t h a t  no p ro v is io n  has been made fo r  "d ead -b ea t"  re sp o n se ,  i . e .  re sp o n se
w ith o u t  o v e rs h o o t in g .  I t  i s  a n e c e s s i t y  o f  th e  sim ple th e o ry ,  t h a t  some
oversh o o t should ta k e  p l a c e .  There i s  n o t ,  i n  g e n e ra l ,  a g r e a t  deal of
d i f f i c u l t y  in  red u c in g  t h i s  to  as  low a v a lu e  as  d e s i r e d ,  and, fu r th e rm o re ,
i t  i s  l i k e l y  (as  occurs i n  th e  r e s u l t s  of P a r t  I I I ) ,  t h a t  th e  p r a c t i c a l
system w i l l  i n  any case  show l e s s  maximum overshoo t th a n  th e  d e s ig n  on 
*
pap er  i n d i o a t e s .  By u s in g  th e  f u l l  th e o ry  in s te a d  o f  a s im ple.
* The i n i t i a l  fo rm u la t io n  of the  t r a n s f e r  fu n c t io n  r e l a t i n g  e i t h e r  the  
o u tp u t  o r  th e  e r r o r  to  th e  i n p u t  w i l l  u s u a l l y  n e g le c t  p h y s ic a l  f r i c t i o n ,  
s in ce  th e  n a tu r e  and amount o f  t h i s  i s  g e n e r a l l y  unknown, and  i t s  e f f e c t  
i s  s t a b i l i s i n g  i n  any c a s e .
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approx im ation  i t  i s  p o s s i b le  to  reduce th e  p r e d ic te d  o v ersh o o t t o  v a lu e s  
of th e  o rd e r  o f  a few p e r  c e n t .
As p o in te d  o u t  i n  Sec. 2 .5  however, th e re  a r e  fundam ental l i m i t a t i o n s  
to  th e  amount by which o v e rsh o o tin g  o f  a servo-m echanism  may be  reduced 
once i t s  s t e a d y - s t a t e  fo l lo w in g  p r o p e r t i e s  a r e  l a i d  down. These a re  
summarised below :-
Type D e s c r ip t io n  Type No. Minimum Total of Overshoots and
U ndershoots i n  S tep-R esponse .
D is p la c e m e n t-e r ro r  0  0
Zero d is p la c e m e n t - e r r o r  1 0
Zero v e l o c i t y - e r r o r  2 1
Zero a c c e l e r a t i o n - e r r o r  3 2
S ince  th e  m a jo r i t y  of servo-mechanisms a r e  o f  Type 1 ,  w i th  a v e ry
small v e l o c i t y - e r r o r ,  o r  o f  Type 2 , some o v e rsh o o tin g  i s  -therefore
x
i n e v i t a b l e  from t h e o r e t i c a l  r e s t r i c t i o n s  . The d e f ic ie n c y  o f  -the simple 
th e o ry  in  a d m it t in g  o n ly  s o lu t i o n s  g iv in g  an o v e rsh o o t  i s  th e r e f o r e  
n e g l i g i b l e .
6 .2 .  T h e o re t ic a l  C o n s id e ra t io n s .
The th e o ry  i s  f i r s t  g iven  i n  term s o f  the  t r a n s f e r  fu n c t io n .
L a t e r  c o n s id e r a t io n s  w i l l  show t h a t  th e  t^(p) form i s  g e n e r a l ly  e a s i e r  to  
work w i th .  This o rd e r  has been so chosen , however, a s  th e  3]0/q tp) a n a ly s i s  
i s  n o t  n e c e s s a r i l y  r e s t r i c t e d  to  servo-m echanism s, b u t  a p p l ie s  t o  th e  o u t ­
p u t - i n p u t  r e l a t i o n s h i p s  o f  l i n e a r  systems in  g e n e r a l .  The th e o ry  makes use
&I t  i s  to  be no ted  t h a t  l i n e a r  systems a re  be ing  d e a l t  w i th .  The e f f e c t  o f
added n o n - l i n e a r  f a c t o r s  may be to  remove a sm all o v e rs h o o t .
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of th e  app rox im ation  t o  a t o t a l  s te p - re s p o n s e  by th e  te rm  r e p re s e n t in g  only  
the  p r i n c i p a l  mode o f  o s c i l l a t i o n ,  t h a t  i s ,  t h a t  te rm  hav ing  th e  l e a s t  damp­
ing and, n o rm ally ,  th e  h ig h e s t  f req u en cy .  As f a r  a s  t h e  a u th o r  i s  aware 
t h i s  seems to  have been proposed f i r s t  by Campbell , a l th o u g h  o th e rs  have 
a l s o  used  th e  id e a .  As a s t a r t i n g  p o in t  i t  may be r e c a l l e d  from Sec. 5 .2 ,  
t h a t  the  o v e r a l l  t r a n s f e r  fu n c t io n s  o f  fype 1 ,  2 and 3 servo-mechanisms a re  
of the  fo llo w in g  fo rm :-
Type 1 .  J V  = (sg )
&L A0pr i-Alp r- ,+- . • + Ar^ p+ A r
Type 2. -°(p> “  3 ePS-h 3 t fS • ' + &r-iP + Ar
Bl AQp r-hA,pr-l+ . . -f Ar-ip + Ar
Type 3 , Q?(p) = 3 0ps i- B, ps '+ ■ + Ar-zP -hAr_,p+Ar , alt s 4. r  ( 3 5 )
ft  A0p c+ A,pr~'-h ■ - +Ar-zpz+Ar-iP + Ar
The Type 0 system can be tak en  a long  w ith  th e  Type 1 system f o r  th e
p r e s e n t  pu rp o se ,  a l th o u g h  s t r i c t l y  speaking  th e  c o n s ta n t  terms in  th e
num era to r  and denom inator w i l l  on ly  be v e ry  n e a r ly  equal in s te a d  o f  a c t u a l l y
equal as  (33) i n d i c a t e s .  In  (35) i t  has been s t a t e d  t h a t  s  i s  l e s s  t h a n r  .
I t  i s  f u r t h e r  t r u e  to  say  t h a t  f o r  servo-m echanism s, S i s  l e s s  than  r - l  ,
in  f a c t  s ^ r - 2  . I f  a t  f i r s t  s i g h t  ca se s  a r i s e  where s=*r-l , c l o s e r  exam ination
w i l l  show t h a t  an  approx im ation  has been made i n  d e r iv in g  th e  t r a n s f e r
f u n c t io n .  Here we w i l l  tak e  i t  t h a t  s ^ r - 2  • This p o in t  i s  of minor
im portance i n  t h i s  C hapter b u t  r e q u i r e s  c o n s id e r a t io n  i n  C hapter 8 . I f  we
use th e  fype 1  system in  o rd e r  to  c a r r y  o u t  the  argum ent, we have the  o u tp u t
t ra n s fo rm  in  re sp o n se  to  a u n i t - s t e p  fu n c t io n  in p u t
9^/
* Work on s im i l a r  l i n e s  t o  Sec. 6 .3  has been g iven  by M ulligan  w ith o u t  
s p e c ia l  r e f e r e n c e  t o  servo-m echanism s.
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0o Cp) = B o P S+ B t p s l -^ ■ + B s ^ p + A r  _ f
A 0p n + A,pr-'-t- - - h A r - i p ’f ' A r  P
o r  in  terms o f  th e  p o le s  and z e ro s ,
60Cp) = [ P,fz ■ pr l .  Cp+ZiXp-hZz ) • - C/>-fZs)
L z , z z z s I  ( p  + P . X p  + f i )  . ■ • {/?y-pr j p
i n  which Z£Z2 . . e t c .  and - e t c • a r e  minus the ze ro s  and po les  r e s p e c t iv e l y
and may be r e a l  o r  complex. As a consequence o f  th e  r e a l  c o e f f i c i e n t s
e t c . ,  and A0 , At , - e t c . ,  however, complex poles  and ze ro s  must occur
i n  c o n ju g a te  p a i r s ,  and the  m u l t i p l i e r  ■ Pr 1 i s w ho lly  r e a l .  One
1 ' Zsl
o th e r  r e s t r i c t i o n  on th e  p o le s  and zeros  i s  to  be l a i d  down, namely, t h a t  
they  should  a l l  l i e  in  the  l e f t - h a l f  o f  th e  complex p la n e .  This must be
so f o r  th e  p o le s  i f  s t a b i l i t y  i s  t o  be p r e s e n t ,  and f o r  the  ze ro s  i t  w i l l
a l s o  be t r u e  i f  we exclude non-minimum phase components. R e la t io n  (36) 
t h e r e f o r e  i s  th e  g e n e ra l  form which a l l  system  t r a n s f e r  fu n c t io n s  w i l l  ta k e ,  
idle d i s t i n c t i o n  between Types being a s  fo l lo w s .
Types 0 and 1 ,  Equal c o n s ta n t  te rm s i n  num era tor and denom inator. This
i s  a l r e a d y  a ssu red  by th e  form o f  (3 6 ) .
Type 2. Equal c o n s ta n t  term s and equal term s in  p  . In  terms
o f  the  p o le s  and zeros  t h i s  g ives
( P f z  - Pr ) (sum o f  produc t s  Z ^ ^ - e t c .  taken  (S - l ) a t  a tim e) =
( z , Z z -Zs) (sum of pro ducts  Pfi- e t c . tak en  ( r - j )  a t  a tim e)
Type 3 . Equal c o n s ta n t  te rm s ,  equal term s in  p  and equa l  te rm s in
p z . This g ives  th e  two c o n d i t io n s ,
{P,P%- Pr) ( sum of p ro d u c ts Z /Z ^ e tc ,  taken  ( f i g )  a =
(Z,Z2 - Z S) (sum o f  p ro d u c ts  P£ f*--etc. taken  (pZz^ a ^ 0 ^i®e )
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The a d d i t i o n a l  l i m i t a t i o n s  o c c u rr in g  i n  Type 2 and Type 3 systems do 
n o t  e n t e r  i n t o  th e  th e o ry  o f  th e  method, b u t  only  a f f e c t  i t s  a p p l i c a t i o n .  
C a lc u la t io n  o f  o v e rsh o o t in  S p e c i f ic  Cases o f  R e la t io n  (3 6 ) .





poles o t  ~d .,± juj, /
-oC/'jiO,*
10
This i s  th e  s im p le s t  p o s s ib le  system . L e t  i t  be r e p re s e n te d  by
e0 f/» = n.  l  . 1
Cp + all-j(x>l Xpi-oli+ju3,')  p
rlThe p o le  a t  p - o  g iv e s  , r—7 -—— N =• I
*  r  & ( c t f - j o d i K . d i + j c j O i )
The p o le  a t  p--di-t-jto, g iv e s  17z________  ^  ^ Z£ < £
2j(j3, C-df-hjcu,) coir; t J 2j
The p o le  a t  p = ~<*-jco} g ives  th e  con ju g a te  o f  th e  above, i . e .  . £'jCo,t
COlrlC-;«’-tXFJ
The pole-pa ir-oC /iycu , t h e r e f o r e  g iv e s  th e  te rm
J? t  ~’cL,t'sin Cu/t -  ) ,
CO,
and the  o u tp u t  i s  60Ct) = ( + j? t  sin(coit- U-fa) . (37)
CO,
The e r r o r  q u a n t i ty  i s  e(L') =  fyUr) - 6 0(t)
=  -Jj t  d,K\n (w it -  U-c/>,) .
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The o v e rsh o o ts  of th e  o u tp u t  correspond  t o  the  minima o f  t h i s  
e x p re s s io n .  Thus
.~d.lt    v — C
deCtr) =  - j ?  f - U i Z  ^  s in(v i t - l l -<f>i )  + Gj/Z *  c o s ( u , t - n - 6 , )] 
dt co, L J
-  fJ £ f  dj sin (cj/t- V-$i) ~ c<n (o^it -  77-$f^l 
Ctif L f i  t  J
= £  l sin ( c j / t -n - fa  -  <p, )CU/
r  z —dlfc . _  .
= £ sin (u ik - / l ) — O f o r  a minimum o r  a maximum.COi
When th e  e r r o r  i s  n e g a t iv e .  This corresponds  to  th e  f i r s t
o v e rsh o o t th e  o u tp u t ,  and i t  i s  t h e r e f o r e  g iv en  i n  magnitude by
g € ~ ei,iI^ i mSjn(j>l =  £ ~ ^ //T4 j /  =  h i ,  s o y .  . ( 3 9 )
The o v e rsh o o t  q u i t e  c l e a r l y  becomes l e s s  a s  0 ( 4 becomes g r e a t e r ,  i . e .  
th e  p o le  approaches  the  n e g a t iv e  r e a l  a x i s .  This s im ple  case  o f  on ly  one 
complex p o le  w i l l  seldom i f  e v e r  occur i n  p r a c t i c e .  I t  has been taken  as 
a s t a r t i n g  p o in t  however, a s  i t  i s  th e  b a s i s  o f  the  p r i n c i p a l  mode 
app ro x im a tio n .  B efore  working ou t th e  n e x t  s im p le s t  c a s e ,  i t  may be noted  
t h a t  th e  magnitude o f  th e  f i r s t  u n d ersh o o t i s
.co/
The magnitude o f  each succeed ing  maximum o v e rsh o o t o r  u n d ershoo t i s
—d/lfs
given l ik e w is e  by £ ' o f  i t s  p r e d e c e s s o r .  This r e s u l t  ho ld s  fo r  a l l
systems in  which th e  p r i n c i p a l  mode th e o ry  a p p l i e s ,  i r r e s p e c t i v e  o f  t h e i r  
com plex ity .
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2. One Complex P o le - P a i r ,  1 Keal P o le ,  Ho Z e ro s .
F ig .  25.
The o v e r a l l  system t r a n s f e r  f u n c t io n  i s  g iven  By
_ Qi r,z /
Hence
(p-f-aiXp-f-*! -j<x>,Xp-f-oh-hji£ ,)
60Cp) = a,r,1 I_______________ ,__
Cp -hQ,Xp + Xp Mi +jvh Jp
The p o le  a t  p = c> g iv es diTT'
a i ( o^-jco.Jf oU-f jto.)
The p o le  a t  p^-o^iu, g iv es
, —oLit  jcojLta.r, £
C — oil -hjuii -j-Qi ) 2  JCOi (-oti-f-jeCh )
S ince  G-o/i+joj,+^x.,^ i s  the  v e c t o r  from th e  p o i n t  C - c u - f j- o ) to  t h e  p o in t- r f i+ jc o » ,
. ,  . . .  _ j CTT-AOt h i s  may he w r i t t e n  as  xi t  ,
th e r e f o r e
The c o n t r i b u t i o n  due to  t h i s  pole  i s
x _ —o tii' \ co ihcur.
The p o le  a t  p = - 0^ -yco, g iv e s  th e  c o n ju g a te ,  namely.
a,r,
from which t h e  complex p o l e - p a i r  g iv e s
. £ ^‘^ sin (u),t — fl-<p, -  ff-Ai )
• X / l*j.
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i -a/t
The p o le  a t  p = -a,  g iv e s  <3/77 £
f— Qi +-oLi—J(OiX~Gi ~f~dt tJCO;)r<3i
Since  -  Qi -t-di-jw, and
-jCW-At) . 1  . j  . —out-at+di-hjooi =• - x , l J . the  term reduces  to  -»7 .£
xp
— , - —— \ |  _ i.
The o u tp u t  i s  th e r e f o r e  I + QjJt.l sinloj/t -  ii -<$/ -  ii -At J -  ij £~ 1 (40)
X/OO I X / L
and th e  e r r o r  i s  —r ' • ^ sin ((oit-n-d>i -  h-Ai') +- j? t  .
X / O J /  • * /  v  '
I t  i s  c l e a r  t h a t  i f  t h e  p r in c i p a l  mode te rm  i s  t o  r e p r e s e n t  th e  t o t a l
e r r o r  by th e  tim e th e  f i r s t  minimum o f  (41) i s  r e a c h e d ,  at must c e r t a i n l y
be g r e a t e r  th an  oO . O m itting  such c o n s id e r a t io n s  meanwhile and assuming
t h a t  the  p r i n c i p a l  mode te rm  does i n  f a c t  r e p r e s e n t  th e  e n t i r e  e r r o r  a t  th e
time o f  maximum o v e rsh o o t ,  th e  s i z e  o f  t h i s  overshoo t can be worked o u t
s i m i l a r l y  to  th e  p re v io u s  example. We have
dt(L'l = — arr, f - ^ , 1  cil^ sm((Joit-fnj>t-jpAl ) ’hWiZ ‘ceS (coit~n-<pf -iI'A,)]
olt X,LO/ / J
apjzl ~ o(lL I di smCcJit-jf^>,-if^A,) ^sCco/t-iTXp^Jf^Ai)
X/UJl (1 b
at]tl  z ~ dl^sin (co tt-IJ-ifZ ) ,)  = o -for a mm. or a max.
X /L O l
At t  = L' (J1+ IJ-Ai 1 , th e  p r i n c i p a l  mode te rm  has a minimum va lue  whose
CVi
 ^ —oitiu +n-At)/c0 magnitude i s  orp . £ .sw<fo,
X/lxJt
— oLt (ll + // —A i )/coi=? QI. i.
X/
„  £-  •*%!,______I___________
'  Xu (42 )rat
Comparison w ith  (39) i n d i c a t e s  t h a t  th e  e f f e c t  o f  t h i s  added r e a l  
po le  has  been t o  d iv id e  th e  ov ersh o o t i n  (39) by th e  amount x d/
For p o in t s  on th e  r e a l  a x i s  t h i s  q u a n t i t y  i s  always g r e a t e r  th an  u n i ty ,  
whioh i s  th e  v a lu e  i t  te n d s  to  assume as  a, becomes v e ry  l a r g e ,  t h a t  i s ,  
th e  p o le  moves o u t  to  minus i n f i n i t y .
A gain, t h i s  i s  a v e ry  sim ple example b u t  i t  n e v e r th e le s s  i l l u s t r a t e s  
the  e s s e n t i a l  s te p  in  o b ta in in g  th e  m o d i f ic a t io n  to  th e  o v e rsh o o t  o f  a 
simple q u a d ra t ic  re sp o n se ,  as  a r e s u l t  o f  an added r e a l  p o le ,  p rov ided  
t h a t  th e  p r i n c i p a l  mode by i t s e l f  c o n s t i t u t e s  t h a t  o v e rsh o o t .
6 .3 .  G e n e r a l i s a t i o n  of  t h e  Above R e s u l t .
The g e n e r a l i s e d  o v e r a l l  t r a n s f e r  f u n c t io n  may c o n ta in  r e a l  p o le s ,  r e a l  
z e ro s ,  p a i r s  o f  complex p o le s ,  and p a i r s  o f  complex z e ro s ,  a l l  be ing  p r e s e n t  
i n  any  number p rov ided  t h a t  th e  degree  o f  the  denom inator exceeds t h a t  o f  
the  num era to r  by two. There i s  a l s o  th e  p o s s i b i l i t y  o f  r e p e a te d  p o le s  and 
r e p e a te d  z e ro s ,  a l th o u g h  i t  w i l l  be shown l a t e r  t h a t  rep ea ted  p o le s  a r e  to  
be d isco u rag ed  from th e  p o in t  o f  view o f  t h e  p r in c i p a l  mode app rox im ation .  
The q u e s t io n  o f  re p e a te d  p o le s  and ze ro s  i s  d e f e r r e d  meanwhile.
B efore  g iv in g  th e  g e n e ra l  th e o ry ,  th e  simple n o ta t i o n  a l r e a d y  used 
w i l l  be  ex tended and d e f in e d .  This i s  most e a s i l y  un d ers to o d  from th e  
diagram  in  F ig .  26.
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- a
•  poles  
o zeros
F ig .  26.
Meanings a r e  a t t a c h e d  to  th e  symbols as  fo l lo w s :
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P o s i t i o n s  of p o le s  and z e r o s .
-o i /± j 60/ p r i n c i p a l  complex p o l e - p a i r  
-c^j±jcoj j 1*1 complex p o l e - p a i r  
_ a h hft r e a l  p o le
ktk Qomplex z e r o - p a i r  
_h'L Lih r e a l  z e ro .
D is tan ce s
' fhr, i Cj d i s t a n c e s  from o r ig in  to  p r in c i p a l  and complex p o l e - p a i r  
d i s t a n c e  from o r ig i n  to  complex z e r o - p a i r
zA;/»z It/ d i s ta n c e s  from complex z e r o - pa i r — t o -UchjaDi
Zkjiz'kj " " complex z e r o - p a i r to  -  dj-hjujj
Uj( , uj( " 11 j fk complex p o l e - p a i r  -<*/ ±-ju)j to  — oa-f-jui
x/ j , , xfij ” " r e a l  p o le  to  -oC/+ju}, and —ocj-hjcoj
’* " I ^  r e a l  ze ro  to  -  <*( +joc>i and — otjf-jwj
Angles
A n g le s -a re  a l l  measured i n  a c lockw ise  d i r e c t i o n  from t h e  n e g a t iv e  
r e a l  a x i s .  In  g e n e ra l  we r e q u i r e  the  an g le  which i s  made w i th  th e  
n e g a t iv e  r e a l  a x i s  by th e  l i n e  from every  p o le  and zero  to  th e  upper 
complex p o le  o f  ev e ry  complex p o l e - p a i r .  The ang les  a re  l a b e l l e d  as 
f o l l o w s : -
yVj/ from j ^ complex p o l e - p a i r  -ocj^tjojj to  -di-hjoj,
<ffc/, crjfc, from ^ c o m p le x  z e r o - p a i r  to  -om-jui,
$k' i<r'k'i from ^ c o m p le x  z e r o - p a i r  -'fi/c±Jya lc ^
^ . from / i ^ r e a l  p o le  to  -di-f-joo, and j
(Hi» Z3J ■^rom ^  re a l  zero  t o  —di-i-jio, and
The a n g le s  o f  t h e  p o le  and ze ro  v e c t o r s ,  -di-f-jcoi } —uj-tjcrij and
- ^ t y ^ a r e  <£, , <fij , and r e s p e c t iv e l y  measured from th e  n e g a t iv e  r e a l
a x i s ,  as shown on th e  d iagram .
We a r e  now a b le  to  c o n s id e r  th e  genera l o v e r a l l  system t r a n s f e r
f u n c t io n ,  i n  w hich th e re  a re  fil p a i r s  o f  complex p o le s ,  -f r e a l  p o le s ,
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H p a i r s  o f  complex ze ro s  and <p r e a l  z e ro s ,  f o r  th e  moment a l l  being
*
d i s t i n c t ,  and w ith  2 n + q 4 } .  This g ives  the  t r a n s f e r  f u n c t io n
2 /7 7 - f / - 2 )
i  — g 21
° l J _  n _£ m
j l bi i l 2  I \(p+af) T \ ( p + <,lj - j wj X p - h*j + M  3 (43)
t = /  k*i h=t J
The o u tp u t  t ra n s fo rm  i s  th e  above e x p re s s io n  w ith  an added p i n  th e  
denom inator .  I t  i s  t h e r e f o r e
&.cp) = A • ' ^ P+b% i p  * (44)
i n  ( p + t j - j v j X p  't~oLj
j-1
where A deno tes  th e  f i r s t  f a o to r  o f  ex p ress io n  (4 3 ) .  The o u tp u t  tim e-  
fu n c t io n  i s  e v a lu a te d  s i m i l a r l y  to  th e  p rev io u s  exam ples.
The p o le  a t  p ~ 0  , g ives  -1 , -Pr
^ /
| |a A | |  Uj-ju>jXoLj -bjdJj)
h-=>! j  = l
The p o le  a t  p = ~dj+ji>dj , g ives
_£ j 2 /. • t,
| K - ^ > y c o ,  +  4 ) | J  ( -d j -h jw j  - « j c
A .  ^-  / _____________ki- 1_________________    _ _________ _
■f jW v »
l l  ( r - d } + jto )  -b a h )  || (~ < £ j + j w j  + 2 j v i ( - o £ j + - j t o j )
h~f
From F ig .  26 we have
- o t j + j v j  -hbL =  % j £ j C l l ~ <°iP  -  oCj -h ju j +- a k =  x hi i j 0 l ~XN  ^
- d j + j u j j  = uv - E j 0 f ~<Pd )
-nLj-t-juj ~ 7p}<Jt  J ^  foLf
'* The th e o ry  i s  u n a f fe c te d  by having  2n+-q £.), b u t  i t  i s  more c o r r e c t  
to  adopt th e  r e l a t i o n  g iv e n .  2m-f-f-/J
Hence 'the c o n t r i b u t io n  i s
A . L \* ic‘0!^ j )JJ,W k £j(1>l~* 3 J'u'*
\ \x , . lJ(!''XhP fj Vj'}£j("-%hj
h = /  ^ <%- 1 1 ? 1
The p o le  a t  /> = —otj-jcoj g iv es  th e  con ju g a te  o f  th e  above, namely
a . . r ' V * ^
t J X h i ^ ^ X f i  "v v'tj r J(a1i-  w * v '  “i'5rjY N M
/v « I ' (£ ™ I) ^  J
The p o l e - p a i r  a t  -oij±j<x>j th e re fo r e  g ives
~  n - e f t
A. 1  Js m [ u j i - i t t - i - £ ( n - A . )  + £  ( Z F - t t r i )
Z  5--------  LP  LJ n  *  *  7 (45)
11 xhj TT %  -  s  (m-  \ hj)  -  Z  (**.- )
The e x p re s s io n  (45) may be denoted by FpCt) } th e  c o n t r ib u t io n  from th e
m
in complex p o le s  i s  th e r e f o r e  F-(t) . As, however, we a re  i n t e r e s t e d
/»>
i n  t h e  te rm  r e s u l t i n g  from th e  p r i n c i p a l  p o l e - p a i r  a t  —d.l ±ju)i , we s h a l l
w r i t e  t h i s  o u t  i n  f u l l .  I t  i s
~  — -aL,t
Ffti -= A. £ sn[Ult~ /R , + %(ff-fiJ + z(a/l-.<urf! ) , ^—-------- -------- •<»,r? L u , li kAl h T b J (46)
’* / Ht  P 2"'7 ^  - i c i i - h P -  ) / .n - /  j -e.  j -2
The r e a l  p o le  a t  p=-a^  g ives
4  p L - ah }J J (~ ah+Pl<.'j/up ( ~ ah+ftk^i/xJ<X £
_  | ~ “
| | | I i - \ ' k cLj - J u>j \ ~ ah.'^cLj +-JUii X ~ % )
j = f
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I f  we denote  (47) by G (t) , t h e  t o t a l  c o n t r ib u t io n  from th e  r e a l  p o le s
■f- h
i s  S  G (t) • The time e x p re s s io n  f o r  ih e  o u tp u t  i s  th e r e f o r e
k"  h f
9eUr) -  I J-Z'FJCt) + Z  Qht t )  (48 )
and f o r  th e  e r r o r
m f
eCt) „ (49)
J - 1 h~t
In  a s im i l a r  manner to  th e  p rev io u s  examples we now d i f f e r e n t i a t e  th e  
ex p re s s io n  -F j i t )  , w hich , we assume, r e p re s e n t s  th e  t o t a l  e r r o r  by th e  tim e 
the  f i r s t  o v e rsh o o t  o f  the o u tp u t  ( i . e .  th e  f i r s t  minimum o f  t h e  e r r o r )  i s  
reach ed .  This g iv es
= const, x f - d t t  in. eft + oo,i Pos.-e/c]
dt J
=  ( 50)
La'i ki-f J~ -*
The e x p re s s io n  (50) has  i t s  f i r s t  zero  a t
(51)
Lzu-fy+VnJ—f-  w - / ; , y -  f t  Lt“" ~'kr vk,yi 
S u b s t i t u t i n g  t h i s  v a lu e  o f  in  th e  ex p re s s io n  f o T  — hjCt), r e s u l t s  i n  a minimum
- f  i t )  g n    7
t - i  f n + s o t e ' - f r O ]
co, i h~/ n J~2, J L=! u  k-f J
v a lu e  f o r — fj'Ct) , th e  magnitude of t h i s  be ingafavy» w)
fe*.; j = 2
Since A i s  r -f m n I r 9 J1
5 z
j » i j / *- fc=j j
a n d s /n 0 ~ y i ,  th e  e x p re s s io n  (52) which, we assume, r e p re s e n t s  th e  s iz e  o f  th e
n
o v ersh o o t i s
r  - f    l   H
/ TTk!l
L h - l  U i J L l —/
(55)
The above e x p re s s io n  g iv es  th e r e f o r e  th e  m o d i f ic a t io n  to  th e  o v e rsh o o t  
—oOTT
£ toi o f  th e  b a s ic  q u a d ra t ic  system . I t  i s  seen t o  be composed o f  s im i la r  
f a c t o r s ,  one f o r  e v e ry  p o le  and zero  o th e r  than  th e  p r in c i p a l  p o l e - p a i r .  
Thus, a s  has a l r e a d y  been shown i n  the  second sim ple example, th e  m od if i­
c a t io n  in t ro d u c e d  by a r e a l  p o le  i s  th e  d i v i s o r .
(54)
In  a s im i l a r  f a s h io n ,  a r e a l  ze ro  in t ro d u c e s  a m u l t i p l i e r  
The ccmplex p o l e - p a i r  in t ro d u c e s  th e  d i v i s o r
(56)
rl l
w h ile  the  conp lex  z e r o - p a i r  in t ro d u c e s  t h e  m u l t i p l i e r
e  )  (57)
SkZ
The forms f o r  r e a l  po le s  and ze ro s  a re  t h e r e f o r e  th e  same, the  on ly  
d i f f e r e n c e  be ing  t h a t  t h e  former d iv id e s  th e  overshoo t and th e  l a t t e r  
m u l t i p l i e s  i t .  The same may be s a id  o f  complex po les  and z e ro s ,  a l th o u g h  
t h e i r  m o d i f ic a t io n s  a re  d i f f e r e n t  from th o se  o f  the  r e a l  p o le s  and z e r o s .
I t  i s  u n d ers tood  however, t h a t  so f a r ,  th e s e  m u l t i p l i e r s  and d iv i s o r s  on ly  
hold  f o r  one p a r t i c u l a r  p o s i t i o n  of the p r i n c i p a l  p o l e - p a i r ,  a lthough  the  
form w i l l  be m a in ta ined  i r r e s p e c t i v e  o f  t h i s  p o s i t i o n .  F urtherm ore , no
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c o n d i t io n s  have as y e t  been s t a t e d  i n  o rd e r  t h a t  th e  p r i n c i p a l  mode 
approx im ation  should  h o ld .  Before examining t h i s  p o in t ,  th e  e f f e c t  of 
m u l t ip le  p o le s  and ze ro s  i s  c o n s id e re d .
6 .4 .  E f f e c t  o f  M u lt ip le  P o les  and Z e ro s .
I f  we suppose t h a t  in  th e  g en e ra l  ex p re s s io n  (43) fo r  th e  o v e r a l l  
t r a n s f e r  f u n c t io n ,
( i )  th e  r e a l  p o le  od i s  r e p e a te d  cL t im e s ,
( i i )  th e  r e a l  z e ro  bc i s  r e p e a te d  c t im es ,
( i i i )  th e  complex pole-pair-o^±-ycOj i s  re p e a te d  S t im e s ,  and
( iv )  th e  complex zero -pa ir- jf^ i- j^ t^  i s  rep ea ted  y t im e s ,
the  form o f  th e  o u tp u t  t r a n s fo rm  becomes
This i s  a cumbersome though q u i t e  r e g u la r  e x p re s s io n  and i t  i s  n o t  
in ten d ed  to  c a r r y  ou t th e  s o lu t io n  in  the  same d e t a i l  as i n  the  p rev ious  
S e c t io n ,  The p r in c i p a l  mode e x p re s s io n  w i l l  be ev a lu a te d  and c e r t a i n  
r e s u l t s  o f  th e  p rev io u s  S ec t io n  used to  e f f e c t  some s h o r t c u t s  i n  the
X
(o+k 1 11 i P + k ) . (/>+/Sr - j / V cf’+'fV+i V  1I ( P + fc iS iX p + tiiS - iA k . )
(p-*-ad) T1 cp-bah) . J J
h^fjh^d / =
a n a l y s i s .  L e t  us w r i t e  £> f o r  th e  f i r s t  f a c t o r  o f  th e  e x p re s s io n  (58)
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which i s  th e  q u o t i e n t  o f  the  p ro d u c t  o f  t h e  p o le s  and th e  p ro d u c t  o f  th e  
z e ro s .  I t  i s  taken  t h a t  th e  p r in c i p a l  p o l e - p a i r  -c(,±joOf  i s  n o t  a 
rep ea ted  p o le ,  t h i s  f a c t  being  e s s e n t i a l  to  t h e  th e o ry .
The p o le  a t  -oLi th e n  g iv es
e r c
n TT C p t / ^ + k )  —oLtt jioi
& -____________________________  . ~________  xcI “f- d
(r* fb jU ,  -bad)  f \  2joJ, (-Uj-f-Jco,)
h^1, h 4 d
r  y n - r
{—aC,+jUl +-(3y—j,lx y) (-v/t-fyLl, -hfif'hjAy)  I T  f 7 %  )
______________  k =i , kJY_________________________________
(~ * l't '/* 01 ^  + j \  )  S J J  (-of/ ijuJ, HJj  - jtO j +- aCj +  jo j j  )
/=  2/ j 4  f
In  a s im i l a r  manner to  the  p rev io u s  S e c t io n ,  t h i s  red u ces  to
5 .  &  t .1, . W  . W r ) t  IT z * y  \ Mt  JUi,
w  ^ 4*- k^hk-*y i  -z
* < /  i JU( ul Zjufil * H )
The p o l e - p a i r  a t  - cAtlJ00! th e r e f o r e  g ives
tlc r n~y
II n - ( W r J  TT Z * A ,  - M t .  r  r - _
—   f c - ' .^ YL . £ .  s i n f u , t - ( i i - i > i ) + d n - / {  , )  +  ■% ( n - P i )
-  1  ^  <*>
j - Z) j 4£
+ V(1Z M L )  +  - i s
Y f r k i t M t Y  h^ljhfcl
------- , v7
-  £  ( 2 i i - 'h , t 'p JI) \ .
} - t , i 4  f  J
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This  may be compared w ith  the e x p re s s io n  (46 ) ,  from which i t  w i l l  
be seen  t h a t  analogous  r e s u l t s  t o  th e  p rev io u s  S ec t io n  w i l l  ensue, i f  th e  
usua l p rocedure  f o r  c a l c u l a t i n g  "the ov e rsh o o t i s  c a r r i e d  o u t .  In  v iew  
of t h e  s i m i l a r i t y  o f  the  p ro c e s s e s ,  on ly  the f i n a l  c o n c lu s io n  i s  quo ted ,  
namely, t h a t  fo r  any po le  o r  z e r o ,  r e a l  o r  complex, r e p e a te d  d tim es say, 
the  co rre sp o n d in g  e x p re s s io n s  (5f)  t o  (57) a r e  a l s o  r e p e a te d  C t im e s .  The 
m u l t i p l i e r  f o r  th e  zero  bc r e p e a te d  d tim es i s  t h e r e f o r e
and so on.
I t  i s  n o t  in ten d ed  fo rm a l ly  to  e v a lu a te  th e  te rm s r e s u l t i n g  from the  
m u l t ip le  p o le s ,  a s  th e  c o n s id e ra t io n s  of the n e x t  S e c t io n  show t h a t  th e se  
i n  g e n e ra l  should  be av o id ed .  There i s  however no in h e re n t  d i f f i c u l t y  
in  o b ta in in g  th e s e  term s a s  can be found by c o n s u l t in g  s tan d a rd  te x t-b o o k s  
on th e  s u b je c t  ,
6 ,5 ,  G eneral C ond it ions  under which P r in c i p a l  Mode Approximation Holds,
A p p l ic a t io n  o f  Foregoing R e s u l t s  to th e  Design o f  T ra n s fe r  F u n c t io n s ,  
The broad  c o n d i t io n s  to  ap p ly  i n  o rd e r  t h a t  th e  p r in c ip a l  mode 
approx in& tion  should hold  a r e  o b ta ined  from the ex p re ss io n s  (45) and (4?) 
which g ive  th e  term s due to  complex p o le s  o th e r  than  th e  p r in c ip a l  p o l e - p a i r ,  
and th o se  due to  th e  r e a l  p o l e s .  L e t us ta k e  i t  f i r s t  of a l l  t h a t  no 
complex p o le s  o th e r  th a n  the  p r in c ip a l  p o l e - p a i r  a re  p r e s e n t .  Then, in  
o rd e r  t h a t  th e  te rm s  re p re se n te d  by (47) be sm a l l ,  we should have,
( i )  a h l a r g e ,  ( i i  )fag- ^ ) ,  ( o ^ a 2^ + u),z )  l a r g e ,  ( i i i )  ( bL- a h ) , (  Bk r ah p j £ )  
sm a l l .  The f i r s t  c o n d i t io n  i s  th e  most im p o r ta n t ,  being obv ious ly  the
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the  p la c in g  o f  r e a l  p o le s  w e ll  to  the l e f t  o f  th e  p r in c i p a l  p o le .
C ond it ion  ( i i )  m ere ly  s t a t e s  t h a t  a l l  th e  p o le s  should be w e l l - s e p a r a te d  
and c o n d i t io n  ( i i i )  s t a t e s  t h a t  th e  zeros should  be a s  n e a r  th e  p o le s  as  
p o s s i b l e .  I b i s  l a s t  c o n d i t io n  i s  a l s o  e v id e n t ,  a s  i n  the  l i m i t i n g  case
of ze ro s  c o in c id in g  w i th  p o le s ,  th e  b a s ic  q u a d ra t ic  system w i l l  r e s u l t  by
/
c a n c e l l a t i o n  o f  th e s e  f a c t o r s  in  t h e  num erator and denom inator o f  th e  
t r a n s f e r  f u n c t io n .
I f  oomplex p o le s  o th e r  th a n  th e  p r i n c i p a l  p o l e - p a i r  a r e  p r e s e n t ,  
s im i l a r  c o n s id e ra t io n s  a p p ly .  I n  o rd e r  t h a t  th e  ze ro s  should be n e a r  the  
p o le s ,  i t  fo l low s  t h a t  i t  i s  a d v i s a b le  to  i n s e r t  complex zeros  when th e re  
a r e  s u b s i d ia r y  complex p o le s .  I t  i s  r e a l i s e d  t h a t  th e s e  a re  o n ly  genera l  
c o n d i t io n s ,  b u t  i n  th e  num erica l work done so f a r ,  no t r o u b le  has been 
e x p e r ien ced .  Again, a l though  h o r iz o n ta l  s e p a ra t io n  o f  th e  p o le s  i s  most 
im p o r ta n t  i t  i s  p o s s i b l e  to  b r in g  up the  n e a r e s t  s u b s id ia ry  po le  f a i r l y  
c lo se  t o  th e  p r i n c i p a l  po le  jLf i t  i s  accompanied by a ne ighbouring  ze ro .
The o o n d i t io n  t h a t  the p o le s  should be w e ll  s e p a ra te d  in d i c a t e s  t h a t  
r e p e a te d  p o le s  a r e  n o t  g e n e r a l ly  p e rm is s ib le  u n le ss  th e y  a r e  remote from 
the  p r i n c i p a l  p o l e - p a i r .
Use o f  n e a r e s t  r e a l  p o le  i n  a d d i t i o n  to  p r in c i p a l  mode.
Under c e r t a i n  c o n d i t io n s  where d i f f i c u l t y  i s  experienced  in  o b ta in in g  
a small enough o v e rsh o o t by th e  use  o f  the p r in c i p a l  mode o s c i l l a t i o n  by 
i t s e l f ,  i t  may be advantageous to  in c lu d e  t h a t  te rm  which r e s u l t s  from th e  
n ex t  leas t-dam ped  p o le .  As a r e a l  p o le  i s  e a s i e r  to  work w i th  than  a
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complex p o l e - p a i r  fo r  th e  purposes o f  c a l c u l a t i n g  th e  v a lu e  o f  th e  term 
a t  any p a r t i c u l a r  t im e ,  i t  i s  th e r e f o r e  b e s t  to  make t h i s  n e x t  l e a s t -  
damped p o le  a r e a l  p o le .  Furtherm ore , i t  i s  c l e a r  t h a t  i f  t h i s  i s  to  
reduce th e  o v e rsh o o t ,  the  c o e f f i c i e n t  o f  t h i s  term  i n  th e  t im e -e x p re s s io n  
f o r  th e  e r r o r  must be p o s i t i v e ,  s in c e  the  f i r s t  minimum o f  t h e  e r r o r ,  
co rrespond ing  to  th e  ove rsh o o t in  th e  o u tp u t ,  i s  a n e g a t iv e  q u a n t i ty ,  see 
F ig .  27.
/ o
ECO
F ig .  27
Thus i n  t h e  e x p re s s io n s  (48) o r  (4 9 ) ,  i f  (J;0 i s  t h e  te rm  r e s u l t i n g  from the  
n e a r e s t  r e a l  p o le ,  th e n  should  be made n e g a t iv e .  From t h e  ex p re s s io n  
(47) g iv in g  th e  g en e ra l  form o f  th e  t im e- te rm  r e s u l t i n g  from a r e a l  p o le ,  
i t  i s  seen t h a t  th e  s ig n  o f  Q/(t) w i l l  depend on th e  r e l a t i v e  numbers o f  
s ign -changes  o c c u r r in g  in  the  f a c to r s  Cb^ -oi) and • Hence we may s t a t e :
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( i )  th e  p ro d u c t  o f  a l l  th e  p o le  f a c t o r s  Ca^ -Q() i s  p o s i t i v e  s in ce  a, i s  
th e  p o le  f u r t h e s t  to  th e  r i g h t ;  th e  denom inator as a whole i s  
th e r e f o r e  n e g a t iv e .
( i i )  th e  p ro d u c t  o f  a l l  t h e  zero  f a c t o r s  (fy-dj) i s  p o s i t i v e  i f  no zeros  
o r  i f  an even number o f  z e ro s  l i e  to  th e  r i g h t  o f  of ;
( i i i )  th e  p ro d u c t  o f  a l l  the  ze ro  f a c t o r s  (6i~a,)is  n e g a t iv e  i f  an odd 
number o f  z e ro s  l i e  to  th e  r i g h t  o f  Qt .
We re a c h  th e  c o n c lu s io n ,  t h e r e f o r e ,  t h a t  th e  te rm  r e s u l t i n g  from the 
n e a r e s t  r e a l  p o le  w i l l  have th e  re q u ire d  n e g a t iv e  s ig n  i f  no ze ro s  o r  an 
even number o f  ze ro s  l i e  t o  the  r i g h t  o f  the  n e a r e s t  o r  least-dam ped  r e a l  
p o le .  This i s  a u s e f u l  r e s u l t  to  b e a r  i n  mind. S ince , however, zeros 
to  th e  r i g h t  o f  a, a re  l i a b l e  t o  s e r io u s ly  reduce th e  p r in c ip a l  o s c i l l a t o r y  
mode, two a t  most may be p e rm i t te d  to  l i e  i n  "this r e g io n .  I t  may make i t  
c l e a r e r  to  s t a t e  t h a t  a r e d u c t io n  i n  th e  p r in c i p a l  o s c i l l a t o r y  mode i s  
q u i t e  welcome p rov ided  t h a t  th e  l e a s t  damped r e a l  te rm  i s  made n e g l ig ib l e  
by the t im e  th e  second s t a t i o n a r y  p o in t  o f  th e  p r in c i p a l  o s c i l l a t i o n  i s  
reac h ed .  For a s a t i s f a c t o r y  response  th e  v a lu e  o f  th e  p r in c i p a l  mode 
o s c i l l a t i o n  a t  t h i s  p o in t  w i l l  have to  be n o t  g r e a t e r  th an  1 - 2 /C  say, of 
the  in p u t  s t e p .  In  o th e r  words th e  t r a n s i e n t  w i l l  be e f f e c t i v e l y  f i n i s h e d .  
A p p l ic a t io n  to  d e s ig n .
The r e l a t i o n  (53) g ives  th e  magnitude o f  the  overshoo t i n  the  
response  to  a u n i t - s t e p .  I t  i s  compounded of th e  b a s ic  ove rsh o o t
r  , , . . . .  *fu < w, (T,~ u^ ^  , ZkfzL $ + (fjt)°J/ m u l t ip l i e d  by q u a n t i t i e s  — 2 t r~i
‘ Sk-L f o r  r e a l  and complex zeros  r e s p e c t iv e l y ,  and d iv id ed  by
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analogous q u a n t i t i e s  fo r  r e a l  and complex p o le s .  I f  t h e r e f o r e  the 
p o s i t i o n  o f  th e  p r i n c i p a l  p o l e - p a i r  i s  f ix e d ,  th e se  q u a n t i t i e s  may be 
e v a lu a te d  f o r  o th e r  p o in t s  on the l e f t  h a l f  o f  the complex p la n e .  This 
may be done once and f o r  a l l ,  and a d e s ig n  c h a r t  fo r  t h i s  p a r t i c u l a r  
p o s i t i o n  o f  th e  p r i n c i p a l  p o l e - p a i r ,  so c o n s t ru c te d .  S im i la r  c h a r t s  may 
be p rep a red  f o r  o th e r  p o s i t i o n s  o f  th e  p r i n c i p a l  p o l e - p a i r .  The work
im p lied  in  such a s e r i e s  o f  c h a r t s  may be p a r t i a l l y  reduced i n  the  l i g h t
o f  two o f  t h e  c o n s id e ra t io n s  a l r e a d y  mentioned which a r e  r e q u i r e d  f o r  
th e  p r i n c i p a l  mode app rox im ation , namely
( i )  p o le s  to  th e  l e f t  o f  the  p r i n c i p a l  p o l e - p a i r ,  and
( i i )  ze ro s  n e a r  p o le s .
To th e se  we add one o th e r  r e s t r i c t i o n ,  w h ich , in  e f f e c t  a s s u re s  
th e r e  w i l l  b e  no "k inks"  o r  superposed high-frequency r i p p l e s  on th e  
re sp o n se .  I t  i s  t h a t
( i i i )  th e  im aginary  p a r t  o f  any s u b s id ia ry  complex p o le  should  n o t 
exceed t h a t  o f  th e  p r i n c i p a l  p o le .
With -these c o n d i t io n s ,  th e  a re a  o f  i n v e s t i g a t i o n  i n  th e  complex 
p lane  i s  con fined  a s  shown i n  F ig .  28.
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In  view  o f  th e  p o s s i b i l i t y  of u s in g  th e  l e a s t  damped r e a l  term  in
a d d i t io n  to  th e  p r in c i p a l  mode, c o n d i t io n  ( i )  above was n o t  h e ld  t o ,  and
th e  a re a  f o r  p o le s  and ze ro s  was ta k en  t o  th e  r i g h t  hand s id e  o f  th e
p r i n c i p a l  p o le .  The a r e a  f o r  zeros  i s ,  o f  c o u rs e ,  n o t  s t r i c t l y  bounded
by th e  h o r i z o n ta l  l i n e s  a t  ± J2-5 , b u t  i n  view o f  c o n d i t io n s  ( i i )  and
( i i i ) ,  th e  ze ros  a r e  kep t approx im ate ly  w i th in  l i m i t s  o f  t h i s  m agnitude.
There i s  no l e f t - h a n d  l i m i t  to  t h e  f i e l d .  The diagram shows a r e a l  z e ro
and a complex z e r o - p a i r ,  w i th  th o se  q u a n t i t i e s  marked which a re  r e q u i r e d
u *  07-/3;  z , oc, ( z / /~ W7 r<)
fo r  th e  com putation  of  1  ^ ’ d __ £ ^/
D $
6 . 6 . Notes on th e  Design C h a r ts .
Three d e s ig n  c h a r t s  f o r  the  e s t im a t io n  o f  o ve rshoo t and th re e  c h a r t s
^ The s u b s c r ip t s  have been om itted  from th e  ex p ress io n s  fo r  s im p l i c i ty ,  
and s in ce  any zero  o r  po le  i n  g enera l i s  being d i s c u s s e d .  In  Sec. 6 . 6  a l s o ,  
a l th o u g h  th e  q u a n t i t i e s  named r e f e r  to  z e ro s ,  i t  i s  im plied  t h a t  the  analogous 
q u a n t i t i e s  fo r  p o le s  a re  in c lu d ed  in  the  d i s c u s s io n .
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fo r  th e  e s t im a t io n  o f  th e  time o f  the  o vershoo t a re  g iv e n .  We s h a l l  
r e f e r  to  th e  f i r s t  t h r e e  c h a r t s  as  overshoo t c h a r t s  and to  th e  second 
th ree  c h a r t s  as  ang le  c h a r t s .
1 .  Three p o s i t i o n s  o f  th e  p r i n c i p a l  p o l e - p a i r  have been  used , namely 
~-0'5±jl , - / ± j /  and —2 ± j /  • One overshoo t c h a r t  and one
angle  c h a r t  i s  g iven  f o r  each of the above p o s i t i o n s .
M 2ii.
2. The lo g a r i th m  to  t h e  base  10 o f  the  q u a n t i t i e s  and 
ZZ» g(ZU~f+fr)
£ ' has been g iv e n .  This i s  th e re fo re  th e  inc rem ent
i n  th e  lo g a r i th m ic  o v e rsh o o t .  Increm ents  fo r  ze ros  a r e  tak en  
w i th  a p o s i t i v e  s ig n ,  an i th o se  f o r  po les  w i th  a n e g a t iv e  s ig n ,  
t h i s  s ig n  b e in g  o f  course supplem entary  to  th e  increm ent i t s e l f ,  
which may be p o s i t i v e  o r  n e g a t iv e .
3. The v a r i a t i o n  o f  th e  above q u a n t i t i e s  i s  shown as th e  r e a l  p a r t  
o f  th e  p o le  o r  z e ro  a l t e r s ,  each curve re p re s e n t in g  a f ix e d  v a lu e  
o f  th e  im ag inary  p a r t .  This i s  b e s t  exp la ined  w ith  re fe re n c e  to  
t h e  diagram i n  F ig .  29,
10
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F ig .  29.
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The f ix e d  v a lu es  o f  th e  im aginary  p a r t  a re  0 , 0 .2 ,  0 .4 ,  0 . 6 , 0 .8 ,
1 .0 ,  1 .2 ,  1 .5 ,  2 .0  and 2 .5  and th e  cu rves  on th e  overshoo t c h a r t s  a re
th e re fo re  th e  p r e v io u s ly  mentioned in c re m en ts ,  e v a lu a te d  a long  th e
h o r iz o n ta l  l i n e s  o f  F ig .  29. The a b s c i s s a  of th e  curves i s  t h e  r a t i o
of t h e  r e a l  p a r t  of th e  p o le  o r  z e ro  to  th e  r e a l  p a r t  o f  th e  p r in c i p a l
p o le .  This i s  adopted  fo r  two re a s o n s .  F i r s t ,  i t  was d e s i r a b l e  to
use  lo g a r i th m ic  paper i n  o rd e r  to  ren d e r  th e  cu rves  l e s s  s t e e p ,  and
hence o b ta in  rea so n ab le  i n t e r s e c t i o n s  \¥ i th  v e r t i c a l  l i n e s .  Such a
lo g a r i th m ic  s c a le  i s  n o t  co n v en ien t  f o r  showing d i r e c t l y  th e  r e a l  p a r t
o f  the pole o r  z e r o .  Secondly , i t  i s  conven ien t to  work i n  te rm s of
th e  above r a t i o ,  from th e  v iew poin t of the  p r in c i p a l  mode approx im ation .
4 .  The an g le  c h a r t s  show th e  q u a n t i t i e s  C//-/0) and{2/h-(T-/-<r,J f o r  a r e a l
zero  and a complex z e r o - p a i r  r e s p e c t i v e l y .  These a r e ,  o f  c o u rse ,  th e
same f o r  p o le s  as  f o r  z e ro s .  This in fo rm a tio n  enables  the  f i n a l  po le
and zero  p o s i t i o n s  to  be f ix e d ,  i f  t h e  speed o f  response  of th e  system
i s  s p e c i f i e d .  Thus from (5 1 ) ,  ,the time o f  th e  f i r s t  overshoo t i s
f- 'f' m 9 R   7
t ’  i ,  / "  h f / H f  V
t h a t  i s  II ~h (sum of an g le s  fo r  p o le s )  — (sum o f  ang les  f o r  z e r o s ) .
S ince  the  a n g le s  (Tf-p)y e t c .  w i l l  remain in v a r i a n t  i f  th e  p o le
and z e ro  p a t t e r n  remains f ix e d ,  a l though  changing i n  a b s o lu te  m agnitude, 
th e  t im e  o f  th e  f i r s t  ove rsh o o t i s  determ ined  by th e  choice  o f  to , .  I f  
t h i s  i s  in c re a se d  k. tim es and a l l  o th e r  p o le  and zero  d is ta n c e s  s im i l a r l y  
m u l t i p l i e d ,  th e  tim e fo r  maximum overshoo t to  occur w i l l  be reduced by a
-  105 -
f a c t o r  k • The procedure  w i l l  be more ev id e n t  i f  t h e  examples in  
Chapter 7 a re  c o n s id e re d .
5 . Range o f  c u rv e s .
The l e f t - h a n d  l i m i t  f o r  th e  a b s c i s s a  o f  the  curves  i s  10. Beyond
t h i s  p o in t  a maximum e r r o r  of 0.025 i n  -the lo g a r i th m  o f  th e  f a c t o r  w i l l
o ccu r ,  i f  th e  c o n t r i b u t i o n  from such p o le s  o r  zeros  i s  n e g le c te d .  For
each z e ro  o r  p o le ,  t h i s  i s  e q u iv a le n t  to  abou t 6#  e r r o r  r e s p e c t iv e l y
*
in  th e  s iz e  o f  the o v e rs h o o t ,  so t h a t  fo r  p r a c t i c a l  purposes  i t  i s  n o t  
s e r io u s .  The e r r o r  w i l l  depend on th e  r e l a t i v e  numbers and spacing of 
p o le s  and zeros  beyond th e  l e f t - h a n d  l i m i t ,  and i f  reasonab le  guesswork 
i s  employed, o r  i f  th e  p o le s  and ze ros  a re  w ell  o u t  to  th e  l e f t ,  n e g l ig ib l e  
e r r o r  f i n a l l y  r e s u l t s .  At th e  r ig h t-h a n d  s id e ,  the  curves  a re  taken  up to  
a v a lu e  o f  th e  a b s c i s s a  equal to  0 . 2 , o r  t o  t h a t  va lue  o f  a b s c is s a  a t  which 
th e  inc rem en t i n  l o g .  overshoo t becomes 2 . In  th e  num erical work so f a r  
performed i t  has n o t  been  n e c e ss a ry  to  approach even approx im ate ly  e i t h e r  
o f  th o se  l i m i t s .  Indeed i t  has a l re a d y  been sa id  t h a t  th e  main working 
p o r t i o n  o f  t h e  c h a r t s  l i e s  to  th e  l e f t  o f  th e  a b s c i s s a  v a lu e  u n i t y .
The same a b s c i s s a  v a lu es  l i m i t  the  ang le  c h a r t s  w i th  an a d d i t io n a l  
upper l i m i t  o f  5 r a d ia n s .  This roughly  corresponds to  th e  upper l i m i t  o f  
2 in  th e  o v e rsh o o t  c h a r t s .  For p o le s  and ze ros  beyond th e  a b s c is s a  l i m i t
^ That i s ,  an oversh o o t which i s  d e s ig n ed  to  be 10# w i l l  a c t u a l l y  be 
10 .6#  o r  9 .4# .
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1 0 , the  an g le  i s  g iven  w i th  very  l i t t l e  e r ro r  by //&_,*, r a d ia n s ,
o r  i t  may be taken  to  be ze ro  w i th ,  o f  co u rse ,  r a t h e r  more e r r o r .
The an g le  (ZJi-fnft) may be approxim ated b y ^ ^  rad ians  f o r  ju  <. / , and 
by z e ro  f o r  > / •
The u se  o f  th e  des ign  c h a r t s  i s  now dem onstra ted  by a number o f  
exam ples .
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CHAPTER 7 .
NUMERICAL WORK ILLUSTRATING THE USE OF THE $([) DESIGN CHARTS
7 .1 .  N o ta t io n .
The lo g a r i th m  to  the  b ase  10 o f  the f r a c t i o n a l  ( i . e .  per  u n i t )  over­
shoo t w i l l  be  denoted by X • We th e re fo r e  have, from (5 3 ) ,
X = -cLIlloq, t  + 2 ( increm en ts  due to  z e r o s ) - 2 ( increm ents  due to  p o le s )  (60)
u)i Jl°
Let a l s o  = ^  ( increm en ts  due to  z e ro s )
^ a  -  2  ( increm en ts  due t o  p o le s )
r e s p e c t iv e l y .
A, £S -  inc rem en t due t o  r e a l  ze ro  and k complex z e r o - p a i r  
bi sk
/\ a , .  t= inc rem ent due to  A u rea l  p o le  and complex p o le - p a i r- j
r e s p e c t iv e l y .
Y  -  z > z - g A P 
Li. , Z.y -  ( f t -h ?  > tfa+<rKl') respectively
t ft.
t , .  «  -W + *'j> )  resPeotiTely
ft  ^ y '
=• "§! (ang le s  due to  ze ro s)
S  (ang le s  due to p o le s )
The symbol A w i l l  b e  used to  deno te  the  increm ent in  g e n e ra l  from any po le
o r  z e ro  o r  complex p o le -  o r  z e r o - p a i r .
The r e l a t i o n  (60) may th e n  be w r i t t e n
x -  -  / 3G5 -h Y (6 1 )
COf
o r  y  =  X 4- I 3 b 5  , (62)
-  108 -
which g iv e s  th e  r e q u i re d  d i f f e r e n c e  2 a z _ , i n  te rm s o f  th e  d e s i r e d
overshoo t and damping. I t  i s  u s e fu l  to  work o u t  Y fo r  overshoots  o f  
5$, 10$, 15$, 20$ and 25$, and f o r  th e  th r e e  va lues  o f  damping co rrespond­
ing to t h e  th r e e  p o s i t i o n s  o f  th e  p r in c i p a l  p o l e - p a i r .
This i s  g iven  in  t a b u l a r  form below.
TABLE IV.
Values o f  Y II M l> N I S a p
— oq ±jtu, 5$ 1 0 $ 15$ 20$ 25$
- 0 - 5 ± j l -O'. 618 -0 .317 -0 .140 -0 ,016 +0.081
- l ± j l +0.064 +0.365 +0.542 +0 . 6 6 6 +0.763
- 2  ± j l +1.429 +1.730 +1.907 +2.031 +2.128
We a l s o  h ave ,  f o r  r e f e r e n c e
TABLE V.
-  ot,±jco, n f 2 4 a - ®
R atio  
u n d ershoo t 
sirKp' o v e rsh o o t.
Log Ove: 
shoot.
~ 0 5 ± j l 1.118 1.25 1.106 2.036 0.895 = 1/5 Y -0 .683
- l ± j l 1.414 2 . 0  0 .785 2.357 0.707 1/23 Y -1 .365
- 2 ±il 2.236 5 .0  0.463 2.679 0.447 1/530 y  -2 .7 3 0
The examples which a re  now considered  do n o t  r e p re s e n t  any p a r t i c u l a r  
systems b u t s e rv e  on ly  to i l l u s t r a t e  the  a p p l i c a t io n  o f  th e  method. A 
p r a c t i c a l  problem due to  W hite ley  i s  g iven  a t  the end of Chapter 9 and the 
c i r c u i t  v a lu e s  a r e  d e r iv e d .  This i s  done by th e  normal p rocedure  of 
equating  th e  unknown c o e f f i c i e n t s  i n  th e  p r a c t i c a l  t r a n s f e r  fu n c t io n  to  
those  i n  th e  designed  t r a n s f e r  f u n c t io n .
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7 .2 .  Type 1 Servo-Mechanisms.
Example 1 .  1 complex p o l e - p a i r ,  2 r e a l  p o le s ,  2 r e a l  z e ro s .
S p e c i f i c a t io n  -  1 0 ^  maximum o vershoo t a t  0 .5  second .
Subsequent un d ersh o o t n o t  to  exceed 1%.
~°(p) ^ Q,Qz(l . f  p+b,Xp+-
b/ bj>, CpJ-Ot xp+-Qz. X p y'^/Xp~f~ "f~J (63)
With - d i ± j u —l ±j J the  r a t i o  undershoo t =J_ which w i l l  g ive
oversh o o t 23
th e  r e q u i re d  damping. From Table IV th e r e f o r e ,
y  -  Z*Az - S ’Ap =. -  0.3G5
I f  we t a k e  an a r b i t r a r y  cho ice  o f  a, -  2 oct , a 2  = 4-^, , we o b ta in  from 
the  o v e rsh o o t c h a r t  2 and th e  an g le  c h a r t  2 , f o r  th e  curves °
Aai ° /Cf3 L9, orK
& a2_ Q 037 L Qz Q-3Z
^ A P 0-230 Z L P III
Hence ^ A z = z^Apf - 0  3 G5”. -As a f i r s t  t r i a l  t h i s  m ay b e  e q u a l ly
ap p o r t io n ed  to  b, and bz , -wh ic h  g ives  = 0-297* £>yz = 0-297.
Thus bf -  I tolaLf , -  0-2-97  ^ Lyf — ( 03
and s i m i l a r l y  f o r  bz • S ince  t h i s  p la c e s  two ze ro s  c lo se  to  th e  n e a r e s t
r e a l  p o le  a t  -EoL/ , we w i l l  expec t th e  p r i n c i p a l  mode approx im ation  to h o ld .
But even i f  n o t ,  s in c e  we have an even number o f  z e ro s  to  th e  r i g h t  o f  t h i s
p o le ,  the  r e s u l t i n g  time term w i l l  be n e g a t iv e  and w i l l  reduce the o vershoo t
i n  any c a s e .
The tim e o f  maximum overshoo t i s
t  -  l cr+ £ Lp -  ZL,  )OJ, r
= ±<3 - 1 42 = y q z  seo>
OJ,
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This i s  to  equal 0 .5  s e c .  Therefore  co, -  £•/<?£ = 4 .3 3 .^ , and th e  re q u ire d
0.5
po les  and z e ro s  a re
— oi/ i r j oo f = 4 3 8 4  6 ,  4 =  4 - 3 8 4  O - M i f )
4 , -  4 - 3 8 4 . 2 * 8-763
Qz -  4 - 3 8 4 . 4 -  1753b
b t -  4 - 3 8 4  . (■ 63 -  744
b z -  4 - 3 8 4 . 1-63 - 7/4
The t r a n s f e r  f u n c t io n  i s
e0 Cj£  J 8.763X/7-53fex 4-384.t - m f   ___________ (p+ny-)z________________________
9i (7-/4-)z (p-f-8-7G&Xp-i-i7-53Q>Xpi-it-384-j4~3&4-XpHl84--t-j4S&$
___________ n s - K p + T t f i * _____________________________
Cp + 8-768 X  P  H7-53t, X p  M  • 384■43 M ) L p  + 4 ■ 3 8 4 + }  4 384) ('64)
The u n i t - s t e p  re sp o n se  g iven  by (64) i s
-  8-768£ - H - f l b t  , cc:\
0oCt) =  / +  /-32SL sin(%l84-k-'/44<o)-0'lo2-% + 0-42ZL. vobj
which i s  shown in  F ig .  30.
AO
06
06 AO / S
F ig .  30.
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The v a lu e  o f  the  p r in c i p a l  mode te rm  a t  £= 0 .5  s e c .  i s  0 .1 0 1 , a t  
which tim e th e  te rm  -  0 -/0 2 9 £ i s  equal to  -0 .00129 . As the  remaining
term  i s  n e g l i g i b l e ,  i t  may be sa id  t h a t  th e  o vershoo t i s  due e n t i r e l y  to  
the  p r i n c i p a l  mode.
I f  th e  response  (65) i s  expressed  i n  terms o f  d im ension less  time b 1 
where t = 4  384£ , we have
#./____________________________________ sj p!
&0(t') = / + (-3Z8>t~ Stn(k'- f-446) -  0-/029£ -h 0-4-221 (6 6 )
In  t h i s  case  maximum o vershoo t ta k es  p la c e  a t  £= 4-384. o-SV 2-/<72 . As the
t r u e  time s c a le  o f  th e  response  m erely  depends on m u l t ip ly in g  the  p o le s  and
ze ro s  by some f a c t o r  k. , where
P = J T + ^ L p  -  Z L z ___________
t r u e  t im e  of maximum overshoo t
i t  i s  s im p le r  to  work in  te rm s of th e  d im ension less  time t ' -  k t  . This
does n o t  a f f e c t  th e  s iz e  o f  the o v e rsh o o t .  Thus we have, in  th e  p re s e n t
example
q0 2 . 4 . (1 -4 1 4 )  (p-f- i-63')
( i )  e/e ; cP ^  ~  ( i . f o s V  t p + z X p - h 4 X p + t - j i  Xp - t -  i + j i )
g ives  10% o v e rsh o o t a t  k = 2 - \9Z s e c .
<■■) ®o/ co) ,  a t .  4k.  d - m k ) c
ei 1 '  ( I i 3 k  )* Cp+zkXp+4kXfik- jkXf>3 k - h j k )
g ives  10% ove rsh o o t a t  2-192 s e c ,  t h a t  i s  a t  t f— kk ^ 2-/92,*
k
In  th e  rem ain ing  examples, th e  time o f  th e  maximum oversh o o t w i l l  n o t  
be s p e c i f i e d .  Maximum overshoo t w i l l  in  f a c t  always occur a t  H 4 '^Lp-'^Lz
Example 2 . 1 complex p o le - p a i r ,  2 r e a l  p o le s ,  2 r e a l  z e ro s .
S p e c i f i c a t io n  -  10% maximum oversh o o t
Subsequent u n dershoo t of about 2% i s  p e rm i t te d .
-  H E -
This example i s  p r a c t i c a l l y  i d e n t i c a l  w i th  th e  p rev ious  one and has 
been taken  m ere ly  to  show t h a t  a d e s ig n  w ith  th e  same o v ersh o o t bu t 
d i f f e r e n t  damping i s  p o s s i b l e .  Cases may a r i s e ,  however, when the  
d es ig n  f o r  a p a r t i c u l a r  ove rsh o o t i s  l im i t e d  by th e  cho ice  o f  a p a r t i c u l a r  
p o s i t i o n  f o r  th e  p r i n c i p a l  p o l e - p a i r  and should t h i s  happen an o th e r  c h a r t  
should be u sed .  Conclusions concern ing  t h i s  a re  s t a t e d  a t  the  end o f  t h i s  
C h ap te r .  Here we have
90( p ~  Qf0zGZ ( _____( P X p  + bz )
Bl b,bL ( p-bQ,Xp-bOz Xp-hoii - jco, Jt p +  vif -f-joo, )
From Table IV, f o r  a p r in c i p a l  p o l e - p a i r  a t  - 0-5 ±jI  ,
y = % A -  -o-3/7
Since i s  p o s i t i v e  fo r  r e a l  z e ro s ,  th e n  %*Ap >0.3/7. This causes  t h e
p o le s ,  o r  a t  l e a s t  one of the  p o le s ,  t o  be r e l a t i v e l y  n e a r  th e  p r in c i p a l  
p o l e - p a i r .  Suppose a^=3o6; , then  from the  overshoo t c h a r t  1
and an g le  c h a r t  1
Ac, -  o 3i7 Lp, = / /8 5
A 02_ -  0 -/4 5  LQt ,  o .78
Z A F~ o.48Z Z L ? = ( % S
Hence Z  A z A  o-/6 S and a g a in  ta k in g  equa l z e ro s ,
A b, = Afoz ■= 0 -082  } b, ~ , Lb, ~ Lbz =. 0-5B
Z A z ^  0-/C4 l-lb
The re q u ire d  t r a n s f e r  fu n c t io n  i s
go(^  _  ( o <? l X / - S ’f c X/ . f l 8 k l L________ ( jJ-hZk.) "
e i  ( 2 k ) 1 ( p  +  o . 9 k X p +  ( ■ 5 k X p - f ' O S k ~ j k X f > - h o - h - k l ~ j k )
O- p- Z/ S  k z ._________Cp-f-zO1-________________________
(p-hopkXp-h 1-SkXp-t-oSk-jkXp-t-o bk -hjk )
The resp o n se  to  a u n i t  s tep  i s
00 ( t f) =  t +  Q'8o s £  ° S$(n ( t f-Z-8Z S ) ~  o-8f^€"0’<ftf- o o s e s f  f S t ' (70)
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Maximum o v e rsh o o t occurs  a t  t'= fj+ /.%5-/./£, = 3-947 * va lue  o f  th e
p r in c i p a l  mode te rm  i s  then  0 .1005 , w h ile  th e  n e a r e s t  r e a l  p o le  te rm  i s  
-Q.Q232 and th e  rem aining te rm  i s  n e g l i g i b l e .  The a c t u a l  ove rsh o o t i s  
th e r e f o r e  abou t 8%, The f a c t  t h a t  th e  n e a r e s t  r e a l  po le  te rm  i s  n eg a t iv e  
accords w ith  the  p ro v is io n  t h a t  no ze ro s  o r  an even number o f  ze ro s  should 




F ig .  31.
Example 3 . 2 complex p o l e - p a i r s ,  1 r e a l  p o le ,  1 complex z e r o - p a i r
S p e c i f i c a t io n  -  5% overshoo t
Subsequent undershoo t n o t  to  exceed 1%
Here Q0^  _ ( p + fit - j /*i  X )__________________
s,z (p+ a(Xp + oLi-jrttXp -t-JOO, Xp toijL -]<*>l.Xp+ ")
A p r i n c i p a l  p o l e - p a i r  a t  e i t h e r  -  o.S±jl o r - /± j f  would g ive  th e  r e q u i r e d
damping, th e  second c a se  in  f a c t  ren d er in g  th e  u ndershoo t n e g l i g i b l e .
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Taking t h i s  p o s i t i o n ,  we have
Y -  -  %Ap = ^64-
L e t  q, - 4-<7t , oix drju}z -  3oL/ ±jo.(ju^,, This i s  a g a in  q u i t e  a r b i t r a r y ,  th e
f a c t o r s  govern ing  the  cho ice  sim ply  be ing  t h a t  a, and should b o th  be
r e l a t i v e l y  l a r g e  compared w i th  <*, and t h a t  t h e  po le s  should n o t  be  to o
c lo se  to  each o t h e r .  From th e  c h a r t s ,
A a, = 0 031 L Q' = 0.3Z
&rL ~ o IZ5 Lrz = 0.875
^ A p  = o. /GZ Z L p  = 1-195
Hence ^,A Z = o.jbZ7o.o(,4 = <3-226 • From th e  overshoo t c h a r t  2, a z e r o - p a i r  
p o s i t i o n  o f  -2-5^ , tjO-Zu), w i l l  g iv e  th e  n ece ssa ry  increm ent and i s  a l so  in  
the v i c i n i t y  o f  a complex p o l e - p a i r .
T here fo re  -  fi, tJyU(^ -Z-Zoi/tjO'Zco, yZ~ I.l7 • This g ives  the  re q u ire d
t r a n s f e r  fu n c t io n
9y(p)^ (4k)(l-qi4kf(3.QGkf  ( p + 2 5 k  - j o - Z t X p + 2 Sk-hjO-Zk )________________
ei  ( a s o l k ) * '  C o - b 4 k X p - p k - j k X p - b k  j j k X p - b l k  ~ jo . G k \ p + 3 k  T j'o -G k )
= i/ y ik *  (  f>+2 . $ k - j ° ' Z k X p + Z S k - t j o - Z k  )_________
C p H k X f-h k - jk  )Cp7'k+jkXp+3/<~jo .Gk£/>i -3k+jO-Ck)  (71)
The response  to  a u n i t - s t e p  in p u t  i s
£•/ j l /_______________________ _
%UJ)  =* l +  f-GGG I s/r?tt-2388)ko-643£ J/n ( o k t ' - q . t f s )  ~ o-S’of £ (72)
Maximum o v ersh o o t occurs  a t  t  ■* 1/7- 1195 ~ /./7 = 3 /6 7  , a t  which time the  
p r in c i p a l  mode te rm  has t h e  v a lu e  0.0492 and th e  remaining term s a re  th e n  
n e g l i g i b l e .  F ig .  32 below shows th e  re sp o n s e .
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F ig .  32.
7 ,3 .  Type 2 Servo-Mechanisms.
As a r e s u l t  o f  th e  change to  th e  b a s i c a l l y  u n s ta b le  Type 2 system, 
we have th e  added c o n d i t io n  s t a t e d  in  Sec. 6 .2 ,  namely t h a t ,  f o r  a 
t r a n s f e r  f u n c t io n  o f  deg rees  5 and r  i n  th e  num erator and denominator 
r e s p e c t i v e l y ,
(WL • • Pr ) .  (sum o f  p roduc ts  • e t c .  taken  ( s - i )  a t  a time) =
( Z , Z ,  ■ -  - Z s )  .  (  s u m  o f  p r o d u c t s  Pi ■ ■ e t c .  t a k e n  (r~i)  a t  a  t i m e ) ,  
w h e r e  F iji . • .  e t c .  a n d  Z, ,Z2 . .  e t c .  a r e  m i n u s  t h e  p o l e s  a n d  z e r o s .
This complex r e l a t i o n  v e ry  much r e s t r i c t s  th e  p o s s ib le  pole  and zero 
p o s i t i o n s .  For a t r a n s f e r  fu n c t io n  o f  th e  same form as Example 3 of th e  
p rev ious  S e c t io n ,  th e  c o n d i t io n  becomes
(o,ntr^)z(i ,  =- s ,Y /? V >  2 a,ul rl x'  ^ (? 3 )
o r  a. ~ fi \  £ / 1
zfi,
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z f i r
Since > o we must have 5,s' < ----^ , . I t  i s  conven ien t be fo re
<2#/ 2*eri l*-Z*,riL
proceed ing  f u r t h e r  to  make a Table o f  s,^ f f ° r  a v a r i e t y  o f  p o s i t i o n s  





yv- 0 .5 1 . 0 .1 .5 2 . 0 2.5 3 .0 la rg i
0 . 2 0 .29 0.52 0.763 1 . 0 1 1.258 1.507 4
0 .4 0.41 0 .58 0.803 1.04 1.282 1.525 i f
0 . 6 0.61 0 . 6 8 0 .87 1.09 1.322 1.56 U
0 . 8 0 .8 9 0 .82 0.963 1.16 1.378 1.607 i f
1 . 0 1.25 1 . 0 1.083 1.25 1.45 1.667 I*
1 . 2 1.69 1 . 2 2 1.23 1.36 1.538 1.74 (*
1 .5 2.5 1.625 1 .5 1.562 1.70 1.875 If
2 . 0 4.25 2.5 2.083 2 . 0 2.05 2.167 ff
2.5 6 .5 3.625 2.833 2.562 2.5 2.542 I f
From a g e n e ra l  p o in t  of view i t  can  be seen from th e  Table t h a t  Sl/ 2@, 
■will be lo w e s t  when b o th  Si a n d a r e  s n a i l .  Reference to  the  c h a r t s  w i l l  
show however t h a t  the  c o n t r i b u t io n  to the lo g a r i th m ic  overshoo t in c re a s e s  
v e ry  r a p id ly  und er  th o se  c o n d i t io n s .  H erein  l i e s  th e  l i m i t a t i o n  due to  
the  change o f  Type. In  view of the r a t h e r  complex r e l a t i o n  produced, v e ry  
l i t t l e  headway can be  made u n le s s  by num erical t r i a l  and e r r o r  p ro c e s s e s .
I t  i s  p r e c i s e l y  on a c c o u n t  o f  such d i f f i c u l t i e s  t h a t  a des ign  in  terms o f
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of th e  p o le s  and ze ro s  o f  t h e  e r r o r  to  in p u t  t r a n s f e r  fu n c t io n  i s  p r e f e r r e d  
(see C hapters  8  and 9 ) .  A s o lu t io n  in  terms of i s ,  however, c a r r i e d
out below.
Example 1 .  2 complex p o l e - p a i r s ,  1 r e a l  p o le ,  1 complex z e r o - p a i r .
S p e c i f i c a t i o n  -  5% overshoo t
Subsequent u ndershoo t no t to  exceed 1%.
This i s  th e  same form o f  an<i same s p e c i f i c a t i o n  as  i n  the
p rev io u s  (Type l )  example. I t  r e p re s e n ts  a good performance f o r  a Type 2 
system . "Whether o r  n o t  th e s e  requ irem en ts  could be r e la x e d  would, i n  a 
p r a c t i c a l  system , depend upon the  s i z e  o f  th e  system and upon the  r e s u l t i n g  
v a lu e s  o f  th e  c i r c u i t  components. This and s im i la r  q u es tio n s  o f  a p r a c t i c a l  
n a tu re  a re  n o t  a t  p r e s e n t  under c o n s id e r a t io n .
We have $o .  ^ ( p + St -j/*! Xp+Si + )___________ __________
s, 1 (p f a, X p + <</-jo3,)p+ t*i rtcrfi XP + Xp -Ljwi_) (74)
w ith  a/ = ________ rflri2Sfl 120 ,_______
rpi'i -  (Zatznx-h 2 <*i*iL)*jl (75'
20,
and th e r e f o r e  Sjl < ... ,
20, 2 <*inl+ Z * r ^  (76)
By way o f  comparing t h e  e f f e c t  of th e  change of Type, suppose th e  same
complex p o le s  a re  adopted as  in  th e  p revious example, t h a t  i s
~cA/±j0Ji =» —! ± j l
o i x - i =  - 3  ±jo-£>  , ■= 0 - / 2 5
As b e f o r e ,  we r e q u i r e  y =  -%Ap  « 0-064 • S u b s t i t u t in g  i n  (76)
g ives  < o.G<>7 and from Table VI, a v a lue  of ~0i± j jx ,  in  the  neighbourhood
of - / ±jo-Z i s  i n d i c a t e d .  Suppose we take
-  -/• / ±  y 0.2
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g iv ing  s^-o-SbQ and from th e  overshoo t c h a r t  2, As/ =? h/7S . From (75)
O-i — 8-38
and hence A a/ = 0-007
Therefore  Y -  f 175 -  o-ooj -  o . / z s  =r 1-043
which i s  much to o  l a r g e .  This in  f a c t  w i l l  g ive  a lo g a r i th m ic  overshoo t
o f  1 .043 -  1,365 = -0 .3 2 2 ,  which corresponds to  a b o u t  48/£. P r a c t i c a l l y
a l l  o f  t h i s  i s  due to  the  increm ent from th e  z e r o - p a i r  a t  -(■} ±jo-Z , which
i s  f ix e d  by th e  r e l a t i o n  (7 6 ) .  I f  th e  o v ersh o o t i s  to  be reduced ,
must be d e c re a se d  by moving th e  z e r o - p a i r  to  the  l e f t .  This e n t a i l s  an
in c re a s e  in  and hence in  th e  R.H.S. of (7 6 ) .  I t  i s  p o s s ib le  to
in c re a s e  t h i s  i f  e i t h e r  or bo th  com plex-pairs  are  moved to  th e  l e f t .
I f ,  t h e r e f o r e ,  we ta k e  -°<i ^ /c o /  -  - Z ± - j /
- Zm SY" zthen  ^ ----- ------ -*• t-ZS as  oc, in c re a s e s  i n d e f i n i t e l y .
/LP>' fo .^j_4-4rxx *
Also v  -  z a z -  ‘Z&p  = '■4z<)
From Table VI and th e  overshoo t c h a r t  3, i t  w i l l  be seen t h a t  4 S/ i t s e l f  w i l l
approach th e  v a lu e  o f  Y , a s  soon as s i / a d ec re a se s  even a small amount belowZ&t
th e  v a lu e  1 .2 5 .  I n  tu r n ,  t h i s  means t h a t  bo th  at and ocL a r e  bound to  be
l a r g e ,  s in c e  r e l a t i o n  (76) w i l l  b a r e ly  be  s a t i s f i e d .  L et us th e r e f o r e
account Y  w ho lly  to  th e  ze ro  and n e g le c t  From th e  co n d i t io n s
-  / -4 2 < 7  , < /  z s
the  b e s t  p o s i t i o n  o f  th e  ze ro  i s  abou t - / . i8oi./-(-jO-2 , f o r  which Ls/ = 2 - 4  •
This g iv es  s^ a - / • /£ ? ,  and from (75 ) ,  a f t e r  a few t r i a l  v a lu e s ,  we o b ta in  
^ 2 ftt
a, -  f3o } -*x±j<^3, ~ - 6o ± j !
The v a lu e  of cn2 i s  im m ateria l  from the  overshoo t p o in t  o f  view, provided
t h a t  The re q u ire d  t r a n s f e r  fu n c t io n  i s  t h e r e f o r e
£c(/>) =  (n o k .X z .z - ie . k f t t o O *  ( p + z - 3 ( ,k . - j ° * k X p  +3-X>k. k j ° z k ) _______________________
si f z - 3 ( . s k ) 1 Cpj Ho)t p + 2 k- jkXp+Zk .  +jk '(p + io h  - j k  } p+ iok i j  k )
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_ 4-t(>Sx/o*kl  ( p +  2-3Gk-jQ'Zk X pi- 2-3Gk + jQ-Zk )__________
(p-h/doh X.J> -hZk-jk.  k p - h Zk  + j k X p - b 6 o k - j k X p - } - t o k J f j k )
and th e  response  i s
&0C£f) -  I + 0-47S& s ',n (pL oz49)  -  98-Zf ^sin ( t 1-  o-oozz) - o G^L~/i0  ^ (7g)
shown in  F ig .  33.
hO
O S
OS kO I S
F ig .  33.
The maximum oversh o o t occurs  a t  f -  U + XLp -  % Lz ~ o.7$Z » anc  ^ i s  due 
e n t i r e l y  to  t h e  p r in c i p a l  mode which has th e  va lue  0 .051 . No p a r t i c u l a r  
m e r i t  i s  cla im ed fo r  -the above t r a n s f e r  fu n c t io n ;  in  f a c t ,  i t  would 
p ro b ab ly  be b e t t e r  t o  o b ta in  a s o lu t i o n  using  th e  n e g a t iv e  term  due to  the  
r e a l  p o le  and a l low  the  p r i n c i p a l  mode to  c o n t r ib u te  abou t 1 0 %', in s te a d  of 
the p r e s e n t  5.1%. The d e s ig n ,  however, does show t h a t
(a)  low ov ersh o o ts  w ith  Type 2 systems demand p o le s  w ith  v e ry  la rg e  
damping,
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(b) the  p r i n c i p a l  mode te rm  has an i n i t i a l  v a lu e  n o t  greatly-
exceeding  i t s  v a lu e  a t  the  time o f  maximum overshoo t,
(c) th e  complex ze ros  and s u b s id ia ry  complex p o le s  approach
th e  n e g a t iv e  r e a l  a x i s ,  and may be cons idered  as r e a l .
A Type 2 example i s  now given i n  which a l a r g e r  overshoo t i s  p e rm i t te d
and on ly  r e a l  ze ros  and s u b s id ia ry  p o le s  are  c o n s id e re d .  As a
consequence o f  th e s e  more reasonab le  c o n d i t io n s ,  i t  w i l l  be  seen t h a t  th e
s u b s id ia r y  p o le s  become c o n s id e ra b ly  sm a l le r  than  in  (77)
Example 2 .  1 complex p o le - p a i r ,  3 r e a l  p o le s ,  2 r e a l  ze ros
S p e c i f i c a t io n  -  15/2 overshoo t
Subsequent undershoot n o t  to  exceed 1%,
Then $ = a,Qz. vir , '_________(pb b, Kptbz )________________________
&i b/bi (p- ta^pb-a^XoiasX p - j u t  XP bdi  ( 79)
A p r in c i p a l  p o l e - p a i r  a t  - /  £ j l  w i l l  g ive  the  r e q u i r e d  damping. From 
Table IV Y = ~ o-S^2
As in  the p rev ious  example, l e t  Y be made up w holly  from and f o r
s i m p l i c i t y  l e t  us  take  h>}-bz . ,
Thus At,, ® _ 0.27/ and from t h e  overshoot c h a r t  2 , b,^bz - { 7oLj -  /.7 .
The a d d i t i o n a l  co n d i t io n  f o r  a Type 2 system now gives
OiaLQi \'iL(bibh^) =- +-r f  (a/Q3i -t'Q,q$ azQj)] ( 80)
F u r th e r  th e  l e a s t  v a lue  which qt can have i f  Aot may be n e g le c te d  i s  abou t 
/Opt/ • In  any  c a se ,  as th e re  w i l l  be two zeros  to  th e  r i g h t  o f  d / , th e  
c o n t r ib u t io n  of t h i s  te rm , i f  any, to  th e  o ve rshoo t w i l l  oppose ona =, due 
to  the  p r i n c i p a l  mode. I t  w i l l  th e r e f o r e  oe q u i t e  sa fe  to  ±ix Qm a t  ohe
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value /od/ = [o . S u b s t i t u t i o n  in  (80) now g iv e s  the r e l a t i o n  between az
and. = 2o
t-5S a 3 - 2 o ( 8 1 )
from w hich we see t h a t  a3 must exceed 2o/fccy /S , i f  a2 i s  to  be p o s i t i v e .
r SS
A number o f  v a lu e s  o f  az and a3 a re  p o s s i b l e .  A rea so n ab le  spacing of  th e
p o les  i s  produced however i f  a L ^ Z o  , a ,  -3 6 -4 .  We thus o b ta in  the
re q u ire d  t r a n s f e r  fu n c t io n
0 __ ( fo k  \ 2 o k X 36-4 A X /• 4/4-A)z___________ ( p +  !-7k.)z______________________
U'7k)z (p -b to kXp -t Za k. X p +%i-4-kX p-hk.~jk.Xpfk p)X)
5 'o^fo k *  ( p
CpbtokXp + aoXX p4 3i-(tk X p+ k~j k-Xp-h k Pjk)
This g iv e s  th e  re sp o n se
/./ . , - /o f '  - Z a P  -3(, 4 t '
9d( t f) = ( -h Q-8&9C sin ( tLo.&Zj)  -  b t o f t  b  J-QZji -  o-3tfs. (83)




F ig .  34.
-  121 -
The maximum overshoo t occurs  a t  t J I + ' Z l p -2fZz • From th e  ang le  
c h a r t  2, and 'ZLt  i s  t h e r e f o r e  l.q/}- . The a p p ro x im a t io n / / f
may he used t o  c a l c u l a t e  ^Lp . In  t h i s  manner, ff-h7.Lp-TLzs f-4SZ a t  which 
time th e  p r i n c i p a l  mode has th e  v a lu e  0 .1496 . The o th e r  te rm s a r e  -then 
n e g l i g i b l e .
S u f f i c i e n t  examples have now been  given to  show t h a t  t h e  d es ig n  
o b je c t iv e s  a r e  r e a l i z a b l e  w ith  an acc u racy  ample fo r  the  pu rpose .  A ll 
the  above c a l c u l a t i o n s  have been performed w ith  an o rd in a ry  s l i d e - r u l e  
g iv ing  lo g a r i th m s  to  th re e  f ig u r e s .  S im i la r ly  th r e e  f ig u re s  a t  th e  most 
can be e x t r a c te d  from any c h a r t  r e a d in g .  R e la t i v e ly  coa rse  approxim ations 
may a l s o  be employed w i th o u t  g r e a t l y  a f f e c t i n g  th e  f i n a l  r e s u l t .  One 
d i s c o n c e r t in g  f e a t u r e ,  however, i s  th e  e x t ra  t r o u b le  experienced  w ith  Type 
2 system s, a l th o u g h  the  p rev ious  example does show t h a t  a reaso n ab le  
s p e c i f i c a t i o n  can be  met w ith o u t  undue la b o u r .  I t  i s  n e v e r th e le s s  
s u f f i c i e n t  warning t h a t  th e  d es ig n  of a Type 3 system by t h i s  method i s  n o t  
going to  be easy , as  two v e ry  complex equa t ions  c o n ta in in g  p roducts  of 
p o le s  tak en  (r-i) and (r-z)  a t  a t im e , re q u ire  to  be  s a t i s f i e d  s im u l tan e o u s ly .  
In  such c a s e s ,  a b e t t e r  approach i s  a f fo rd e d  by d es ig n in g  in  terms o f  the 
p o le s  and z e ro s  o f  th e  t r a n s f e r  fu n c t io n .  This method i s  th e r e f o r e
now c o n s id e re d .
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CHAPTER 8.
THE DESIGN OF TRANSFER FUNCTIONS.
8 .1 .  I n t r o d u c to r y ,  T ra n s fe r  F unc tion  Forms.
The th e o r y  g iven  i n  Chapter 6 i s  now developed in  terms of  the
t r a n s f e r  f u n c t io n  • fri t h i s  case  th e  d i s t i n c t i o n s  between the  v a r io u s
Types of c o n t ro l  become more a p p a re n t .  This depends upon a minor d i f f e r e n c e
in  the forms of  th e  t r a n s f e r  f u n c t io n s .  Thus, from t h e  b a s ic  servo
e q u a t io n s  & = Yip) t <c m  s I
c 6I / + YC/>)
fo(p) « Y(f>]
Gir  (-bY(p)
we have n\ _ Gj/Q0Cp) ~ /
'  ‘i / u p )
Using th e  r e l a t i o n s  (33) to  (35) o f  Sec. 6 .2 ,  g ives
Type 1 .  *(p) « ■ - + fir-rp + Ax ) -(tf»ps+ Sip*m,+ • • +- 4 Vf>4 Ar )
^ Acj3r f  Aip Y 1 -f ■ ■ j- Ar-ip f  Ar
- Aopr -t Aip*"1 •/- • • •• f  (Ar-t -  8s-t )p ( 84:)
Ao j>r -h Aif>Y 1 /  - - j- Af-( p f- At
p i p  t-Uf Xp + Ui)  • • • (piUr-t)
(p+  V,Xpt Vz ) ■ ■ ■ (f>+Vr ) (85)
where Ut,Uz - •• e t c . ,  and v , X  ■ ■ • e t c . ,  a r e  minus th e  z e ro s  and p o le s  o f
the  fu n c t io n ,  and
U{ Ui - ■ Ut-i -  (Af-i -  &s-f )jAt
■ . . Vr = A r / 4 >
As u s u a l ,  th e  ze ro s  and po le s  may be r e a l  o r  complex and in  th e  l a t t e r  c a s e ,  
th e y  occur as co n ju g a te  p a i r s .  S ince the  po le s  and ze ro s  a re  to  be con fined  
to  th e  l e f t - h a n d  p la n e ,  Ut , UL • ■ ■ i l/i • • e t c . ,  w i l l  a l l  be p o s i t i v e  r e a l
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q u a n t i t i e s  o r  complex w ith  p o s i t i v e  r e a l  p a r t s .  The analogous exp ress ions
&fo r  Type 2 and Type 3 c o n t ro l s  a r e ,
Type 2 .  <c A*pv+ A p r~'t • • -b(Ar-s -  Bo)p* j- • • •• -t CAr-i~8s-z)pv (8 6 )
% ~ A*pr f- A t f - ’ + - - • f / ^ p i A r
p x L p t  U, ) (p  f  Ui.)  - - • - ( p f U r_z ^
( p + V , X p + V % )  - ■ ■ Lp + V r )
where Ui Ul Ur-z -  Qlr-z- Bs-z. ) /A
Vt l/i . . . l/r — 4r/Ao
Type 3 . ^(p) ~ 40pr j- A(pr 1 + - • + (Ar-s-Bj  p* -A • • • 'f'fyr-i- 8s-})p3 ,  N
Ql Aoj>r f  Atpr-' j  . . . (88 '
p l ( p  + U , X p  -bUj.) • ■ ■ (p f U r - 3  )
tp t  V( X.p f  i/j.) - i i i i p f ^ r )
where UiUi_ - -• Ur-i = (Ac-j~  &%-i)/A°
V, l/t  • • • l/r = A r / /k
The t ra n s fo rm s  of th e  e r r o r  q u a n t i ty  when th e se  systems are  su b jec ted  
to  u n i t  s te p  in p u t s ,  a re  g iven  by the  e x p re s s io n s  (85 ) ,  (87) and (89) w ith  
an a d d i t i o n a l  p i n  the  denom inator. The e r r o r  t ran s fo rm s  f o r  the c o n t ro l  
Types 1 , 2  and 3 , a l l  o f  th e  r ^  o rd e r ,  a r e  th e r e f o r e  d i s t in g u is h e d  as  
fo l lo w s ,
(89)
* The Type 0 c o n t ro l  may ag a in  be tak en  a long w ith  Type 1 , a lthough  
s t r i c t l y  speak ing  i t  y i e ld s  a t r a n s f e r  fu n c t io n  form
<%.Cp) * (p-h^Pp+Liz) - ; ; ; i p t  UrJ  where
fo (p + V,Xp+ Vx) - ■  ■ (p+\Pp)
U,Uj.-~- Ur = (Ar-BsVA0 and V,\/x ■ ■ l/r * Ar/A . I f ,  however, the  g a in  o f  th e  system 
i s  h ig h ,  th en  Ar = B<, and r e l a t i o n  (85) m aybe  u sed .
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Type 1* F p o le s ;  f-f zeros  o f  which none occur a t  th e  o r i g i n ;  (90)
Type 2. p p o le s ;  C-l zeros  o f  which one occurs a t  th e  o r ig in ;  (91)
Type 3 , p p o le s ;  p-l ze ros  of which two occur a t  th e  o r i g i n .  (92)
I t  w i l l  be shown t h a t  th e s e  d i f f e r e n c e s  a r e  more e a s i l y  handled in  
d es ig n ,  th a n  th e  complex e x p re s s io n s  o f  po les  and zeros  which r e s u l t e d  from 
s t a t i n g  th e  e q u a l i t y  o f  c e r t a i n  c o e f f i c i e n t s  in  th e  num erator and denom inator 
of th e  AfO^Cp) t r a n s f e r  f u n c t io n .  A f u r th e r  advantage of the  method i s  
p o in ted  ou t l a t e r .
C e r t a in  r e s t r i c t i o n s ,  however, do a r i s e .  From (8 4 ) ,  ( 8 6 ) and ( 8 8 ) ,  i t
P P— I /w i l l  be seen  t h a t  th e  c o e f f i c i e n t s  o f  p , p ~ ■ ■p i n  the num era tor and 
denom inator a re  e q u a l .  The forms (8 5 ) ,  (87) and (89) a u to m a t ic a l ly  ensure 
t h a t  t h e  c o e f f i c i e n t s  of h ig h e s t  powers ag re e ,  bu t f o r  th e  n ex t  and low er 
powers o f  p , a d d i t i o n a l  r e l a t i o n s  r e s u l t .  These a r e ,
c o e f f i c i e n t  o f  p r~'( AijA) Ui + Llz-h • •• f£/r-/ = V( -f Vj. 4 ■ - i  (93)
c o e f f i c i e n t  o f  p r'Z ^ 2 U -  ^ z ^  ( ^ )
where i s  the  sum of a l l  p o s s ib le  p roducts  o f  Ur , taken  two
a t  a t im e , and s i m i l a r l y  fo r  V . 
c o e f f i c i e n t  o f  p r V/ls //).) Z s U . Z s V  ( 9 5 )
where i s  th e  sum of a l l  p o s s ib le  p roduc ts  of U/jUj, ■ ■ Up,/ , taken  th re e
a t  a t im e , and s im i l a r l y  fo r  ^ 3 V •
I t  i s  t h e r e f o r e  c l e a r  t h a t  u n le ss  £ « r - 2 , or a t  l e a s t  i  , the
th eo ry  b u i l t  upon th e  &/&itp) t ran s fo rm  gives l i t t l e  improvement over th e  
method based upon th e  9&/&lCp) t ra n s fo rm . A second p o in t  t o  no te  i s  t h a t
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th e  number o f  ze ros  to  be d e a l t  w i th  i n c r e a s e s .  This i s  n o t ,  however, a 
source  o f  t r o u b l e .  A b r i e f  review o f  th e o ry  analogous to  t h a t  in  C hapter 
6 i s  now g iv e n .
8 . 2 . G eneral S o lu t io n  o f  P r in c ip a l  Mode Approximation to Overshoot in
U n i t -S te p  Response, in  term s of P o les  and Zeros o f  T ra n s fe r
F u n c t io n ,
As th e  r e s u l t s  f o r  Types 2 and 3 may be o b ta ined  from p a r t i c u l a r  cases  
o f  t h e  e x p re s s io n  (85 ) ,  i n  which one and two, r e s p e c t iv e l y ,  o f  the  ze ros  
a re  allow ed to  approach and f i n a l l y  c o - in c id e  w ith  th e  o r ig i n ,  i t  w i l l  be 
s u f f i c i e n t  to  c a r r y  o u t  the g en e ra l  a n a l y s i s  in  t e r n s  of a Type 1 e r r o r  
t r a n s fo rm .  Using the n o ta t io n  g iven  in  Sec, 6 .3 ,  t h i s  may be w r i t t e n ,
1  —
z m  =■ i l1/ tU , ( p t y n t k  e x )
A ft7
II + -hjtij) (96)
k=i j^ t
where <p + 2 n -  ^  + Zm - 1 
The po le  a t  p = -oLj-tjoaj g ives
(j j 2  o L ' t  'cj ' 8
M C ^ j f - j v j  + bi) (I f / 4  / / > A ) Z JI JUj
1 = 1________________k=±__________________________________________  .______
•f j n
FI +  a f i )  II  +  J ^ j  i  ^  X - d j  - b j u j  - b o t y - j .  j u ) % )  Z j U j
h“  V i l l i '
1  jO i- f i i i )  j  , j l z f -  i j p + r L )  .. . .
U xhJ )  jj o t i « \ i £  m '  ^ 7 V » ' J W
The p o le  a t  g ives  th e  co n ju g a te  o f  t h i s ,  so t h a t  th e  p o le - p a i r
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a t  -oij ±juij g iv es
f  II W k jI*!  K=1 4 J 1
-f- m




f   ^  • "f* ffl
s k [ u j t  ? ( v r -
f ~ U t  AJ
This e x p re s s io n  we s h a l l  denote by MjLlr) • The c o n t r i b u t io n  from the
m
m  complex p o le s  i s  th e r e f o r e  J/f M;tt ) • In  p a r t i c u l a r ,  th e  p r in c i p a l
/  = /
mode te rm  i s
J
j l . V i i  J l . Z h t ' k ,  i * *
M , i t )  = £ ± i__ £ k
dt JP  W/
u  xh, a  uj ' uj >




f u / t  + 'tin - P i , )  t  X  (ZIi-'fk,t<r'Kj )  -  x  ( f f - L  ) - X (ZH- 
C^ i k = l a*/ j = z
In  l i k e  manner, th e  c o n t r ib u t io n  from the r e a l  p o le s  w i l l  be  denoted  by 
4
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The e r r o r  i s  th e r e f o r e
m -f
e l t )  .  Z  M j ( t )  + Z  Nh (t )  (100)
J~ n - !
Assuming t h a t  th e  p r i n c i p a l  mode approx im ation  h o ld s ,  (98) i s  now- 
d i f f e r e n t i a t e d  i n  o rd e r  to  c a l c u l a t e  th e  maximum v a lu e  o f  th e  f i r s t  o v e rsh o o t.  
This occurs  when
9 h    . -f m
u , t + i a - f y )  + f  )  -  X  c r r - t j  -  % ( m -  f y T t i , ) -  6  = " ,
h ^( s = i
t h a t  i s ,  when
4 m   f  ft
t  ~ ll ih<t>, ) +■ %+ *j> ) ~ ^  (101)
The c o n d i t io n  ( lO l ) ,  s u b s t i t u t e d  in  (98 ) ,  g ives  Milh) th e  re q u ire d  n e g a t iv e  
s ig n ,  (minimum v a lu e s  o f  th e  e r r o r  q u a n t i ty  corresponding  to  o v e rshoots  o f  
the  o u tp u t ) .  The e x p re s s io n  fo r  i s  th e  tim e of th e  f i r s t  minimum of (98) 
and th e r e f o r e  th e  tim e a t  which the  f i r s t  overshoo t has i t s  maximum v a lu e .
The s i z e  o f  t h i s  maximum i s  g iven  by 
9 n
. n  Vi, r i  z * x
U t  f
4 jn
IT 3Cft, || Hr* v 'j<
h "  i * 2  f
l t , [ f j i r - a ) (102)
1  . i  ,. J v -  " ' J r i l '
'  ' a m )
h = t 1*2
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This i s  an e n t i r e l y  analogous e x p re s s io n  to  r e l a t i o n  (53) of Chapter
6 . In  t h i s  c a s e ,  however, the g e n e ra l i s e d  overshoo t i s  given i n  terms o f
f a c t o r s ,  e t c . ,  which depend on the p o le s  and. ze ro s  o f  t h e  t /ofy)
t r a n s fo rm .  These f a c t o r s  do no t d i f f e r  g r e a t l y  in  form from th o s e
r e s u l t i n g  in  th e  ^j-p)  a n a l y s i s .  The q u a n t i t i e s  a re  compared be low :-  
Pole o r  Zero Type. Form i n  %/  a n a ly s i s  Form in  6/^. a n a l y s i s .
.p. . _ p e n - a )  4 u r - X )
Heal p o le  x /<xf x f w/ (104;
I ' C z f f -  'P-f P )  , &  C-2/7- )
Complex p o l e - p a i r  vof/  vv Z UJ> (105)
I ' i j f -P )  dJOt-P)
Heal zero  (106)
«j (2.ti-(rT v1)  ( a i t - )
Complex z e r o - p a i r  z z ’l (107)
C harts  g iv in g  the lo g a ri th m s  o f  th e  q u a n t i t i e s  in  th e  r ig h t -h a n d
column have been computed. C a lc u la t io n s  w ith  th e s e  c h a r t s  a re  based ,  fo r
Type 1 servo-m echanism s, upon th e  e x p re ss io n  (103).  The overshoo ts  in
the c a se  o f  Type 2 and Type 3 servo-mechanisms a re  g iven  by th e  e x p re s s io n s
(108) and (1 1 0 ) ,  deduced below.
Type 2 servo-mechanism.
In  th e  e x p re s s io n  (103), l e t  the  r e a l  zero  ^  tend  to  th e  o r i g i n .  Then
r< a n d  ^  & )
The p r i n c i p a l  mode approx im ation  to  th e  overshoo t i s  th e r e f o r e
, s *  , n ^ V - r z r r U
' ‘f t  i f  o»«i
h~( j ~2
Also from the e x p re s s io n  ( lO l ) ,  th e  time for maximum overshoo t i s  o b ta ined  
by l e t t i n g  ) - ( " - & )  • 11118 g ives
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k '  I p 3* ' i - i ' a i - V - i ( x - v f f l , ) ]  d o g )
t'~f k=.(
Type 3 servo-mechanism.
In  a s i m i l a r  manner to  th e  above, l e t  two r e a l  zeros  te n d  to  the  
o r i g i n ,  t h a t  i s ,
and n~^'
S u b s t i t u t i o n  in  (103) g ives  an  overshoo t o f  magnitude
' '  ^  * h t g f ' - A h h f t  »h t;, s t ,w - ' U r r * ' , , ) d i o o
L ikew ise  from ( l O l ) ,  th e  tim e a t  which t h i s  occurs i s
« " ' /c~>
With sm all v a lu e s  of <f>, , t h i s  e x p re s s io n  may become n e g a t iv e .  In  t h i s  
c a se ,  th e  f i r s t  minimum o f  the  p i i  n c ip a l  mode term occurs  -Z/7  ^ seconds 
l a t e r  th a n  t h a t  g iven  by ( i l l ) .  There i s  no d i f f i c u l t y  in  c a l c u l a t i n g  
the s iz e  o f  th e  minimum, acco rd ing  t o  the methods p re v io u s ly  g iven ,  b u t  
i t  must b e  checked i f  t h i s  minimum r e p re s e n ts  th e  f i r s t  overshoo t in  th e  
o u tp u t .  The p r in c i p a l  mode te rm  w i l l  now have a n e g a t iv e  i n i t i a l  v a lu e  
and must p ass  th rough  a p o s i t i v e  maximum b e fo re  th e  re q u i re d  minimum i s  
reach ed .  I n t e r a c t i o n  w ith  a p o s i t i v e  r e a l  term may produce a minimum 
v a lue  o f  th e  e r r o r  q u a n t i t y  p r i o r  to  t h i s ,  and hence ren d e r  the  p r in c i p a l  
mode app rox im a tion  q u i te  i n v a l i d .  A d e s ig n  i s  n o t  im poss ib le  under th e s e  
c ircum stances  b u t  i t  would be l a r g e l y  a m a tte r  o f  t r i a l  and e r r o r  and i s  
b e t t e r  av o id ed .
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B efore app ly ing  th e  above r e s u l t s  t o  num erical d e s ig n s ,  b r i e f  
conc lu s ions  re g a rd in g  the use o f  the least-dam ped r e a l  po le  a r e  g iven .
8 ,3 .  Use o f  Least-Damped Real Pole i n  a d d i t i o n  to  P r in c ip a l  Mode 
Term.
From the  r e l a t i o n  (9 9 ) ,  th e  te rm  r e s u l t i n g  from th e  n e a r e s t  or 
leas t-dam ped  r e a l  p o le ,  s i t u a t e d  a t  -c?f , i s
N,it) = L^ z 'ai r a,t
, II X -o -V T T  ( - " X V  *>/\) (112)
h »  %  j  a  I
This a p p l i e s  f o r  a Type 1 servo-mechanism. In  th e  case  of a Type 2 
system, t h e  te rm  becomes
n ( H  -«<) TT ( 1 - ^ k )  f a , t
N ,H )  =   (1X3)f  m  . x. .
II -  a <) TT ~ at 4 (01  )
and f o r  Type 3,
> - /
( . k - O  u  C / v
N , l t )  «  — ------------------- ~ m ~  ~ T Z T I -------------  (1 1 4 )
(«/,-«<) .It ( - f  y-ojj1)l i - i
I f  now th e  term Nitt j i s  to  h e lp  in  reducing  the  ov ersh o o t by s u b t r a c t ­
ing  from th e  p r i n c i p a l  mode v a lu e  a t  t h a t  p o in t ,  the  s ign  o f  Ahit) should
f
be p o s i t i v e  as shown i n  F ig .  27. But Q.,<a^ and th e r e f o r e  TT^  ( Qh~a</ >° •
a  ___  x , i n.  1
Also J l  (Uj-at +  vj ) >o and . We have th e re fo r e  the  fo l lo w -
j=i k-i
ing  c o n d i t io n s  in  o rd e r  t h a t  N(it)  should be  p o s i t i v e  -
Type 1 .  No zeros  or an even number o f  zeros t o  th e  r i g h t  of Q./ ;
Type 2 .  An odd number o f  zeros  to  th e  r i g h t  of Q.t ;
Type 3 . As Type 1•
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I t  may n o t  always be  p o s s ib le  to  use t h i s  te c h n iq u e ,  f o r  example, in  
Type 2 systems hav ing  few zeros  and p o le s ,  and i t  i s  im poss ib le  to  app ly  
i t  i n  a Type 2 system w i th  on ly  one zero ( d i s t i n c t  from th e  o r ig in )  and 
only one p o l e .  This fo llow s from c o n d i t io n  (9 3 ) ,  i n  which and
a,+2et/, and hence i s  n e c e s s a r i l y  g r e a t e r  than  a/ .
8 .4 .  Notes on th e  Design C h a r ts .
1 .  The o v e rsh o o t c h a r ts  show th e  lo g a r i th m  to  th e  base  10 o f  th e
op ( i f - f  )  <*l (Iff* tf+tf')
q u a n t i t i e s  and Zt'i  w/ fo r  r e a l  zeros  o r  p o le s  and
complex z e ro -  o r  p o l e - p a i r s  r e s p e c t iv e l y .  As th e se  c h a r t s  simply 
co rrespond  to  th e  overshoo t c h a r t s  a l re a d y  d e s c r ib e d ,  s im i l a r
remarks p e r t a in in g  t o  th e  a b s c i s s a e  and range of the  c h a r t s  app ly .
2. For th e  c a l c u l a t i o n  o f  the time o f  th e  maximum overshoo t in  acco rd ­
ance w i th  equa t ions  ( lO l ) ,  (109), and ( i l l ) ,  the ang les  (/T-/3) , (IF- 
e t c . ,  may be tak en  from the  fy (^p) ang le  c h a r t s  a l re a d y  p ro v id ed .
3 . For p o le s  and z e ro s  beyond the  a b s c is s a  l i m i t  10, the  q u a n t i t i e s
*c,cn-p] , £ ( Z / 7 - w > )
(cxj/ yz*"> ' and /o9hxzU  a re  approximated by /oyfo b
and /o<^ 5 2 r e s p e c t iv e l y .  The approxim ations f o r  ( l l -f)  and 
(Zff-ffQ-1)  a r e  t h e  same a s  th o se  adopted p re v io u s ly  (Sec. 6 .5 ,  Note 5 ) .  
Whereas a t  f i r s t  s i g h t ,  i t  would seem t h a t  th e se  approx im ations , how­
ever n e c e s s a ry ,  c o n s t i t u t e  a drawback to  th e  method, in  f a c t  th e  v e ry  
o p p o s i te  h o ld s  -  e s p e c i a l l y  i n  th e  £°riri d e s ig n .  I t  i s  a f a c t
t h a t  i n  t h i s  meihod th e  in h e r e n t ly  u n s ta b le  Type 2 and 3 systems norm ally  
r e q u i re  a l l  t h e i r  s u b s id ia r y  p o le s  and zeros  to  be rem ote ly  s i tu a te d  from
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the p r in c i p a l  p o l e - p a i r  and thus  th e  u se  o f  th e  c h a r t s  i s  com ple te ly  
u n n ece ssa ry .  Furtherm ore , as i t  i s  im m ateria l w hether remote p o le s  or 
zeros a re  r e a l  o r  complex, i t  i s  e a s i e r  to  make th e se  w holly  r e a l .  A 
des ign  may th e r e f o r e  be worked ou t e n t i r e l y  by the  u se  of a s l i d e - r u l e ,  
as lo g a r i th m s  to  t h r e e  f ig u re s  a r e  amply s u f f i c i e n t .  A v e ry  r e a l  
advantage i s  th u s  o b ta in ed  where i t  i s  most needed -  i n  th e  d es ign  of 
s a t i s f a c t o r y  t r a n s f e r  fu n c t io n s  fo r  the  b a s i c a l l y  u n s ta b le
Type 2 and Type 3 servo-m echanism s. Such des igns  a re  dem onstrated  in  
the  fo l lo w in g  C h ap te r .
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CHAPTER 9.
USE OF THE Z'/Qffi DESIGN CHARTS. COMPARISON OF ^ ( p )  AND %.(p) METHODS.
9 .1 .  I n t r o d u c to r y .  Tables of C o n s tan ts .
I t  has been p o in te d  o u t  i n  Sec. 7 .3  t h a t  Type 2 and Type 3 t r a n s f e r  
fu n c t io n s  a re  b e s t  designed  w ith  only  r e a l  su b s id ia ry  po le s  and r e a l  z e ro s .  
This a l s o  ho ld s  fo r  the  p r e s e n t  method and in  th e  fo l lo w in g  d es ig n s  only 
such p o le s  and z e ro s  a r e  co n s id e re d .  Such a procedure  s im p l i f i e s  th e  use 
of th e  c h a r t s ,  by c o n f in in g  th e  re a d in g s  to  th e  cu rv es ,  and avo id ­
in g  th e  awkward "bunching" of t h e  curves p e r ta in in g  to  complex po les  and 
z e ro s .  Complete c h a r t s  have been g iv e n ,  however, as i t  may happen t h a t  a 
complex z e r o - p a i r  i s  d e s i r e d .
Before  c o n s id e r in g  th e  examples, i t  i s  u s e fh l  to  p rep a re  a Table, 
s im i l a r  t o  Table IV, w hich  g ives  V-^^z-X^p f ° r  a number o f  overshoots  
each w ith  th e  th r e e  d eg ree s  o f  damping. This i s  based  upon th e  ex p ress io n s  
(103), (108) and (110) fo r  Types 1 , 2 and 3 servo-mechanisms r e s p e c t iv e l y .
In  lo g a r i th m ic  form, th e s e  a r e
Type 1 .  X » lo g ^ o v e rsh o o t  =» -  lo g /0/^  -  0'4345<*fClt+<j>f) -f-V (115)
Type 2. X =• -  0 -8666  +  Y (116)
£0 /
Type 3 . X lo g  . r , -  0-4543^ ( i fa - l f )  + Y  (117)
We have th e r e f o r e  th e  fo llow ing  Table g iv in g  Hie v a lue  of Y~ .
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TABLE VII 
Values o f  Y - ^ ^ z
Type -Jft/O), 5%
Overshoot 
10% 15% 20% 25%
Log.Overshoot 
X
- 0 .5 ±j! -0 .3 3 -0 .0 2 9 +0.148 +0.272 +0.369 y  -0 .971
/ -1  ± j l +0.556 +0.857 +1.034 +1.158 +1.255 Y -1 .857
- Z  t  j l +2.179 +2.48 +2.657 +2.781 +2.878 Y -3 .48
~ 0.s±j( -0 .8 2 -0 .519 -0 .342 -0 .218 -0 .121 Y -0.481
2 - I t j l -0 .6 1 9 -0 .318 -0 .141 -0 .017 +0.080 V -0 .682
- Z t j l -0 .4 9 7 -0 .196 -0 .0 1 9 +0.105 +0.202 y -0 .804
- o s ±  jl -1 .311 -1 .0 1 -0 .833 -0 .709 -0 .612 Y +0 . 0 1
- I  t j l -1 .793 -1 .4 9 2 -1 .315 +1.191 -1 .094 Y +0.492
3 -1  t j l * +0•939 +1.24 +1.417 +1.541 +1.638 y  -2 .2 4
- z - t j i -3 .1 7 4 -2 .8 7 3 -2 .696 -2 .572 -2 .475 Y +1.873
-I *- 2  t j l +2.285 +2.586 +2.763 +2.887 + 2*984 Y -3 .586
* E n t r i e s  h e re  are  c a l c u la te d  from
X -  loyIQr; -  0 .4 3 4 3 & CHi+li) + Y
03 )
1 nsi . e .  th e  case  o f  maximum ov ersh o o t occuijjLng Zf(/ojf seconds 
l a t e r  th a n  t h a t  g iven  by ( i l l ) .
9 .2 .  Examples.
Example 1 .  Type 2, 1 complex p o l e - p a i r ,  3 r e a l  p o le s ,  3 r e a l  z e ro s .  
S p e c i f i c a t i o n  -  15% maximum overshoo t
Subsequent undershoot of th e  o rd e r  of 2% i s  
p e rm i t te d .
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Then
G/gj = P+ ^zXp-h k>3 )_______________
9 f  Cp-h<x,Xp-hQzXp-ho-3Xp-f'^i~joo,)ip-f-ui+jo3i^ (118)
For t h i s  example, l e t  us ta k e  the  c a s e  when th e  degree o f  th e  denominator 
in  ec/diip) exceeds t h a t  of th e  num erator by  2 . This g ives  the  
c o n d i t io n  (93) of Sec. 8.1 as fo l lo w s ,
bi + bt  + b3 » a, -h a3 ■(- 2dL, (119)
SinGe the  p o s i t i o n - H j l  f o r  th e  p r in c i p a l  p o le -p a i r  w i l l  g iv e  the  re q u ire d
i
damping, th e  r e q u i r e d  Y  from. Table VII i s
y  -  z a z - £ ap -  -< ? ./? /
A number o f  d e s ig n s  a re  t r i e d .
(a) Suppose a,= 10, a2 =. /s .a^Zo , bt ~ 5  • Y  i s  th e n  g iv e n  as fo l lo w s .  
a, * io Aa/ » bO ( c h a r t  2 or approximated by
az * /5 &qz » /•//(& (approximated by
a3 ~zo  htol  ( " "
%a. * 4 5  5}Ap ~ 3-417, bz +l>3*42, and t r y  b2~ 12. , ^=*30. Thus
*bt -  ° - ^ i  A bz * / o7<? > ' 4 7 7 J = J 2 7 6
This g iv e s  Y - - 0-207, log  ^  overshoot =* -0-20/ -  0-662 =? -0-883
and th e r e f o r e  about 15% o vershoo t.
(b) Suppose Q/ -  S’, oz = fO , z o , b/= 4  •
Thus 111611
a ,  -  5 A*, = 0-72 ^ °X>4
<*z= 10 tlQz = 1-0 ^ - 0 . 7 ?
a3 » 2 0  a = /-3 o/ ^  ~ 2 7  ^ 3  = I'43!
2$a*>35 Z A p  = 3-021 % &k -  2-86/
b ^ b ^ -  33 , and tr y  bz -=(>, £3 - 27 . and Y - ~ o  (Ll
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x  a lo g  /0 ove rsh o o t = - o . / 6 /_  o.£8Z -=-0 - 8 4 3  f ,;€. /434°/0
I t  w i l l  be n e a r  enough to  adop t th e se  p o le  p o s i t i o n s .  To complete 
the d a t a ,  we have
Lat -  o Z 4  > L <*t =• 0-H ,  ^Q3 -  o ,o 3 3  lb ,  -  o.3Z  j xL/,z ~ o-2  ,  c ( ,3=, 0 - 0 2 7
2  Lp ~ Q-4C5 ~ O.SS7
Hence maximum oversh o o t w i l l  occur a t
f  -  2 f ,  + % Ap -  £ / l z  .  1 .4 1 J  
The r e q u i r e d  t r a n s f e r  fu n c t io n  i s
i(p) « pz l p + 4 k X p  + H.Xp+27k)___________
<* (f + st.Xp+*kXF+a>k.Xp+k.-jA)t.p+k.+ik) U ;
which g ives  th e  e r r o r
eft*) =* o-8 3 4 5 € tsm i t 1 4-2 .s u )  + o • o8L3 £ ~ ^  o-<WSt totl  o • s V f  ^  . (1 2 1 )
the  computed oversh o o t i s  14.33%.
The above d e s ig n  i s  on ly  one o f  a number which a r e  p o s s ib le  w ith  f a i r l y
wide v a r i a t i o n s  in  the  p o le s  and z e r o s .  For in s ta n c e  the  t r a n s f e r  fu n c t io n
e ( ) ,  p z ( p + s k X p +  3 i - 5 k ) z_________________
(/> 4fok X p  -h zok. Xp-f- 4okXp-f-M-jkXpj-p+-jk. )
w i l l  a l s o  g iv e  abou t 15% o v e rsh o o t .  Such a wide choice  o f  d es igns  r e s u l t s  
p r im a r i ly  from having a r e l a t i v e l y  l a rg e  number o f  po le s  and z e ro s .  Con­
v e r s e ly ,  a l im i t e d  number o f  p o le s  and ze ros  r e s t r i c t s  t h e i r  p o s s ib le  lo c a t io n s  
Example 2. Type 3, 1 complex p o l e - p a i r ,  3 r e a l  p o le s ,  2 r e a l  z e ro s .  
S p e c i f i c a t i o n  -  10% maximum overshoot
Subsequent u ndershoo t o f  o rd e r  o f  2% p e rm i t te d .
Then
Up) -  f *  <-P+hi x P+
& (p-1-a,y.pHXi X p ^  Xp - ju/Xp-f-ot,-t-jojf )
(122)
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F u r th e r  l e t  u s  t a k e  th e  case  when th e  degree o f  th e  denominator in  
exceeds t h a t  o f  th e  num era tor by 3. This g iv e s  th e  e x t ra  c o n d i t io n s
b / 4- ^ 2. — Q ./+ o.£ -£ a  j  + 2 u ./  (123)
b/bz =r a.iOi-t-atO.3 bataj -f- 2.0C/ ((Li-hu baj) b (124)
In  c o n t r a s t  to  th e  p rev io u s  d e s ig n ,  t h i s  one i s  l i m i t e d .  S ince  a 
p r in c i p a l  p o l e - p a i r  a t  e i t h e r - l ^ j l  or -Z±jl produces th e  c o n d i t io n  o f  a 
p r in c i p a l  mode maximum b e fo re  th e  re q u ire d  minimum (assuming t h a t  a l l  po les  
and z e ro s  w i l l  be remote and hence L p - ^ L Z  ^ O , the p os it ion -a5 l)7  w i l l  
be t a k e n .  From Table VII t h e r e f o r e ,
A number o f  d e s ig n s  a r e  now t r i e d .
(a) Suppose at - t o} az =2o, b, . C onditions  (123) and (124) g ive
}
^0 b  b z - 3 / b  <33
»23/.25* V J/a3
are
from which a5 -= j t>z _ s l . J  . The lo g a r i th m ic  increm ents
o.f lo /]a/ ho I  (oq 0 ,]  4o Abf /-602 [ log bf ]
Jfo fa
2o Aql  f-3o/ etc. s g  AbL t-JSq etc.
Gj 65-7 M 3 i-BtB
t A p 4-H<7 X A Z 3-3S&
y -  -  - 0 .7 6 3
X -  -0-763 f  0 -0/ = —o.J$3 and overshoo t ==■ f7&0/o
(b) Suppose a, -  to j az  ^ 4c j bt -  6 0  .
60  b bt_ =  S{ b Q.$ \
Then ,  , „ f
6 0  6 1  -  4b  1-25 b  £! a  3 j
from w hich a 3 = do , bz = fO! . Hence,
G/ to Ad/ t'O b/ 60 A bi t '778
di 4o Aol  t-GoZ bi fat A k  2 '00S
O3 HO M 3 2 041
X&p XA-l 3-783
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V -  %AZ -  %&p *  - 0 . 8 6 O
X *  -  0-860 b- o.oj =s o -s5  f and oversh o o t » /4- f %
In  t h i s  example a number o f  o th e r  t r i a l s  were n e c e s s a ry .  These showed 
f i r s t l y ,  t h a t  th e  o vershoo t d ec reased  as the  sum in c re a s e d ,  more
e s p e c i a l l y  i f  ’ Qt and at  were n o t  too  f a r  a p a r t ,  and secondly , t h a t  the 
cho ice  o f  d id  n o t  g r e a t l y  a f f e c t  the overshoo t fo r  g iven va lues  o f  fl/and 
d 2 . The f i n a l  d e s ig n  i s
( c )  a/  , S  I J n  Lc<( ° ' ° t f  b> 6 0  A h , f-7 7 8  Lyt o-o/GQ
Q-l 3o a Ql M 7 7  Lqz 0-o33<f bz  8J-4  t - W  LbL o o tZ 3
03 ys.q- (\cl% 1^80  Lg, Q'O/oS__________________________________________
Hence V  =• - o f 4 4 -  , X = -  0 . 9&4 4- o-oi =• - 0 .^34- •
t h i s  g iv e s  a p r i n c i p a l  mode v a lu e  o f  11.64^ a t  t { - b X L f  o-zc>
In  t h i s  d e s ig n  the  te rm  due to  th e  n e a r e s t  r e a l  pole w i l l  be p o s i t i v e
s in c e  t h e r e  a r e  no ze ro s  to  th e  r i g h t  o f  a, . The t r a n s f e r  fu n c t io n  i s
e ^  s  p*CpbGoJLXpb&-4k ) ______________________ ___
61 (pbfSkXp+sok X p t  9S-4k)(p b 0'6~k-jkXp+ o SM+jk) 1^25^
and th e  e r r o r  i s
/ f - o . s t '  - /S t '  _30pi -<T£4t'
<t(t) = sm ( t f- 3-988) b- 2.G431 - A  U $ z  b o.o9$Zl (126)
F ig .  35 below i n d i c a t e s  the  c o n d i t io n s .
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to
0 -5
0 - 5 / • 0
F ig .  35.
The v a l u e  o f  th e  p r in c i p a l  mode a t  t'-C-Zi i s  -C //63 • The good 
agreem ent between th e  p r e d ic te d  and computed v a lu e s ,  in d i c a te s  t h a t  the  
approx im ations  Aa = ^ /0^/ e t c . ,  ^ar n,')Gt c .  a re  q u i te  r e a s o n a b le .  I t  
should  be n o ted  t h a t  a l th o u g h  the  te rm  due to  th e  n e a r e s t  r e a l  po le  
causes the  ov e rsh o o t a t  to  be about 6%, the  maximum overshoot .
s t i l l  i s  abou t 11% and occurs l a t e r .  This i s  due to  th e  slow decay o f  
th e  p r i n c i p a l  mode te rm  r e l a t i v e  to  th e  n e a r e s t  r e a l  p o le .  A r e a l  p o le  
w ith  l e s s  damping than  t h i s  would be req u ire d  to  m a te r i a l ly  a l t e r  the  
o v e rsh o o t .
Example 3. Type 3, 1 complex p o l e - p a i r ,  2 r e a l  p o le s ,  1 r e a l  z e ro .
This example i l l u s t r a t e s  the  d e r iv a t io n  o f  the c i r c u i t  va lues  
&m  a p r a c t i c a l  problem.
•3?
See re fe re n c e  2/ , Appendix 2.
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The open-loop  t r a n s f e r  f u n c t io n  o f  an in d u c t io n  m o to r -c o n tro l le d  
servo-mechanism i s  g iven  by
§ip) = 3So°e ' pz (127)
to  a f i r s t  ap p ro x im a tio n .  I t  may be s t a b i l i s e d  by th e  u s e  o f  the  in p u t
network shown below.
-o
F ig .  36. 
This has th e  t r a n s f e r  fu n c t io n ,
/
(p) =• + ?L't* + d d  '
P x +  P [-1% ~h -Lq -f~—L 1 -f- — L-,
I ci%t C/KtJ ci£(Ci Rl
g iv in g  the r e s u l t a n t  loop  t r a n s f e r  fu n c t io n




i-(ti) = _________ / v 1 'f-i'-w '-/r-z.j (-/Kft-zKi j  _____________________________  \
r rp toft Cz^  qljL J > (ci&QPi J / Lcift c2ZL J
As the  s t e a d y - s t a t e  a c c e l e r a t i o n  e r r o r  w i l l  be very  small i t  i s  b e t t e r  to  
t r e a t  t h i s  a s  a Type 3 system . In  t h i s  case  we have
p ( p  + [ 5 %, ^ 4  * o i l  1 )
f ) C L f. f  /  L / ~h /_ 1  -L f
r  r l c fe , r Cif i i  C / ^ J  CiUiCxP-jl 
ac t io n  i s  th e r e f o r e ,
P  ( P l  + f 1 f o P t * C i P L C f P L ]  ^  c j , c 2 '&  )
SSoo
P X




a *  +  a 1 / - L  4 - J .  + - L  )  4 - p l J S o o  + p f _ L  + 1  p S a o  4  J £ i or + f <■€*, a tL c ^J  a o g / c f i j  p e o *
(131)
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p 3( p + b>)___________________   (132)
(p-ba, Xp + a.lX p  + *l ~ jU),Xp-hii+j«J, )
where bt = &,^az + 2 °ct .
As in  the  p re v io u s  example, tak e  the  p r in c i p a l  p o l e - p a i r  p o s i t i o n -o-S±jJ, 
For a 10$ o v e rsh o o t  we have , from Table VII
y ~ -l oi
F u r th e r  s in c e  b,>at o r  cl?, , th e  term due to  the n e a r e s t  r e a l  p o le  w i l l  be 
p o s i t i v e .  A few t r i a l s  a r e  made.
(a )  Suppose fl/ - !° } clz = 20
Then Acu^t , Aat = /-do/ > ZAp  * 2  301
b, ~3! , Ah, -  f-tff  , X A Z ~ M<7/
Hence Y ~ - o - Q/  and X =s lo g  /Qovershoo t =? - 0 -8 I-f-o.ot =r-o.& ,
t h a t  i s , a b o u t  16$ o v e rsh o o t .
(b) Suppose a( -  (5 , a z - Jo
Then ^0/ = A/Tfe , Aa*.- 1-411 , 2-653
b, = W> j 4 4 , = A663 , ^ A z = A663 
and y=-<?-99 . This i s  n ear  enough th e  r e q u ire d  v a lu e .
Completing th e  d a t a ,  we have LQ^ 0-oii(ii lg=o-o2Z . The p r in c ip a l
mode minimum w i l l  t h e r e f o r e  occur a t  bf^ 3$, -h ZLp-Ol -hZLX ) , i . e .  a t
3(l-toQ-ho>l(ft-L2-l42+o-022)=>o-2gJ . The req u ire d  t r a n s f e r  fu n c t io n
i s  Up) =•--- -------------+ ^ ( 134)
^  Cp+JSkXpi-*>ok.Xp+oSk-jkXp+o-sk+-jP)
*■  _________ -b4t>kpl----------------------------  (135)
c > V  Sb6£*/> f  s & s k *
E quating  th e  c o e f f i c i e n t s  of ( l 3 l )  to  those  o f  (135)
-3SQP =» 6*62 . Sk*  (136)
(J- + S  IdSbo = SoLk3 (1 3 7 )
Q# c2)f2 /
JSoo = W i - 5 k l (138)
S o lv in g ,  we have k  => 2-655, £*=. 7.0 G , ^3-  18-75 , k 4=> qq.Q .
The r e s i s t a n c e  R2 would n o t  norm ally  be l e s s  than  about /ooosito avoid 
undue lo a d in g  and we s h a l l  suppose i t  i s  f ix ed  a t  t h a t  v a lu e .  The 
eq u a t io n s  then g ive  £/ *  Q-3S/*.F , d,R,cLRL « o ltqQ  . I f  Cz =* /0judFt 
th e n  £1 -  /■5  Mxi .
The e r r o r  i s  g iven  by
_ / iZ8fr  ,  ^ -SH-BSk -7*?.7k
<c(k) => C./33E sin ( 2 ^ + 3 9 9 1 )  + 2  21 - I - ( O i l  . (140)
The p r in c i p a l  mode has th e  v a l u e - 0.1047 a t  t  -  o zs7 / ^ o-o% 8  , a t
-±1985t
which tim e th e  te rm  2 -2 £ i s  equal to  0 .0 ^ 6 -f . The maximum over­
sh o o t w i l l  s t i l l  be of th e  o rd e r  o f  10%, b u t  w i l l  occur s l i g h t l y  l a t e r  
th a n  th e  above v a lu e  of t  I n d i c a t e s .
9 .3 .  Comparison o f  th e  %  and %(p) Design Methods. C onclusions.
6c
The fo l lo w in g  p o in t s  may be made reg a rd in g  th e  two d e s ig n  p ro ced u res .
1 . The fy(p) method i s  e a s i l y  a p p l ic a b l e  to  Type 0 and Type 1 systems 
i r r e s p e c t i v e  o f  t h e i r  o rd e r ;  no r e s t r i c t i o n  o th e r  than  th e  re q u ire d  
l i m i t s  th e  p o le  and z e ro  p o s i t i o n s .  For Type 2 system s, th e  a d d i t io n a l  
r e l a t i o n s h i p  ex p re s s in g  th e  e q u a l i ty  o f  the  c o e f f i c i e n t s  o f  powers o f  f> in  
th e  num era to r  and denom inator, causes some t r o u b le  in  the case  o f  h igh  o rd e r  
systems ( i . e .  6  o r  m ore). Type 3 des igns  a r e  com plica ted  by two a d d i t io n a l  
r e l a t i o n s h ip s  compared w ith  Type 1 d e s ig n s .
2. The ^ip) method may be e q u a l ly  e a s i l y  a p p l ie d  to  a l l  Types. In  a l l
Types however, i f  th e  deg ree  o f  th e  denominator o f  exceeds t h a t  o f  th e
vi
num erator o f  \ ( p )  by two, we have th e  f u r th e r  c o n d i t io n  6;1
sum of ze ros  = sum o f  p o le s .
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I f  th e  degree  o f  th e  denom inator o f  exceeds t h a t  of t h e  numerator
by th r e e ,  two e x t ra  c o n d i t io n s  a r i s e ,  namely
sum o f  ze ro s  = sum of po le s
sum o f  p ro d u c ts  o f  ze ro s  taken  two ) rsum of p roduc ts  o f  p o le s  taken
a t  a time > -  'tw o a t  a t im e .
I f  th e  deg ree  o f  t h e  denom inator o f  exceeds t h a t  of th e  num erator by
h
more than  t h r e e ,  th r e e  c o n d i t io n s  o ccu r .
I t  fo llow s from p o in t s  1  and 2 t h e r e f o r e  t h a t  a Type 3 system coming
w i th in  t h i s  l a s t  c a te g o ry  w i l l  cause t r o u b le  in  d e s ig n .  The d i f f i c u l t y
may on ly  be r e s o lv e d  by ju d ic io u s  t r i a l  and e r r o r .
3. For systems r e q u i r in g  rem ote ly  s i t u a t e d  p o le s , th e  fygfy) t r a n s f e r  
f u n c t io n  has i t s  ze ros  n ea r  th e  p r in c i p a l  p o le - p a i r  p o s i t i o n .  Under 
s im i la r  c i rc u m s ta n c e s ,  th e  tyf-p t r a n s f e r  fu n c t io n  has i t s  zeros  a l s o  
rem o te ly  s i t u a t e d . A ll  th e  s u b s id ia r y  po le s  and zeros  o f  th e  t r a n s f e r  
fu n c t io n  be ing  thus  s i t u a t e d  beyond th e  range  of the  c h a r t s ,  th e s e  may be 
d isp en sed  w i th .  This i s  a c o n s id e ra b le  advan tage .
C o n c lu s io n s •
The fo l lo w in g  remarks app ly  to  both  methods.
1 .  The p r i n c i p a l  mode approx im ation  to  th e  overshoo t i s  p o s s ib le  excep t
i n  th e  case  o f  Type 2 and Type 3 systems of low o rd e r  ( i . e .  3 or 4) and 
having a low va lue  o f  maximum o v e rsh o o t.  In  such cases  th e r e  a re  n o t  
s u f f i c i e n t  s u b s id ia ry  po le s  and ze ro s  to  enab le  a l l  r e l a t i o n s h ip s  to  be 
s im u l tan e o u s ly  s a t i s f i e d .  By u s in g  th e  term due to  th e  n e a r e s t  r e a l
p o le ,  however, the  d i f f i c u l t y  o f  th e  small overshoo t may u s u a l ly
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be r e s o lv e d .  I t  i s  p o s s i b l e ,  n e v e r th e le s s ,  t h a t  even w ith  t h i s  te chn ique  
a case may a r i s e  when a g iven  o vershoo t i s  u n a t t a in a b le .  This in d i c a te s  
th a t  th e  re sp o n se  r e q u i r e s  to  be composed o f  w holly  r e a l  te rm s .  Under 
these  c o n d i t io n s  i t  may be  p o s s ib le  to  use  one o f  W h ite le y ’ s S tandard  Forms.
2. The p r i n c i p a l  p o l e - p a i r  p o s i t i o n  to be s e le c te d  w i l l  depend on th e  
req u ire d  o v e rsh o o t  and damping. Except f o r  Type 3 system s, i n  which th e  
l e a s t  damped p o s i t i o n  at-0-S±</7 has to  be acc ep ted ,  th e re  i s  u s u a l ly  a 
choice o f  two ou t o f  th e  th r e e  p r in c i p a l  p o l e - p a i r  p o s i t i o n s .  I t  i s  
d i f f i c u l t  to  make a s ta te m e n t  on t h i s  p o in t  because o f  the dependence o f  
on o v e rsh o o t,  damping, and th e  r e l a t i v e  numbers o f  s u b s id ia ry  
p o le s  and ze ro s  i n  any p a r t i c u l a r  t r a n s f e r  f u n c t io n .  In  g e n e ra l ,  however, 
th e  d es ig n  w i l l  be  e a s i e r ,  ( i )  i f  does n o t  d e p a r t  too w id e ly  from
zero f o r  equal numbers o f  s u b s id ia r y  po les  and ze ro s  ( d i s t i n c t  from th e  
o r i g i n ) ,  and ( i i )  i f  i s  a sm all p o s i t i v e  o r  n e g a t iv e  q u a n t i ty  acco rd ­
ing  as  th e  number o f  ze ro s  i s  g r e a t e r  th an  or i s  l e s s  th a n  th e  number o f  
s u b s id ia r y  p o le s .
F in a l ly ,  i t  may be s t a t e d  t h a t  the  w r i t e r ’ s p re fe re n c e  l i e s  w ith  th e  
d e s ig n  method, f i r s t l y ,  on acc o u n t  o f  th e  s e g re g a t io n  of Types and 
second ly , s in c e  th e  c h a r t s  a re  i n  most oases  u n n ecessa ry .
PART I I I .




The servo-mechanism whose t r a n s i e n t  and frequency responses  a re  
d e sc r ib e d  i n  th e  fo llow ing  fo u r  Chapters  i s  the  A dm iralty  Metadyne Power 
C on tro l A pparatus f o r  a 2 -P d r .  R.P.50 nMH Mark 7 Mounting. This equip­
ment was o b ta in e d  as a r e s u l t  o f  a generous o f f e r  by th e  A dm iralty  and 
c o n s is te d  o f  th e  complete c o n t ro l  g e a r  w ith  th e  excep tio n  of th e  t r a n s ­
m i t t in g  m agslip s  and th o se  items o f  sw itchgea r  s i t u a t e d  on th e  mounting 
p ro p e r .  The equipment a l s o  comprised s e v e ra l  components and numerous 
c i r c u i t s  a l l  i n c id e n ta l  to  th e  b as ic  servo-mechanism sequence. These 
a re  th e  h . f .  a l t e r n a t o r  s e t  forming th e  power supply  f o r  th e  therm ion ic  
a m p l i f i e r ,  c o n t r o l  pane l and au tom atic  v o l ta g e  r e g u la to r  f o r  th e  h , f .  
o u tp u t ,  au to m atic  s t a r t e r s  fo r  th e  h . f .  s e t ,  and fo r  the  metadyne motor- 
g e n e ra to r  s e t .  C on tro l p o te n t io m e te rs  fo r  jo y s t i c k  m an ipu la t ion  of the  
mounting were a l s o  in c lu d e d ,  and a d . c .  c o n ta c to r  panel f o r  e f f e c t in g  
change-over from t h i s  o p e ra t io n  to  f u l l y  au tom atic  (servo) o p e ra t io n ,  i . e .  
remote c o n t ro l  from the  t r a n s m i t t in g  m a g s l ip s .  As th e  a u th o r  had n o t . a t  
th e  time been d e a l in g  w ith  such remote p o s i t i o n  c o n t ro l  a p p a ra tu s ,  a 
d e c i s io n  was made to  s e t  up th e  equipment as  n e a r  a s  p o s s ib le  to the  
o r i g i n a l  scheme fo r  which th e  g ear  was d es ig n ed .  At th e  same tim e, i t  
was a t tem p ted  to  s e p a r a t e  the  t r a i n in g  and e le v a t in g  motions as f a r  as 
p o s s ib le  and to  make a v a i l a b l e  c e r t a i n  im portan t p o in t s  in  th e  c i r c u i t  f o r  
l a b o ra to r y  t e s t i n g  and so on. This re q u ire d  the  c o n s t ru c t io n  o f  an 
a u x i l i a r y  sw i tch g ea r  pane l and a few m o d if ic a t io n s  to  th e  d . c .  c o n ta c to r  
p a n e l .  The t r a i n i n g  m o m en t-o f - in e r t ia  of th e  mounting was s im ula ted  by a
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c o r r e c t ly - p r o p o r t io n e d  i n e r t i a  which was d i r e c t - c o u p le d  t o  th e  gun -d r iv in g  
motor a rm a tu re .  A gear-box  l i n k in g  the  f in e  and coa rse  m agslip  t r a n s ­
m i t t e r s  was a l s o  c o n s t ru c te d .  The d e s c r ip t io n  o f  the l a s t  two item s i s  
g iven  in  th e  C hapter  fo l lo w in g .  As the  o p e ra t io n  of th e  h . f .  a l t e r n a t o r -  
s e t ,  s t a r t i n g  a r rangem en ts ,  d . c .  c o n ta c to r  panel and a u x i l i a r y  sw itohgear 
p a n e l ,  i s  n o t  r e l e v a n t  to  the  main servo-mechanism sequence, th e  d e s c r ip t io n  
of th e se  components and c i r c u i t s  i s  o m it te d .  The c i r c u i t  diagram o f  F ig .
37 th e r e f o r e  r e p re s e n t s  o n ly  the e s s e n t i a l  c o n n ec tio n s ,  th e  a c tu a l  c i r c u i t  
diagram b e in g  c o n s id e ra b ly  more complex. The p re l im in a ry  c o n s t ru c t io n  and 
s e t t i n g - u p ,  t e s t i n g  and measurement was c a r r i e d  o u t  du r ing  th e  Summers o f  
1948, -4 9 ,  and -5 0 .  The f i n a l  t e s t s  which a r e  g iven  i n  Chapters 11 and 12 
were o b ta in e d  d u ring  th e  Summer o f  1951,
N ature o f  I n v e s t i g a t i o n .
The o b j e c t  o f  t h e  i n v e s t i g a t i o n  i s  to  de term ine  to  what e x te n t  
q u a n t i t a t i v e  p r e d i c t i o n  o f  th e  t r a n s i e n t  response  o f  a p r a c t i c a l  " l in e a r "  
servo-mechanism i s  p o s s ib le  from a knowledge of  th e  frequency response .
By a p r a c t i c a l  " l i n e a r "  system i s  unders tood  a system whose o p e ra t io n  i s  
made a s  l i n e a r  as  p o s s i b l e .  The r e s u l t s  w i l l  d e c id e ,  i t  i s  hoped, j u s t  
how f a r  the  h ig h ly -d e v  e l  oped frequency -response  d es ign  tech n iq u es  can be 
o f  use  when a p p l ie d  to  a p r a c t i c a l  servo-mechanism. At the  o u t s e t ,  i t  i s  
c e r t a i n  t h a t  t h i s  l i m i t  w i l l  depend on th e  com plexity  o f  the  system and 
upon th e  e x te n t  o f  n o n - l i n e a r  o p e ra t io n  which takes  p la ce  under normal 
am plitude  s i g n a l s .  The system t e s t e d  i s  m odera te ly  complex and norm ally 
n o n - l i n e a r  in  i t s  o p e ra t io n .  This w i l l  be th e  case  w ith  most h igh-pow er, 
h ig h -a c c u ra c y  system s.
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R esu l t  o f  I n v e s t i g a t i o n .
For th e  system t e s t e d  th e  i n v e s t i g a t i o n  showed t h a t  th e  p r e d ic te d  
o vershoo t exceeded th e  measured overshoo t by 16% of  the  in p u t  s te p ,  w ith  
a s m a l le r  d isc re p a n c y  fo r  a more o s c i l l a t o r y  re sp o n se .  The measured 
tim e o f  t h e  maximum o v ersh o o t exceeded th e  p r e d ic te d  time by 40%, w i th  
a g a in  b e t t e r  agreem ent f o r  a more o s c i l l a t o r y  re sp o n se .  I t  has been 
a t tem p ted  t o  ex tend  th e s e  co n c lu s io n s  i n  Sec. 1 3 .4 ,  s u b je c t  to  th e  
p ro v is io n s  s t a t e d  t h e r e i n .
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CHAPTER 10.
DESCRIPTION OF APPARATUS AND METHODS OF TESTING.
For convenience in  fo llow ing  o u t  th e  d e s c r ip t i o n  o f  th e  ap p a ra tu s  and 
methods o f  t e s t i n g ,  th e  o rd e r  i n  which t h i s  i s  p re s e n te d  i s  g iv e n .  This 
i s  a s  fo l lo w s .
1 0 .1 .  D e s c r ip t io n  o f  A ppara tu s .
F ig .  37. C i r c u i t  diagram o f servo-mechanism and ap p ara tu s  a s s o c ia te d  
w i th  s in u s o id a l  measurements.
F ig .  38. Thermionic a m p l i f i e r  c i r c u i t  ( s im p l i f i e d ) .
Note on o p e ra t io n .
F ig .  39. Photograph o f  g e n e ra l  l a y o u t  o f  a p p a ra tu s .
F ig .  40. Photograph  o f  d e t a i l s  o f  r e s e t t i n g .
F ig .  41 . Photograph  o f  d e t a i l s  o f  t r a n s m i t t in g  m agslips  and gearbox ,
t r a n s i e n t  response  paper r e c o rd e r ,  and s in u s o id a l  in p u t -  
m otion g e n e ra to r .
Layout and m echanical c o n s t ru c t io n  of main components,
1 0 .2 .  D e s c r ip t io n  of  Methods o f  T es t in g .
T ra n s ie n t  response  measurement 
F ig .  42 . C i r c u i t  diagram o f frequency  response  measuring g ea r .
Frequency response  measurement.
F a c to rs  l i m i t i n g  the  l i n e a r  o p e ra t io n  o f  th e  system. 
Throughout F ig s .  37 to  42, a c o n s i s t e n t  numbering system fo r  th e  
components has been employed. The key to  t h i s  i s  g iven on F ig .  37 and 
i s  r e p e a te d  f o r  convenience o p p o s i te  F ig .  39.
C i r c u i t  Diagram o f  Servo-Mechanism
and A pparatus a s s o c ia t e d  w ith
S in u so id a l  Measurements.
1 .  D ial i n d i c a t i n g  an g le  o f - in p u t  
( i . e .  f i n e  t r a n s m i t t in g  m agslip ) 
s h a f t .
2 . D ial i n d i c a t i n g  ang le  of o u tp u t 
( i . e .  f in e  r e s e t t i n g  m agslip )  
s h a f t .
3. Thermionic a m p l i f i e r .
4 .  Metadyne g e n e ra to r .
5* Motor.
6 , Load i n e r t i a .
7. F ine  t r a n s m i t t i n g  m a g s l ip .
8 . Coarse t r a n s m i t t i n g  m ag sl ip .
9, T ran sm itt in g  r e s o lv e r  f o r  phase 
measurement.
10. D rive motor f o r  s in e  in p u t  m otion.
11. S ine wave d r iv e  to  in p u t  s h a f t .
12. R eso lve r  g iv in g  o u tp u t  s h a f t  ang le  
f o r  phase measurement.
13. Paper r e c o r d e r .
14. Pen re c o rd in g  o u tp u t  m otion.
15. R e s e t t in g  m ag sl ip .
16. R e s e t t in g  g ea r-b o x ,
17. H.F. a l t e r n a t o r  s e t .
18. T ran sm itt in g  g ea r-b o x .
19. F ree  runn ing  p u l l e y  on coarse  
m agslip  s h a f t .
20. Motor s h a f t ,
21. Metadyne g e n e ra to r  s e t  d r iv in g  
mo to r .
22. R ece iv ing  r e s o lv e r  f o r  phase 
measurement.
23. V ariac  supp ly ing  9,
24. V ariac supp ly ing  12.
25. ?hase c o r r e c t in g  c i r c u i t  f o r  5 0 -c /s  
e x c i t a t i o n  to  1 2 .




20  V, n o o  c/s








-  149 -
1 0 .1 .  D e s c r ip t io n  o f  A ppara tus .
D e s c r ip t io n  o f  servo-mechanism.
The c i r c u i t s  above th e  c h a in -d o t te d  l i n e  i n  F ig .  37 comprise the  
servo-mechanism p ro p e r ,  as d i s t i n c t  from th e  f requency  response measurement 
c i r c u i t s  which a re  below the  c h a in -d o t te d  l i n e .  The load  i n e r t i a  6 i s  a 
simple b rake  p u l l e y  which has been  p ro p o r tio n ed  to  s im u la te  the  t r a i n i n g  
m o m e n t-o f - in e r t ia  o f  th e  mounting r e f e r r e d  to  th e  motor s h a f t  20. D e ta i l s  
o f  th e  a c t u a l  t r a i n i n g  motion were a s  fo l lo w s .
T ra in in g  m o m e n t-o f - in e r t ia  8,800 s lu g - f t ^
G un-driv ing  motor arm ature i n e r t i a  r e f e r r e d  to  mounting 7,150 "
Gear r a t i o  motor s h a f t  t o  mounting 293 l / 3  to  1
Total m . i .  r e f e r r e d  to  motor s h a f t  = 15950X 32.2 l b - f t ^  = 5 .96  l b - f t ^
(293 l / 3 ) 2
The g u n -d r iv in g  motor a rm ature  i n e r t i a  was measured by th e  method of  b i f i l a r
2
suspension  and found to  be 2.07 l b . - f t  . An added i n e r t i a  was th e r e f o r e  
c o n s t ru c te d  to  b r in g  the  t o t a l  m . i .  r e f e r r e d  to  th e  motor s h a f t  up to  
6 l b - f t ^ .  E r ro r  in d i c a t i o n  i s  ob ta ined  by th e  magslip  t r a n s m i t t e r - r e s e t t e r  
system o f which o n ly  the f in e  t ra n s m is s io n  i s  shown in  th e  diagram. In  
p r a c t i c e  t h i s  i s  gea red  up 36 tim es from th e  speed o f  th e  mounting w ith  a 
co a rse  m agslip  l i n k  to  take  over f o r  l a r g e r  m isa lignm en ts .  P ro v is io n  has 
been made f o r  t h i s  in  th e  t r a n s m i t t in g  gear-box  d esc r ib e d  l a t e r .  As a l l  
the  t e s t s  d e s c r ib e d  h e re ,  however, re q u ire d  only  f in e  m agslip  s ig n a l s ,  the  
coa rse  t r a n s m is s io n  has been om itted  from th e  c i r c u i t  d iagram . The g ea r-
F igu res  su p p lie d  by S e c re ta ry  o f  A dm iralty  f o r  Naval Ordnance Department.
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t r a i n  from motor s h a f t  to  f in e  re  s e t t e r ,  in d ic a te d  by item  16 on F ig .  37, 
was f ix e d  a t  25 t o  3 .  The main d e t a i l s  o f  th e  experim ental s e t -u p  a re  
t h e r e f o r e :
T ota l m o m e n t-o f - in e r t ia  r e f e r r e d  to  motor s h a f t  6.06 l b - f t 2
Gear r a t i o  motor s h a f t  to  f in e  r e s e t t i n g  magslip  25 to  3
Gear r a t i o  f i n e  to  co a rse  t r a n s m is s io n  36 to  1
(E f f e c t iv e  g ea r  r a t i o  motor s h a f t  to  mounting = 25 x 36 = 300 to  l)
3
A h ig h - f re q u e n c y  a l t e r n a t o r  p ro v id es  a 200-V, 1 1 00 -c /s  power in p u t  
to  th e  the rm io n ic  a m p l i f i e r  3, which g ives  by a s e p a ra te  winding on th e  
h ig h - t e n s io n  t r a n s fo rm e r ,  a 20-V, 1 1 00 -c /s  supply  f o r  the  t r a n s m i t t in g  
m agslip  r o t o r s .  The t r a n s m i t t in g  m agslips  a re  A dm ira lty  P a t t e r n  10428, 
su p p lie d  by Muirhead & Co., w h i le  the  r e s e t t i n g  m agslips  rece ived  w ith  
th e  equipment a r e  A dm ira lty  P a t t e r n  10429.
The a n g u la r  e r r o r  between th e  s h a f t  o f  th e  f in e  t r a n s m i t t in g  m agslip  
7, and -that o f  t h e  f in e  r e s e t t i n g  m agslip  15, i s  measured i n  magnitude by 
th e  r .m .s .  v a lu e  o f  th e  v o l ta g e  induced in  th e  r e s e t t i n g  m agslip  r o to r  
w ind ing , th e  o u tp u t  being  0 .6  /d e g re e  e r r o r .  A phase change o f  180° in  
t h i s  v o l t a g e  i n d i c a te s  th e  e r r o r  has a l t e r e d  from p o s i t i v e  to  n eg a t iv e  o r  
v ic e  v e r s a .
* No o u tp u t  v o l t a g e  i s  o b ta ined  from th e  r e s e t t i n g  magslip  r o to r  when 
i t s  m agnetic a x i s  i s  a t  r i g h t  ang les  to  th e  p u l s a t in g  f i e l d  produced by the  
s t a t o r  w in d in g s .  The d i r e c t i o n  of t h i s  f i e l d  depends in  tu rn  upon the 
p o s i t i o n s  o f  th e  t r a n s m i t t in g  m agslip  r o to r  and s t a t o r .  In  th e  la b o ra to r y  
se t -u p  d e sc r ib e d  h e r e in ,  i t  i s  conven ien t ,  f o r  t h i s  c o n d i t io n ,  to  f i x  p o in te r s  
on bo th  the  t r a n s m i t t in g  and r e s e t t i n g  m agslip  s h a f t s  in  the  v e r t i c a l l y  upward 
d i r e c t i o n  and to  s e t  th e  i n d i c a t in g  d i a l s  1 and 2 to  read  z e ro .  I f  th e  
t r a n s m i t t i n g  m agslip  s h a f t  tu rn s  c lockw ise  through 2 0 ° say, the lo a d  i n e r t i a  
i s  d r iv e n  c lockw ise  by 2 0  x 25/3o and tu rn s  th e  r e s e t t e r  s h a f t  clockw ise 
th rough  20°- S im i la r ly  f o r  a n t i - c lo c k w is e  d isp lacem en ts  o f  th e  t r a n s m i t t e r .
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This p o i n t  i s  ex p la in ed  i n  connec tion  w ith  th e  d e s c r ip t io n  o f  the  f i r s t  
s ta g e  of th e  a m p l i f i e r .  The the rm ion ic  a m p l i f i e r  o u tpu t  su p p l ie s  th e  main 
v a r i a t o r  w indings o f  t h e  m e tadyne-genera to r  4 .  There a r e  a rranged  in  
d i f f e r e n t i a l  o r  p u s h -p u l l  form as shown in  F ig .  37. A d . c .  shunt motor 21, 
forms th e  d r iv e  fo r  th e  metadyne g e n e ra to r  which su p p lie s  the armature power 
o f  a s e p a r a t e ly  e x c i te d  d . c .  g u n -d r iv in g  motor 5 .  This motor i s  f i t t e d  
w ith  a b rake  a t  th e  end of  the  s h a f t  remote from th e  lo a d ,  w ith  p ro v is io n
f o r  l i f t i n g  th e  b rak e  shoes m a g n e t ic a l ly  by flow  o f th e  normal s h u n t - f i e l d
c u r r e n t  th rough  a s p e c ia l  b rake  w inding; o r  m echan ica lly  fo r  in s p e c t io n  
purposes  by means o f  a sm all l e v e r  on th e  brake s t r u c t u r e  i t s e l f .  Through­
o u t th e  t e s t s  th e  b rake  was perm anently  l i f t e d .
The r a t i n g s  o f  th e se  machines a r e  as  fo l lo w ss -  
Metadyne g e n e ra to r  s e t  d r iv in g  motor -  220 “V, 5 .6  h , p . ,  2800 r/m 
Metadyne g e n e r a to r  35 -  70 V, 1 .2  kW, 2800 r/m
G un-driv ing  motor 28 -  2 2 0 "V , 40A, 660 r/m
The f ig u re s  f o r  th e  f i r s t  two machines r e f e r  to  th e  con tinuous power 
o u tp u t  which th ey  a re  capab le  o f  su p p ly in g .  The c u r r e n t  r a t i n g  of th e  
g u n -d r iv in g  motor i s  a l s o  c o n t in u o u s .  Having more d i r e c t  b ea r in g  on th e  
o p e ra t io n  of  th e  system, th e  peak o u tp u t  power o f  th e  metadyne g e n e ra to r  i s  
abou t 2 .5  kW, which i s  accompanied by a peak in p u t  power to  t h e  d r iv in g
motor o f  a b o u t  5 kW. The s u p p lie s  are
m etad y n e-g en e ra to r  s e t  d r iv in g -m o to r  -  2 2 0  V ,  d . c .
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Fig. 3 8  Simplified Thermionic Amplifier Circuit.
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The f i r s t  i s  o b ta in ed  from a n o th e r  d .o .  machine and th e  second from a 
3 -phase ,  m ercury -a rc  r e c t i f i e r .
Thermionic a m p l i f i e r  -  n o te  on o p e ra t io n .
The c i r c u i t  diagram o f  F ig .  38 has been a b s t r a c te d  from a complete 
d iagram  -which was su p p lied  w ith  the  equipment. I t  i s  inc luded  f o r  the  
mere e x p la n a t io n  o f  th e  fu n c t io n s  o f  the -various s t a g e s .  Technical d e t a i l s  
o f  th e  d e s ig n  have n o t  been a l t e r e d  in  any way from th e  o r ig in a l  and th e y  
a r e  o m itte d  i n  t h i s  d e s c r ip t i o n .  The a m p l i f i e r  has fo u r  s ta g e s ,  namely,
1 . P h a s e - s e n s i t i v e  r e c t i f i c a t i o n ,  smoothing, and phase-advanc ing .
2 . V o ltage  a m p l i f i c a t i o n  and phase-advanc ing .
3 . V oltage a m p l i f i c a t i o n .
4 .  O utput s ta g e  producing  c u r r e n t  in  v a r i a t o r  w indings p ro p o r t io n a l  
t o  s ta g e  in p u t  v o l t a g e .
Phase s e n s i t i v e  r e c t i f i c a t i o n .
In  th e  absence  of an a . c .  s ig n a l  in p u t  to  th e  l in e  g r id  t ran s fo rm e r ,  
the  anodes of the  f i r s t  v a lv e  c a r ry  equal c u r r e n ts  du ring  the p o s i t i v e  h a l f ­
c y c le  of t h e i r  a l t e r n a t i n g  supply  v o l t a g e s ,  which a re  in  phase w ith  each 
o th e r .  Mb n e t  v o l ta g e  drop appears  over the two load  r e s i s t o r s ,  i . e .  
a c ro s s  th e  p o in t s  A and B, Due, however, to the c e n t r e  tapped secondary of 
the g r i d  t r a n s fo rm e r ,  a s ig n a l  in p u t  w i l l  supp ly  the  g r id s  i n  a n t i - p h a s e .  
S ince  the  m agslip  e x c i t a t i o n  i s  taken  from a f u r th e r  secondaiy  winding on 
th e  h . t .  t r a n s fo rm e r  supplying a lso  the  f i r s t - s t a g e  anodes, one g r id  v o l ta g e  
w i l l  be in  phase w ith  i t s  anode v o l ta g e ,  w h ile  th e  o th e r  g r id  v o l ta g e  w i l l  
be i n  a n t i - p h a s e  to  i t s  anode v o l t a g e .  Unequal c u r re n ts  a re  th e re fo re  taken
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in  each h a l f  of th e  va lve  and a n e t  ou tpu t v o l ta g e  appears  ac ro ss  AB.
I f  th e  a n g u la r  e r r o r  between in p u t  and o u tp u t  changes i t s  s ig n ,  th e  s ig n a l  
i n p u t  to  th e  g r i d  tr a n s fo rm e r  s u s ta in s  a 180° phas e-change, The anode 
p reviously- ta k in g  th e  sm a l le r  c u r r e n t  w i l l  now take th e  l a r g e r  one and a 
change in  th e  p o l a r i t y  of th e  n e t  o u tp u t  v o l tag e  ac ro s s  AB r e s u l t s .  This 
o u tp u t  v o l ta g e  i s  smoothed and phase-advanced b e fo re  being passed  to  the 
g r id s  o f  t h e  second v a lv e .  The phase-advancing c i r c u i t  op e ra tes  on 
changing d . c .  s i g n a l s ,  and has a number o f  condensers C o f  d i f f e r i n g  
v a lu e s ,  any one of which may be s e le c te d  by a f o u r - p o s i t i o n  sw itch .  
Balanced D.C. A m p l i f ic a t io n .
The rem ain ing  s ta g e s  c o n s t i t u t e  a s t r a ig h tfo rw a rd  balanced  d .c .  
a m p l i f i e r ,  w i th  a f ix e d  amount of phase-advance p rovided  in  th e  second 
s t a g e .  ■" M e tro s i l"  n o n - l i n e a r  d isc h a rg e  r e s i s t o r s  a r e  f i t t e d  a c ro ss  both 
h a lv e s  o f  t h e  v a r i a t o r  w indings in  order to  l i m i t  peak t r a n s i e n t  v o l tag es  
which may a r i s e  ac ro ss  them. The s tand ing  c u r r e n t  in  each h a l f  of th e  
v a r i a t o r  w inding  i s  nom inally  40 mA, w ith  a maximum swing o f  ± 40 mA due 
to  th e  in p u t  s ig n a l .  In  p r a c t i c e  i t  i s  n ece ssa ry  to  ba lance  th e  ■whole 
forw ard sequence by ad justm ent of th e  trimming r e s i s t o r  i n  the f i r s t  s ta g e .  
This i s  a l t e r e d  u n t i l  no metadyne o u tp u t  c u r r e n t  flows when the  system i s  
s e t  i n  th e  p o s i t i o n  of z e ro  e r r o r .  For the purposes of l i n e a r  o p e ra t io n ,  
the  whole ±  40 mA swing cannot be u se d .  The l i m i t  o f  l i n e a r i t y  in  the 
g a in  o f  t h e  fo rw ard  sequence i s  reached ,  i n  f a c t ,  a t  abou t ± 2 5  mA swing.
G eneral Layout o f  A p p ara tu s .
1 .  D ia l i n d i c a t i n g  an g le  o f  in p u t  
( i . e .  f i n e  t r a n s m i t t i n g  m agslip )  
s h a f t .
2 . D ia l i n d i c a t i n g  ang le  o f  o u tp u t  
( i . e .  f i n e  r e s e t t i n g  m agsl ip )  
s h a f t .
3 . Thermionic a m p l i f i e r .
4 .  Metadyne g e n e r a to r .
5 .  Motor.
6 . Load i n e r t i a .
7 .  .Fine t r a n s m i t t i n g  m a g s l ip .
8 . Coarse t r a n s m i t t i n g  m a g s l ip .
9. T ran sm it t in g  r e s o lv e r  f o r  phase 
measurement.
10. D rive motor f o r  s in e  in p u t  m otion .
11 . Sine wave d r iv e  to  in p u t  s h a f t .
12. R eso lve r  g iv in g  o u tp u t  s h a f t  ang le  
f o r  phase measurement.
13. Paper r e c o r d e r .
14 . Pen re c o rd in g  o u tp u t  m otion .
15. R e s e t t in g  m a g s l ip .
16 . R e s e t t in g  g ea r-box .
17. H .F. a l t e r n a t o r  s e t .
18. T ran sm itt in g  g ea r-b o x ,
19. F ree  running pulle;;/ on co a rse  
m agslip  s h a f t .
20. Motor s h a f t .
21. Metadyne g e n e ra to r  s e t  d r iv in g  
m otor.
22. R ece iv ing  r e s o lv e r  f o r  phase 
measurement.
23. V ariac  supp ly ing  9.
24. V ariac  supp ly ing  12.
25. Phase c o r r e c t i n g  c i r c u i t  f o r  5 0 -c /s  
e x c i t a t i o n  to  1 2 .
* ig .  39. General la y o u t  o f  a p p a ra tu s .
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Layout.
R e fe r r in g  to  th e  g en era l  view given in  F ig ,  39, th e  the rm ionic  
a m p l i f i e r  3 i s  supported  in  an a n g le - i ro n  framework in  th e  r e a r  o f  the  
photograph  w i th  th e  h ig h -f req u e n cy  a l t e r n a t o r  s e t  17 u ndernea th .  The 
metadyne m o to r -g e n e ra to r  s e t  4 on th e  l i g h t ,  comprises twin-metadyne 
g e n e ra to r s  and a d r iv in g  motor assembled as one u n i t .  The s t a r t e r s  f o r  
b o th  th e s e  s e t s  a r e  n o t  shown in  the  photograph . The o the r  a p p a ra tu s ,  
exc lud ing  in s t ru m e n ts ,  i s  mounted on a 5-§-f x 3* b ed p la te  made up from 
channel and T e e - i ro n s .  D i r e c t ly  in  f r o n t  of the  therm ionic  a m p l i f i e r  
i s  th e  g u n -d r iv in g  motor 5, w ith  th e  lo ad  i n e r t i a  6 . To th e  r i g h t  of 
the  se rvo -m o to r  and w holly  concealed  in  t h i s  view a r e  th e  r e s e t t i n g  
m agslip s  i n  t h e i r  gear-box  15. In  th e  f r o n t  of the  photograph , th e  
p ap e r  r e c o rd e r  13 i s  to  th e  l e f t ;  th e  d r ive-m o to r  1 0 , f o r  the  s l i d e r -  
c rank  s in u s o id a l  in p u t -m o t io n -g e n e ra to r  1 1  i s  in  th e  c e n t re  w h ile  the  
t r a n s m i t t i n g  m agslips  7 and 8 , w ith  t h e i r  gear-box  18, a re  on th e  r i g h t .  
M echanical c o n s t r u c t io n  o f  main components.
The motor 5 i s  b o l te d  down on c ro s s -c h a n n e ls .  The normal b o l t s  
which h e ld  the  f r o n t  e n d -sh ie ld  a r e  rep la ced  by fo u r  double-ended b o l t s  
which perform  th e  same t a s k  and su p p o r t  a l s o  a r e o ta n g u la r  s t e e l  p l a t e .  
This p l a t e  i s  a l s o  b o l te d  i n  th r e e  p la c e s  to  th e  composite forward motor 
cro& s-channel and has two h o le s  bored i n  i t ,  one through which the  motor 
s h a f t  p r o j e c t s  and the  o th e r  i n t o  which th e  r e s e t t e r  g ea r  box i s  sp ig o te d .
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The p l a t e  se rv e s  a s  a r e fe re n c e  p la n e  and e s t a b l i s h e s  a r i g i d  connec tion  
between th e  motor s h a f t  and the  s h a f t  o f  the  f in e  magslip  r e s e t t e r ,  between 
which the- 25 to  3 g e a r - t r a i n  i s  p la c e d .  This gear-box , 16, i s  b u i l t  
s e p a r a t e ly  and l a t e r  f ix ed  in  p o s i t i o n  on th e  re fe re n c e  p l a t e .  The load  
i n e r t i a  has been made in  th e  form o f  a brake p u l l e y  whose m . i .  has been 
f i n a l l y  a d ju s te d  by screw ing on a b ra s s  r in g .  The load  i s  keyed on to a 
1-g-” d ia m e te r  s h a f t  supported  in  Hoffmann s e l f - a l i g n i n g  b a l l  b ea r in g s  to  
reduce f r i c t i o n  as  f a r  as p o s s i b l e .  This s h a f t  i s  so l  id ly -c o u p le d  to  th e  
motor s h a f t .
Gear-boxes (se e  F ig s .  40 and 4 l ) .
A s im i l a r  c o n s t r u c t io n  has been employed fo r  th e  25 to  3 g e a r - t r a i n  16, 
as  f o r  t h e  36 to  1 g e a r - t r a i n  18, which i s  between th e  f i n e  and coarse  
t r a n s m i t t i n g  m agslip s  7 and 8 . Both a re  made o f  b r ig h t  mild s t e e l  p l a t e s  
clamped p a r a l l e l  w ith  each o th e r  and sep a ra te d  by a c c u ra te ly  made tu b u la r  
d i s t a n c e  p i e c e s .  The gear-box  16 i s  made up o f  two p l a t e s  ijr” th i c k  w h ile  
th e  g e a r -b o x  18, which supports  a l s o  the  t r a n s m i t t in g  m ag sl ip s ,  i s  composed 
of  th r e e  p l a t e s  5 /1 6 ” t h i c k .  The gear-w heel s h a f t s  a re  o f  d iam eter 
s i l v e r  s t e e l  th roughou t and run  i n  b ra s s  bushes which a re  p ressed  in to  the 
s t e e l  p l a t e s .  Between every  p a i r  o f  f ix ed  bushes, movable bushes a r e  
p rov ided  which a l lo w  l / l G ” movement o f  th e  bush in  any d i r e c t i o n  a t  r i g h t  
an g le s  to  th e  b o re .  The c e n t r e s  are  i n i t i a l l y  marked ou t as  a c c u r a te ly  
as  p o s s i b l e .  In  t h i s  manner, the  backLash can be reduced to  a v e ry  small
^  A s u i t a b l e  c a s t i n g  happened to  be a v a i l a b l e .  Steady io a d in g  o f  th e  
motor may p o s s ib ly  be r e q u i re d  in  f u tu r e .
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amount and i t  w i l l  be p o s s ib le  to  ta k e  up a l im i t e d  amount o f  w ear.  The 
g e a r - t r a i n s  them selves  a r e  composed o f  Bond’ s S tandard  40 D.P. Spur Gear 
"Wheels.
Two c i r c u l a r  s c a l e s ,  1 and 2, g raduated  in  i n t e r v a l s  of one degree  
a r e  used  to  measure th e  ang les  of th e  t r a n s m i t t in g  and r e s e t t i n g  m agslips 
s h a f t s .  As mentioned p re v io u s ly ,  th e  p o in t e r s  mounted on th e  s h a f t s  
read  z e ro  when th e y  p o in t  v e r t i c a l l y  upward. The t r a n s m i t t e r  and 
r e s e t t e r  d i a l  in d i c a t i o n s  w i l l  h e r e a f t e r  be r e f e r r e d  to  as  th e  in p u t  and 
o u tp u t  a n g le s  o f  th e  system , w i th  clockw ise r o t a t i o n s  d es ig n a ted  p o s i t i v e .
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D e t a i l s  o f  r e s e t t i n g
D e t a i l s  o f  p a p e r  r e c o r d e r  and 
t r a n s m i t t i n g  g e a rb o x .
uv
*
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1 0 .2 .  D e s c r ip t io n  o f  Methods o f  T es t in g .
T ra n s ie n t  Response Measurement.
A d i s c u s s io n  of th e  f a c t o r s  which l im i t e d  th e  movement o f  the  o u tp u t
in  o rd e r  t h a t  i t s  response  might be cons idered  l i n e a r  i s  g iven i n  S e c .10 .3 .
Here i t  i s  s u f f i c i e n t  to  note  t h a t  t h i s  l im i t e d  range o f  motion allowed the
p o s s i b i l i t y  o f  reco rd in g  on paper  by a pen d i r e c t l y  moved by th e  o u tp u t
s h a f t  o r  any s h a f t  geared  to  i t .  The advantages  o f  s im p l ic i ty ,  accuracy ,
ease  o f  in s p e c t io n  and measurement o f  t r a o e s  compared w ith  o s c i l lo g ra p h ic
methods seemed to  outweigh th e  p o s s ib le  t r o u b le  in  c o n s t ru c t in g  a r e l i a b l e
%•r e c o rd e r  w ith  a s u i t a b l e  tim e-m arking d ev ice ,  and hence t h i s  method was 
a d o p ted .
The s im ple r e c o rd e r  13, shown i n  F ig ,  41, c o n s i s t s  o f  a s e r i e s  o f  
r o l l e r s  runn ing  between two u p r ig h t  p l a t e s .  The r o l l e r s  which p u l l  the 
paper th rough  a re  i n  th e  c e n t r e  of th e  r e c o rd e r  and a r e  rubber-cove red .
The low er o f  th e s e  i s  d r iv e n  through a g e a r - t r a i n  from a small 24-V d . c .  
motor f i t t e d  w i th  a worm-gear, and mounted w i th in  th e  re c o rd e r  on i t s  
b a s e - p l a t e .  The upper r o l l e r  runs in  f l o a t i n g  bushes which a re  p ressed  
downwards by s p r in g s .  Paper which i s  fed in  between th e  r o l l e r s  i s  th u s  
p u l le d  th ro u g h  by a f r i c t i o n  g r i p .  Before e n te r in g  th e  r o l l e r s ,  the  
p ape r  p a s se s  over a b ra s s  p l a t e  forming a s u i t a b l e  w r i t i n g  su rface  and i s  
k e p t  f l a t  p r i o r  to  b e in g  w r i t t e n  on by a b ra s s  s t r i p  mounted t r a n s v e r s e ly  
to  t h e  paper and c lo se  to  t h e  w r i t i n g  s u r fa c e .  This d;rip con ta in s  a 
narrow groove ex tend ing  th e  f u l l  w id th  o f  the  r e c o rd e r  and forms a guid ing  
s l o t  f o r  a s h o r t  le n g th  o f  8 B.A, screwed rod which i s  r i g i d l y  f ixed  to  the 
p e n -h o ld e r .  The screwed rod a lso  p rov ides  a means o f  r e g u la t in g  th e
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w r i t i n g  p r e s s u r e .  BIRO pens a re  used f o r  both  th e  o u tp u t  and time-marking 
t r a c e s .  The o u tp u t  pen i s  moved by a f l e x i b l e  s t e e l  tape  p ass in g  round a 
Tufnol p u l l e y  on the motor s h a f t  and round a s im i l a r  one on th e  f a r  s id e  of 
th e  r e c o rd e r  from the motor s h a f t .  A l im i t e d  amount o f  t r a v e l  in  th e  
h o r iz o n ta l  d i r e c t i o n  i s  prov ided  a t  the  d r iv e n  p u l l e y  in  o rd e r  to  te n s io n  
th e  s t e e l  t a p e .  The f r i c t i o n  a t  th e  sharp edges of t h e  ta p e  i s  ample to  
overcome th e  s l i g h t  r e s i s t a n c e  o f  th e  pen motion and no t r o u b le  has been 
exper ien ced  w i th  s l i p .  The same may be s a id  o f  th e  o s c i l l a t o r y  d r iv e  to  
th e  f i n e  t r a n s m i t t i n g  m agslip  d esc r ib e d  under frequency  response measure­
ment, where th e  to rq u e  c o n d i t io n s  r e s i s t i n g  th e  d r iv e  a r e  much more a rduous .  
I t  may be o f  i n t e r e s t  to  s t a t e  t h a t  t h e  s t e e l  ta p e  used was magnetic r e c o rd ­
ing  . ta p e .  The s c a le  of the  reco rd ing  was f ix e d  a t  1" = 10° f in e  magslip 
r o t a t i o n .
The t im e-m ark ing  pen i s  f ix e d  to  th e  arm ature  of a small r e l a y .  Flow 
o f  c u r r e n t  th rough  th e  c o i l  causes th e  pen to be l i f t e d  o f f  th e  paper  on 
which i t  i s  no rm ally  h e ld  by a l i g h t  s p r in g .  The c i r c u i t  of the re la y  
c o i l  i s  c lo sed  tw ice  p e r  second by a c o n ta c t  d r iv en  by a geared synchronous 
motor su p p l ie d  a t  mains f requency .  The time-marking t r a c e  i s  th e re fo re  a 
s e r i e s  o f  s h o r t  l i n e s  o r  d a sh es ,  the  ends o f  which in d i c a t e  h a lf-sec o n d  
i n t e r v a l s .  I t  i s  n e c e ssa ry  to  assume t h a t  the  paper speed does n o t  a l t e r  
between th e s e  p o i n t s .  R eference to  the  a c tu a l  reco rd s  shows t h a t  t h i s  i s  
q u i t e  j u s t i f i a b l e .
Frequency Response Measurement.
The low er p a r t  of F ig .  37 shows th e  a d d i t io n a l  c i r c u i t s  and ap p ara tu s  
r e q u i re d  f o r  f req u en cy  resp o n se  measurement. The diagram i s  rep ea ted  be-
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F ig .  42.
The s h a f t  o f  th e  f in e  t r a n s m i t t in g  magslip 7 i s  moved s in u s o id a l ly  
by th e  s l i d e r - c r a n k  and s t e e l - t a p e  d r iv e  shown in  the photograph of  F ig .
39 and in  th e  d e t a i l e d  view o f  F ig .  41. For th e  range o f  f req u en c ies  
r e q u i r e d  t h i s  method proved q u i t e  s a t i s f a c t o r y .  The r a t i o  o f  connec ting- 
rod le n g th  to  c rank  le n g th  i s  abou t 35 f o r  in p u t  motions o f  ± 1 0 °  am plitude 
and abou t 70 f o r  in p u t  motions o f  ± 5° am plitude so t h a t  n e g l ig ib l e  e r r o r  
i s  in t ro d u c e d  i n  assuming the  movement o f  the in p u t  s h a f t  to  be a t ru e  
s in u s o id .  The c ra n k -p in  screws in t o  the  face  o f  th e  h a l f - c o u p l in g  on th e  
d r iv e -m o to r  s h a f t  and a s e t  o f  tapped h o le s  fo r  in p u t  motions o f  ± 5 ° ,  ±10°^ 
± 20° i s  p ro v id e d .  The p a r t  o f  th e  c rank  p in  which r o t a t e s  in  the 
connec ting  rod i s  tu rn e d  e c c e n t r i c a l l y  to  th e  p a r t  which screws in to  th e  
h a l f - c o u p l in g ,  and by t h i s  means, th e  c rank  le n g th  may be a d ju s te d  to  g ive
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th e  e x a c t  movement re q u ire d  to  th e  in p u t  s h a f t .  The am plitude  o f
o s c i l l a t i o n  o f  th e  o u tp u t  s h a f t ,  i . e .  f i n e  r e s e t t e r  s h a f t ,  i s  observed
on th e  d ia l  shown. Frequency i s  o b ta ined  by tim ing  a given number of
o s c i l l a t i o n s  w i th  a s top  w atch .
The an g le  o f  l a g  o f  th e  o u tp u t  w ith  r e s p e c t  to  th e  in p u t  s h a f t  i s
measured by means o f  a ca th o d e -ray  tube and u s ing  a n u l l  method, o f
*d e t e c t i o n .  Three r e s o lv e r - ty p e  m agslips  were u sed .  The r e s o lv e r  12, 
d i r e c t l y  d r iv e n  by th e  o u tp u t  s h a f t ,  has i t s  r o to r  e x c i te d  by a 5 0 -c /s  
supp ly ,  and p ro v id es  a t  i t s  s t a t o r  winding te rm in a ls  an a l t e r n a t in g
v o l t a g e  p ro p o r t io n a l  to  th e  o u tp u t  s h a f t  angled and one whose phase w ith
r e s p e c t  to  th e  5 0 -c / s  supply , changes by 180° as th e  o u tp u t  ang le  goes 
from p o s i t i v e  to  n e g a t iv e .  The V ariac 24 p rov ides  a means of a l t e r i n g  
th e  r o t o r  e x c i t a t i o n  in  o rd e r  t o  m a in ta in  approx im ate ly  co n s tan t  
am plitude  t r a c e  on th e  w ith  v a ry in g  am plitudes  o f  th e  ou tpu t 
o s c i l l a t i o n .  A CK p h a s e - s h i f t i n g  network 25, i s  a l s o  r e q u ire d  fo r  
reasons  g iven  l a t e r .
^  No p a r t i c u l a r  s ig n i f i c a n c e  a t ta c h e s  to  th e  use o f  r e s o lv e r - ty p e  
m a g s l ip s .  The r e s o lv e r  12, coupled to  th e  ou tpu t s h a f t  was o r i g i n a l l y  
employed because  o f  th e  l a r g e  s ig n a l  v o l ta g e  i t  was p o s s ib le  to  o b ta in ,  
b u t  l a t e r  a f ix e d  s e t t i n g  o f  t h e  o s c i l lo s c o p e  a m p l i f i e r  was used .
The r e s o lv e r s  9 and 22 were used simply on account o f  t h e i r  a v a i l a b i l i t y .
f More c o r r e c t l y ,  p ro p o r t io n a l  to  th e  s ine  o f  th e  o u tp u t  s h a f t  a n g le .  
The maximum am plitude  occu rr in g  i n  th e  t e s t s  was j u s t  under 16° so t h a t  
th e  g r e a t e s t  e r r o r  in t ro d u ced  i s  ab o u t 1.1%.
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The r e s o lv e r s  9 and 22 p ro v id e  a t  th e  r o t o r  te rm in a ls  o f  the  l a t t e r ,  
a 5 0 -c / s  a l t e r n a t i n g  v o l ta g e  whose am plitude v a r i e s  s in u s o id a l ly  a t  the  
f requency  o f  r o t a t i o n  of th e  r e s o lv e r  r o t o r  9. This r o to r  i s  d i r e c t l y  
coupled to  th e  o u tp u t  s h a f t  of th e  d r iv e  motor 10 r e s p o n s ib le  f o r  th e  
s in u s o id a l  in p u t  s h a f t  movement* The s t a t o r s  of 9 and 22 a re  connected 
i n  a manner s im i l a r  to  o rd in a ry  m agslip  s t a t o r s  and fu n c t io n  l ik e w is e .
The r o t o r  o f  22 can be tu rned  f r e e l y  by hand to  any p o s i t i o n  in d ic a te d  
by a s u i t a b l e  d i a l  and p o in t e r  system, and accord ing  to  i t s  a n g u la r  d i s ­
p lacem ent,  so th e  phase of t h e  am plitude v a r i a t i o n  o f  i t s  o u tp u t  v o l ta g e  
w i l l  be a l t e r e d .  This o u tp u t  v o l ta g e ,  in  s h o r t ,  i s  an a . c .  s ig n a l  
having  s in u s o id a l  am plitude  v a r i a t i o n  a t  the frequency  o f  th e  in p u t s in e  
motion and whose phase w ith  r e s p e c t  to  th e  in p u t  s h a f t  motion can be 
a d ju s te d  by th e  a n g u la r  d isp lacem en t o f  th e  r o t o r .  The V ariac 23 enables  
th e  a c t u a l  v o l ta g e  o b ta in ed  to  be s e t  a t  a conven ien t v a lue  fo r  
o b s e rv a t io n  on th e  C.R.O. The p a t t e r n  which r e s u l t s  i s  exp la ined  below.
Before making any phase measurements, i t  i s  n e c e ssa ry  to  l in e -u p  the  
v o l t a g e s  on th e  v e r t i c a l  and h o r iz o n ta l  d e f l e c t i n g  p l a t e s .  Thus when 
, 90 and th e  p l a n e - s b i f t  d i a l  in d i c a t i o n  a re  a l l  made zero , th e  s t a t o r s  
o f  12 and 22 may be r o ta t e d  u n t i l  a s t a t i o n a r y  sp o t  i s  ob ta ined  on the  
C.R.O. s c re e n .  I f  now 6; and 0o a re  g iven  equal o r  unequal d isp lacem ents  
i n  t h e  same d i r e c t i o n  a t r a c e  w i l l  appear on th e  o s c i l lo s c o p e ,  and provided 
th e  5 0 -c /s  v o l t a g e s  on th e  X a n d Y p la te s  a re  i n  phase , t h i s  w i l l  be a 
s t r a i g h t  l i n e .  The t i l t  o f  th e  l i n e ,  o f  co u rse ,  depends on th e  e x c i t a t io n s
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s u p p l ie d  by th e  V ariacs  23 and 24. Phase s h i f t  between th e se  5 0 -c /s  
s i g n a l s  o c c u r re d .  This may be p a r t l y  a ss ig n ed  to  th e  d i f f e r e n c e  in  
th e  c i r c u i t s  o f  th e  two channels  and to  th e  employment o f  an a m p l i f i e r  
i n  th e  Y d i r e c t i o n .  I t  was removed by th e  CR p h a s e -c o r re c t in g  c i r c u i t  
25. As a f ix e d  s e t t i n g  o f  th e  o s c i l lo s c o p e  a m p l i f i e r  was u sed ,  the 
netw ork 25 need o n ly  be a d ju s te d  a t  th e  s t a r t  and a s t r a i g h t - l i n e  t r a c e  
i s  o b ta in ed  t h e r e a f t e r .  A ll th e  above d e t a i l s  a r e  performed w ith  6; 
and 06 s t a t i o n a r y .
The movement o f  the  t r a c e  when and @0 a r e  bo th  v ary ing  s in u s o id a l ly  
a t  the  same frequency  can b e s t  be exp la ined  w ith  re fe re n c e  to  F ig .  43.
0 = 0 °  
0 /  =  0 5 9 ;  
0 =  0 * 5  §o O
(a)
0  =  60°
9; = d  
© .=  O S & .(b)
0 = 9 0 °






F ig .  43 . C.R.O. t r a c e s  o b ta ined  w ith  v a r io u s  phase s h i f t s  
o f  &o/&; Q'00)
The q u a n t i t i e s  in d ic a te d  im m ediately  below each diagram are  ( i )  one 
p h a s e - s h i f t  o f  ( i i ) the  i n s t a n t  o f  tim e concerned, th e  in p u t
be ing  g iven  by @ i - f ( i i i )  th e  in s ta n ta n e o u s  v a lue  of , and ( iv )  
th e  in s ta n ta n e o u s  v a lue  o f  . The p a t t e r n  o b ta ined  l o r  zero  phase-
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s h i f t  o f  6o/ (-fa) i s  in d ic a te d  in  F ig .  43a . As th e  s in u s o id a l  
am plitude  v a r i a t i o n s  a re  in  phase , th e  s t r a i g h t  l i n e  t r a c e  m erely  a l t e r s  
i t s  le n g th  w i th o u t  a l t e r i n g  i t s  d i r e c t i o n .  The frequency  o f  t h i s  
a l t e r a t i o n  in  le n g th  i s  tw ice t h a t  o f  the  in p u t  s ig n a l  frequency . In  
F ig .  43b th e  c o n d i t io n s  fo r  60° p h ase - la g  o f  Bp w ith  r e s p e c t  to  a re  
g iv e n .  The ex trem it ie .s  of the  l i n e  fo llow  th e  e l l i p t i c a l  cou rse  shown 
and th e  l i n e  i t s e l f  undergoes p e r io d ic  v a r i a t i o n  of i t s  le n g th  w h ile  i t  
r o t a t e s  a n t i - c lo c k w is e .  A 90° p h a s e - s h i f t  appears  as F ig .  43c, in  
which th e  e x t r e m i t i e s  fo llow  a c i r c l e .  The 180° p h a s e - s h i f t  p a t t e r n  
ta k e s  th e  foim o f  F ig .  43d. The p rocedure  fo r  phase-measurement i s  
th e r e f o r e  to  r o t a t e  th e  r o t o r  o f  the  r e s o lv e r  22 (thus  a l t e r i n g  th e  phase 
o f  th e  am p litude  v a r i a t i o n  w ith  r e s p e c t  to  th e  in p u t)  u n t i l  the  zero 
p h a s e - s h i f t  p a t t e r n ,  F ig .  43a i s  o b ta in e d .  The r o t a t i o n  in d ic a te d  on 
the  d i a l  p rov ided  i s  th e  r e q u i re d  a n g le .  For small am plitude v a r i a t io n s  
o f  0O , th e  v e r t i c a l  d e f l e c t i o n  was in c re a se d  by a l t e r i n g  th e  Variac 24. 
Hence i t  was p o s s ib le  to  o b ta in  the  in -p h a se  t r a c e  as a 45° l i n e  f o r  a l l  
ex p e r im en ta l  p o in t s  and o b ta in  th e  g r e a t e s t  p r e c i s io n .  In  p r a c t i c e  the  
range o f  d ia l  ad ju s tm en t w i th in  which no d e te c ta b le  change appeared in  
th e  t r a c e  was n o t  g r e a t e r  than  2° a t  th e  lo w es t  frequency  p o in t  tak en  nor 
g r e a t e r  than  4° a t  th e  h ig h e s t  frequency  p o in t .  The m id-po in t o f  t h i s  
zone was tak en  as th e  p h a se -a n g le .
E x te n t  o f  L in e a r  O pera tion  o f  th e  System.
The two main f a c t o r s  which r e s t r i c t  th e  range of l i n e a r  movements of 
th e  system a r e  (a) s t a t i c  e r r o r  and (b) c u rv a tu re  o f  the  c o n t ro l  " s t i f f ­
n e s s ” c h a r a c t e r i s t i c ,  t h a t  i s ,  th e  r e l a t i o n s h i p  o f  motor to rq u e  to  e r r o r .
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The maximum s t a t i c  e r r o r  between th e  t r a n s m i t t in g  and r e s e t t i n g  
inagslip  s h a f t s  i s  made up from ( i )  th e  in h e re n t  s t a t i c  in a ccu racy  o f  the  
m agslip  l i n k  i t s e l f ,  which u s u a l ly  i s  of th e  o rder  o f  J 0 to  and ( i i )  
th e  maximum d e v ia t io n  which can occur w i th o u t  th e  developed torque o f  the  
motor exceeding  th e  s t i c t i o n  to rq u e .  The second o f  th e se  e r r o r  
components i s  in v e r s e ly  p ro p o r t io n a l  to  the  c o n t ro l  s t i f f n e s s .  For th e
two v a lu e s  o f  c o n t ro l  s t i f f n e s s  which a re  used i n  the  t e s t s ,  the  t o t a l  
s t a t i c  e r r o r s  a t  the  f i n e  m agslip  s h a f t  were approx im ate ly  1 .5 °  and 0 .8 °  
f o r  th e  low er and h ig h e r  ga in  s e t t i n g s  r e s p e c t iv e l y .
C urvature  o f  th e  o v e r a l l  s t i f f n e s s  c h a r a c t e r i s t i c  i s  i l l u s t r a t e d  by 
F ig .  44, which g ives  the  v a r i a t i o n  o f  s t a l l e d  motor arm ature c u r re n t  w ith  
degrees  r o t a t i o n  o f  th e  f in e  m agslip  t r a n s m i t t e r .  The c o n t ro l  s t i f f n e s s  
i n  l b - f t / d e g r e e  e r r o r  f o r  each o f  t h e  two g a in  s e t t i n g s  i s  ob ta ined  by 
m u l t ip ly in g  th e  s lope  o f  th e  curves  by 0 .294 , which i s  th e  motor developed 
to rq u e  p e r  a rm a tu re  ampere w ith  normal f i e l d  e x c i t a t i o n .  This to rque 
c o n s ta n t  was determ ined by p rev ious  t e s t s .  The o v e ra l l  s e n s i t i v i t y  
cu rves  o f  F ig .  44 a re  g iven, f o r  two g a in  s e t t i n g s  o f  th e  therm ionic 
a m p l i f i e r ,  w ith  th e  l a r g e r  g a in  v ery  n e a r ly  equal to  'trwice the  s m a l le r .  
L i n e a r i t y  o f  th e  c h a r a c t e r i s t i c s  may be reaso n ab ly  assumed up to 10° and 
20° e r r o r ,  f o r  th e  h ig h e r  and lower g a in  s e t t i n g s  r e s p e c t iv e ly .
The above f a c t o r s  i . e .  s t a t i c  e r r o r  and cu rv a tu re  o f  th e  c o n t ro l  
c h a r a c t e r i s t i c  s e v e re ly  l i m i t  th e  range o f  movement w i th in  which the  
o p e ra t io n  may be con s id e red  l i n e a r .  The fo llow ing  a re  s ig n a l  am plitudes 
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Fig. 4 4  Overall Sensitivity.
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Three t r a n s i e n t  and th re e  frequency  responses  were ta k e n .  Response 
I I  d i f f e r s  from I  on ly  in  t h a t  tw ice  th e  c o n t ro l  s t i f f n e s s  o f  I  was u sed .  
Response I I I  d i f f e r s  from I I  on ly  in  t h a t  a l e s s  s t a b i l i s i n g  CR va lue  in  
the  1 s t  s ta g e  phase-advanc ing  c i r c u i t  was u sed .  The responses  have n o t  
been chosen  w id e ly  d i f f e r e n t  as th e  o b je c t  was to  examine i f  reasonab ly  
sm all changes i n  th e  frequency  response  o f  a p r a c t i c a l  system could  g ive  
a c c u ra te  p r e d i c t i o n  of the  t r a n s i e n t  re sp o n se .  F u r th e r ,  responses which 
show a number o f  o s c i l l a t i o n s  have n o t  been measured as th e s e  a r e  n o t  
a c c e p ta b le  i n  p r a c t i c e .
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CHAPTER 11.
EXPERIMENTAL FREQUENCY AND STEP RESPONSES.
STEP RESPONSES CALCULATED FROM FREQUENCY RESPONSES.
1 1 .1 .  Frequency Responses.
On th e  th r e e  fo llow ing  pages a re  shown th e  frequency  responses I ,  
I I  and. I l l ,  taken  under th e  c o n d i t io n s  s t a t e d .  The f i r s t  experim enta l 
p o in t  f o r  th e s e  responses  was taken  a t  the low es t  frequency  f o r  which 
th e  movement o f  the  o u tp u t  could he considered  s in u s o id a l .  Waveforms 
o f  th e  a c t u a l  o u tp u t  motion a t  t h i s  and o th e r  p o in t s  th roughou t the  
ex p er im en ta l  f requenoy  range a re  g iven l a t e r ,  and show reasonab le  
s in u s o id a l  m otion o f  th e  o u tp u t .  This p o in t  i s  d iscu ssed  in  r e l a t i o n  
to  th e  o sc i l lo g ra m s  of th e  motor arm ature  c u r r e n t  which a r e  shown in  
Sec. 1 2 .2 (b ) .
The h ig h e s t  f requency  p o in t  a t  which read ings  were observed was, 
f o r  a l l  t h r e e  re sp o n ses ,  th e  frequency  a t  which the  response  became 
ap p ro x im ate ly  0 .5 .  This r e s t r i c t i o n  was s e t  by the t o t a l  dead zone 
then  becoming a b o u t 2 0 /  o f  the  am plitude o f  th e  o u tp u t  o s c i l l a t i o n .
I t  was e v i d e n t  t h a t  read in g s  beyond th i s  p o in t  would have no v a lu e .
0 I
The am plitude  response  curves have been produced to  g ive 
a t  v e r y  low f re q u e n c ie s  and a s im i la r  assumption o f  ze ro  p h a s e - s h i f t  
has a l s o  been  made. P r a c t i c a l l y ,  o f  c o u rs e ,  t h i s  i s  no t the  case ,  due 
to  s t i c t i o n .  A reco rd in g  of the  o u tp u t  motion a t  a low frequency i s  
g iven  in  Sec. 1 2 .2 (b ) .
/ • 5
Angular frequency -  rad [sec
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Fig. 4 5  Frequency Response I.
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Fig. 47 Frequency Response III.
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1 1 . 2 .  S te p  Responses .
F i g u r e s  48 ,  49 and 50 a r e  s t e p - r e s p o n s e  r e c o r d s  t a k e n  on t h e  pape r  
r e c o r d e r  d e s c r i b e d .
F i g .  48 .  E xpe r im en ta l  T r a n s i e n t  Response I .
F i g .  4 9 .  E xpe r im en ta l  T r a n s i e n t  Response I I .




: f  V ' . " • • i d  ' .
'
i
F i g ,  5 0 .  E xpe r im en ta l  T r a n s i e n t  Response I I I .
The s t e p  was a p p l i e d  t o  t h e  system by d i s c o n n e c t i n g  t h e  r e s e t t e r  
e r r o r  v o l t a g e  from t h e  a m p l i f i e r  i n p u t ,  t u r n i n g  the t r a n s m i t t i n g  m a g s l ip  
o f f  by t h e  d e s i r e d  amount and r e - c o n n e c t i n g  t h e  r e s e t t e r  o u t p u t  to t h e  
a m p l i f i e r ,  t h e  e n t i r e  system of  c o u r s e  be ing  o p e r a t i v e  meanwhil e .  An 
a t t e m p t  was  made t o  e l i m i n a t e  hie  e f f e c t  which s t a t i c  e r r o r  has on the 
r a t e  o f  r e s p o n s e  o f  t h e  system by t a k i n g  up the s t a t i c  e r r o r  b e f o r e  i n ­
s e r t i n g  the  r e q u i r e d  o f f s e t  f o r  t h e  s t e p  r e s p o n s e .  The d e t a i l e d  p ro c e d u re  
i s  i l l u s t r a t e d  i n  c o n s i d e r i n g  t h e  s tep  r e s p o n s e  I ,  F i g .  48,  f o r  which con­
d i t i o n  t h e  s t a t i c  e r r o r  was l a r g e s t  and a p p r o x i m a t e l y  1 . 5 ° .  D e t a i l s  a r e
(a)  t u r n  i n p u t  i . e .  t r a n s m i t t i n g  m ags l ip  s h a f t  s lo w ly  t o  any  ang le  oc° 
o u t p u t ,  i . e .  r e s e t t i n g  m ag s l ip  s h a f t  fo l low s  to a p p r o x i m a t e l y  C<x-1-5)
(b)  d i s c o n n e c t  r e s e t t i n g  m ags l ip  o u t p u t  f rom a m p l i f i e r  and t u r n  i n p u t  
t o  (c(. + 2 0 f , where  20° i s  magni tude o f  i n p u t  s t e p  f u n c t i o n .
(c)  s t a r t  p a p e r  d r i v e  i n  r e c o r d e r .
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(d) s t a r t  t im e-m arking  dev ice
(e )  r e -c o n n e c t  r e s e t t i n g  m agslip  o u tp u t  to  a m p l i f i e r  in p u t ,  observe 
response  and f in a l  o u tp u t  angle
( f )  s top  paper d r iv e  and t im e-m ark e r .
The r e - c l o s i n g  of th e  sw itch  in  (e) c o in c id es  w ith  th e  i n s t a n t  the
tim e-m arking  pen r e tu rn s  t o  the  p a p e r .  The t=0  p o s i t i o n  on th e  response
*
i s  th e n  g iv e n  by measuring from the  time-mark a d i s ta n c e  equal to  th e  
spac ing  between th e  two pens .  Some e r r o r  i s  in c u r re d  i n  t h i s  manner but 
i n  p r a c t i c e  t h i s  p o s i t i o n  co - in c id e d  very  c lo s e ly  w ith  the p o in t  a t  which 
the  f i r s t  d e p a r tu r e  o f  t h e  ou tpu t from zero  took p la c e .
For the purposes  of comparison w i th  th e  c a l c u la te d  step  re sp o n ses ,  
th e  d e t a i l  o f  each response  has been a b s t r a c te d  from th e  a p p ro p r ia te  
re c o rd  and en la rg ed  in  th e  diagram o f  F ig s .  51, 52 and 53.
Before g iv in g  th e s e  on a u n i t  s tep  response  b a s i s ,  the  e f f e c t  o f  
t a k in g  up th e  s t a t i c  e r r o r  p r i o r  to o f f s e t t i n g  th e  in p u t  i s  taken in to  
ac c o u n t .  This i s  d isc u sse d  in  r e l a t i o n  to  th e  experim ental response I ,  
F ig .  51, having an in p u t  s t e p  of 20°. The o u tp u t  in  t h i s  case  showed
u l t im a te  c o - in c id e n c e  w ith  t i e  in p u t ,  b u t  i t  w i l l  n o t  always be so , as  th e  
o u tp u t  may come t o  r e s t  anywhere w i th in  ± 1 .5 °  approx im ate ly ,  o f  the  in p u t .  
In  t h e  f i r s t  p l a c e ,  th e r e f o r e ,  on l3>- v a lu es  p r i o r  to  the  p o in t  D have any 
meaning as  f a r  as l i n e a r i t y  i s  concerned . In  th e  second p la c e ,  by the  
time p o in t  C i s  reached ,  the o u tp u t  has run through (20 +  1 . 5 ) ° .  The 
c o r r e c t  tim e f o r  c ro s s -o v e r  i s  more n e a r ly  a t  th e  p o in t  B. The c o r r e c t  
ove rsh o o t i s  n e v e r th e le s s  o b ta ined  by th e  h e ig h t  o f  th e  shaded p a r t  a t  any
20 step
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i n s t a n t  up to  th e  p o in t  D. This shaded p a r t  th e re fo r e  has been t r a n s ­
posed to  th e  p o in t  B b e fo re  e v a lu a t in g  the  response  on a u n i t  s te p  b a s i s ,  
as  shown by curve 1 i n  F ig .  54. The o v e ra l l  e f f e c t  i s  a s l i g h t  decrease  
(0 .03  seconds) in  the tim e to  reach c ro s s -o v e r  and to  reach  maximum over­
s h o o t ,  compared w ith  th e  recorded  v a lu e .  Even w ith  th e se  r e s t r i c t i o n s  
i t  i s  s t i l l  n o t  p o s s ib le  to  a s s e r t  t h a t  a t r u l y  l i n e a r  response  has been 
measured, th e  m ost im p o r tan t  d e f e c t  s t i l l  rem ain ing  be ing  th e  in c re a s e  o f  
f r i c t i o n  to  the s t i c t i o n  v a lu e  m om entarily a t  the p o in t  o f  maximum over­
s h o o t .  This w i l l  tend  to reduce th e  maximum overshoo t compared w i th  th e  
l i n e a r  v a lu e .  The response  curves  1 of F ig s .  54, 55 and 56 r e p re s e n t ,  
however, th e  n e a r e s t  approach to  l i n e a r i t y  t h a t  a p r a c t i c a l  system i s  
l i k e l y  t o  g iv e .
1 1 .3 .  C a lc u la t io n  of Step Response from Frequency Response.
The s te p  re sponses  f o r  each o f  the  f requency  responses  I ,  I I  and I I I
35
have been c a l c u la te d  (a)  by C am pbell 's  method and (b) by the  method of
39 40
Bedford and F re d e n d a l l .  In  a d d i t i o n  F loyd’ s method has a l s o  been used
f o r  response  I .  The methods a r e  given below w ith o u t  p ro o f ,  response I
be ing  used  fo r  i l l u s t r a t i v e  c a l c u l a t i o n s .  The r e s u l t s  f o r  t h i s  response
a re  g iven  in  F ig .  54 , and fo r  responses  I I  and I I I  in  F ig s .  55 and 56
r e s p e c t i v e l y .
Ca mpb e l  1 * s Me th  od .
F ig ,  57 g iv e s  th e  v e c to r  response  - l (/&>) • From i t  the  N yquist
00
lo cu s  t-as t e e n  c o n s t ru c te d  as shown by the  heavy l i n e  o f  F ig .  58, on
which t h e  a n g u la r  frequency  p o in ts  a r e  marked. By e r e c t in g  a s e t  o f
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c u r v i l i n e a r  squares  on t h i s  lo c u s ,  th e  v a lu e  of p  = + joo, f o r  which
Q
Y(pi)* ■£($■*■-I i s  found. This i s  th e  p r in c ip a l  o s c i l l a t o r y  ro o t  o f  th e  
c h a r a c t e r i s t i c  equa t ion
I  + yCp) - o
and from i t ,  t h e  e r r o r  of the system when e x c i te d  by a u n i t  s te p  in  the  
in p u t  d isp la cem e n t ,  may be approx im ate ly  found. The e r r o r  i s  in  f a c t
^  i
G-fc) = _ COS ( k ) , t  -
ipiiy'0>)l (141'
where oC/T-jco, = Ipf\ L$ i s  the  v a lue  of p s a t i s f y i n g  I + Sip) ~ °  and
\YC?)\ i s  t h e  m agnitude of the d e r iv a t iv e  4Y(p) a t  p = -,oLi+jtof . For
d p
r e g u la r  fu n c t io n s  such a s  Y(p) , we have
ufycp) = =* _/ 3y  (1 4 2 )
dp JoL l dvi
so t h a t  y ip) = ev a lu a te d  e i t h e r  along a con tour of c o n s ta n t
co o r  a lo n g  one o f  c o n s ta n t  oC . Taking the  f i r s t  method, we o b ta in
Y /^))=r v e c t o r  AB, t h a t  i s ,  the  change in  YCp) fo r  u n i t  in c re a s e  in  oC ,
measured a long  th e  ta n g e n t  to  t h e  co con tour through 1-1,0] ,
Thus y '(p) ~ | y 'C p ) | / ^  = A3L§
D e ta i l s  a b s t r a c te d  from t h e  diagram o f  F ig .  58 a r e ,  th e re fo re
oL) +- /c o ,  =  - 3 + j l - l  
Ip, l / J  -  7-7/ 1112-9°
iyty)l Q-25LzU °°
Henc e jA-
U t )  -  2  £ ~  cos ( T i t  -  l /2 -?° - tH0O )
7-7/ xO-2S rad
G0(t) *  I -  1-037 z ' 2ba>s C4ofb- z  ?)° (143)
This re sp o n se  i s  shown by curve 2 o f  F ig .  54. S im i la r ly  curves 2 
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the  f req u en cy  responses  I I  and I I I .  These a re  r e s p e c t iv e ly
% t t )  = / - hi23€~/)'3kcos((>8tt-2>iy  (144)
and d0 (lr) =• !~o-953£  2 ^cos (473t - /3 )°  (145)
th e  d e t a i l s  o f  which have been computed from th e  diagrams o f  F ig s .  60 and 
62.
Method o f  Bedford and F red en d a l l
For th e  pu rposes  o f  comparison w ith  Campbell 's  method, the  harmonic 
s y n th e s i s  p rocedu re  o f  Bedford and F red en d a l l  was c a r r i e d  ou t fo r  a l l  th re e  
r e s p o n s e s .  The method depends upon th e  F o u r ie r  S e r ie s  r e p re s e n ta t io n  o f  a 
r e c t a n g u la r  wave o f  am plitude  u n i t y ,  namely
4(6m &  +Jsi'n3e i-jsinSe + • • • )  (146)n 3 5
On adding  a c o n s ta n t  h e ig h t  o f  u n i t y  to t h i s ,  th e  p e r io d ic  wave shown in  




O TT/(# 2T7/C J
F ig .  63.
Taking h a l f  th e  h e ig h t  of t h i s  v a r i a t i o n  and l e t t i n g  th e  p e r io d  in c re a s e  
i n d e f i n i t e l y  w i l l  r e s u l t  in  a u n i t  s te p  ap p l ie d  a t  t  = o . For p r a c t i c a l  
p u rp o ses ,  however, i t  i s  n o t  n ece ssa ry  to in c re a s e  th e  period  i n d e f i n i t e l y .
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P rov ided  th e  h a l f - p e r io d  i s  s u f f i c i e n t l y  long to  a l low  the  t r a n s i e n t  
decay of th e  re sp o n se  to  be completed, then  the  response o f  th e  o u tp u t  
to  any one o f  t h e  r e c ta n g u la r  blocks w i l l  be the  same a s  th e  response  
to  a u n i t  s t e p .
The method c o n s is t s  t h e r e f o r e  of
(a)  d e c id in g  upon a fundamental h a l f - p e r io d  to  s a t i s f y  th e  above
c o n d i t io n ;
(b) r e s o lv in g  the  r e c ta n g u la r  wave in to  a F o u r ie r  S e r i e s ;  t h i s  w i l l  
be
2 / /  + tlsm S e  + ■ ■ ■ ) ]  , ® = (147)
(o) i n s p e c t io n  o f  the  f requency  response  §> to  o b ta in  th e  p h a s e - s h i f t  
and g a in  a t  each of th e  f re q u e n c ie s  5co . . . ; l e t  th e se
be and Rn fo r  any frequency  ncv f where n i s  odd;
(d) s y n th e s i s  o f  the o u tp u t  re sp o n se ,  namely
i f ! + 4  (&/ sm +■ fa sin Cse + <f>S) f  • ■ • + sin ( ne+</>h ) ) \
If 3 n  J
-  i  f  /  -A 4 (  a./ s m 9  + a3s/n.3e + • - . y- ansmh6 . . .
2 L n 3 n
+ b<c.os9 -f b$ c<rt 3e -j- -f bn u t s n & )  I ( 14 8 )
2  /-? J3 n
where an = Rn cosrf>n -  Real p a r t  of Oof91 C j c o )
bn = f a s t e n  - _/(lma g in a ry  p a r t  o f  Qo/di (jo>))
1
and Qo/Gfbju) ~ I , a t  00 ^ 0  •
*
Hie method i s  s t r a ig h t fo rw a rd  and w i th  th e  a id  o f  Tables of Ism  ne
and icos/70, th e  com putation o f  (148) can be done f a i r l y  q u ic k ly .  
n
See Appendix I I I .
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The com position  of a r e c t a n g u la r  wave u s in g  11 and 15 harmonics i s  shown 
in  F ig .  64. I t s  f e a t u r e s  a r e  (a)  a f i n i t e  r a t e  of r i s e ,  (b) in c re a s in g  
p o s i t i v e  v a lu e s  b e fo re  t  = o, and (c) about 8,5% maximum o vershoo t.  To 
some e x t e n t  (a)  and (c) cancel i n  comparison w i th  th e  t r u e  re c ta n g u la r  
form. With reg a rd  to  ( b ) ,  we s h a l l  expec t a t  t  = o a sm all p o s i t i v e  
v a lu e  o f  th e  response  of any system to such an in p u t .  In  apply ing  th e  
method, a 15-harmonic com position has been adopted fo r  a l l  th e  re sponses ,  
b u t  th e  fundamental p e r io d s  chosen d i f f e r .  For response  I ,  the  p e r io d  i s  
7 s e c s ,  and f o r  re sponses  I I  and I I I ,  i t  i s  5 s e c s .  Taking response I ,  
o f  F ig .  45, we o b ta in ,
n 1 3 5 7 9 1 1 13 15
00 0.897 2.69 4 .49 6.28 8.D7 9.87 11.67 13.46
«n 1 . 0 1 1 . 2 1 .47 1.57
toto•1—I .95 .67 .46
fn -4 ° - 1 2 ° - 2 2 ° -45° -73° -95° - 1 1 1 0 -1270
The c a l c u l a t i o n  i s  g iv en  in  f u l l  i n  Appendix IV. The response i s  
shown i n  F ig .  65. S im i la r  r e s u l t s  f o r  responses  I I  and I I I  a re  g iven  in  
F ig s .  6 6  and 67. Comparison o f  th e s e  w i th  th e  measured t r a n s i e n t  
re sponses  i s  shown by curves 3 o f  F ig s .  54, 55 and 56 a l l  r e s p e c t iv e ly .
I t  w i l l  be seen t h a t  th e  response  o f  F ig .  65 i s  no t zero  before  t  = o 
( i t  i s  i n  f a c t  0 .0 4 ) .  A c a l c u l a t i o n  up to  21 harmonios, u s ing  the same 
fundam en ta l ,  was made f o r  comparison. For t h i s ,  th e  frequency  responses
o f  F ig .  45 were e x t ra p o la te d  by eye .  This gave
=■ 0-3 °  Z 2,  ■ »■/
-  - t 4 J ’  $ z / ’ - / 5 4 °
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g ives  the  f i g u r e  o f  Q0* 0 03 a t  t *  0 # This shows on ly  a s l i g h t
r e d u c t io n  o f  th e  t  = o v a lu e  compared w ith  th e  15-harmonic c a l c u l a t i o n .
I t  i s  c l e a r  t h a t  many more harmonics need to  he p r e s e n t  in  the composite 
in p u t  wave b e fo re  a c tu a l  p h y s ica l  c o n d i t io n s  resem bling a u n i t - s t e p  can 
be approached . The d e f ic ie n c y  o f  the experim ental responses ' n o t  being 
known above a f i n i t e  frequency  has n o t  g r e a t ly  a f f e c te d  th e  r e s u l t .  In  
f a c t  i t  i s  p ro b ab le  t h a t  more ex a c t  measurements a t  the  low freq u en c ies  
(where th e  re sp o n se  i s  u n i t y  o r  s l i g h t l y  above u n i ty )  would more d i r e c t l y  
in f lu e n c e  th e  i n i t i a l  v a lu e .  At t  = o, the  ou tpu t c o n t r ib u t io n  i s  
w h o lly  due to  th e  b^ v a lu e s  and i t  i s  th e r e f o r e  p o s s ib le  by express ing
■%
th e  r e s u l t  i n  term s of th e  an v a lu es  a lo n e  to  make th e  i n i t i a l  ou tpu t z e ro .  
F lo y d ’ s Method .
F lo y d ’ s method i s  e s s e n t i a l l y  a means o f  perform ing an approximate 
in v e r s e  F o u r ie r  T ransform ation  upon the system frequency response fu n c t io n  
e0/9 LCJ») • I t  has been shown in  Sec. 2 .4  of P a r t  I  t h a t  the  in v e rse
L ap lace  T ransfo rm a tion  o f  Qo/QiLp) i s  in  f a c t  th e  response  o f  the system to  a 
u n i t  im pu lse .  In  th e  n o ta t io n  of Sec. 2*4, ^ ) =  response to  a u n i t  impulse 
&Lt) a p p l ie d  a t  and &(p) -  Q(p) = system frequency  response fu n c t io n .
* The s e r i e s  ^ ^ ~ nsinnQ may be used over th e  ranges e c W , l80o£&£Z70°,
i . e .  th e  q u a r t e r  p e r io d s  commencing a t  o, l"~ U/fe . As th e  s in e  expansion 
i s  symmetrical abou t 90° and 270° th e  c o r r e c t  response i s  n o t  ob ta ined  
o u ts id e  th e s e  r a n g e s .  Here i t  i s  p r e f e r r e d  t o  keep a response which a t  
l e a s t  i s  p h y s ic a l ,  a l th o u g h  no t the  ex ac t  r e p re s e n ta t io n  o f  th e  u n i t - s t e p  
response
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Hence c+y'oe
rf (t) - 1  f ^ t ptdP
J e ~y°°
S ince  a l l  t h e  p o le s  o f  Q(p) a re  i n  the  l e f t - h a l f  p la n e ,  t h i s  may be w r i t t e n  
as  a r e a l  f requency  i n t e g r a l  ^
r  y a )/'
1 tk) ~ in  da> (iso)foe . .
~ 2 f t J  9°/§i  ^  ^151^
The above may be reduced to
<y>
r^(t) =* £  J  (  f?e. £°(j<u)) cos dot da) (152)
which i s  th e  b a s i s  o f  th e  approxim ate method due to  F loyd. The
ap p rox im ation  c o n s i s t s  in  re p re s e n t in g  th e  r e a l  p a r t  o f  th e  Q0/ Joo') 
response  by a s e r i e s  o f  s t r a i g h t  l i n e s ,  a s  shown in  F ig .  6 8 . C onsidering 
now th e  a re a  between the  curve  and the to a x i s ,  the s t r a i g h t  l i n e  
app rox im ation  enab les  t h i s  to  be made up o f  a number o f  t r a p e z o id s .  For
in s ta n c e ,  up to  th e  frequency  a t  which th e  curve c ro sse s  th e  cu a x is ,  i t  i s
composed rough ly  o f  th r e e  t r a p e z o id s ,  AdeOA, BedAB and one of nega t ive  
a r e a ,  AabBA. These a r e  shown s e p a r a t e ly  below, t ra p e z o id  numbers 3, 2 and 
1 r e s p e c t i v e l y .  Trapezoids 4 and 5 which complete th e  a rea  req u ire d  a r e  
a l s o  shown. Each o f  th e s e  t r a p e z o id s  i s  i d e n t i f i e d  by th re e  q u a n t i t i e s ,  
w hich , shown fo r  t r a p e z o id  3, a re  ^  5 ^ 3  and , where = h e ig h t  of 
t r a p e z o id  ( p o s i t i v e  o r  n e g a t iv e )
co3 ~ co d + ooe
2
A S =r C0e -  OJd
The i n t e g r a l  (152) fo r  t h i s  t r a p e z o id ,  when ev a lu a te d ,  gives
2  GJ,r, f  s fn Y  S/K ^  ) (153)
77 c o jt  A  A 3t  J
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th e  t o t a l  due to  a l l  the  t r a p e z o id s  g ives  the impulse response ,
s
C ( t )  =  2  2  u n rn  (  sm  u>n t -  Y s / n  / % / -  )
JJ  ^ ojnt  A  Ant  /
4
This i s  computed u s ih g  a Table of .
The num erica l v a lu es  fo r  the  response  of F ig .  6 8  a re
n 1 2 3 4 5
r - 0 .3 5 0 .3 5 1 .0 0 .28 - 0 .2 8
CO 2.55 5 . 9 7.95 1 0 . 6.5 17 .5
A 3 .5 1 .0 3.1 2.3 7
R e s u l t  (154) i s  th e r e f o r e
r ( t ) =  2 A  o &?2 fs in  Z S S l'Y sin 3S£ ) + z-oCSfsin S -9 t )[s/h l-ol' ) + 7 95fsm  7-QSt')f 5/a 3-lb)
5 I I I  L 2- s s t  A 3 -S t /  ( s-.qt A  f-o t  j  ( 7.957: A  ,3  / ir  J
+  s -9 6  f  s in  ( o - t f t Y sfn Z - l t ) -  4 -9 { s in  ( J S t Y s in  7b) J  1^55'
 ^ (o-G St J  z-31 /  tY’f t  A  7b U
This i s  computed and th e n  in t e g r a te d  num erica l ly  by the  t im e - s e r ie s  
J  *o p e r a to r  i  LLlU , where $ i s  the  spac ing  of th e  o rd in a te s  d e f in in g  
z  Ll,~iJ
the  c u rv e .  $=o.o$ sec has been taken  fo r  the  i n t e g r a t i o n ,  and r e s u l t s  
i n  th e  s t e p  re sp o n se  shown by curve 4 o f  F ig .  54. The agreement w i th
th e  o th e r  two c a l c u la te d  responses  i s  q u i te  good. For t h i s  reason i t
was co n s id e re d  unnecessa ry  to  c a r r y  out F lo y d 's  method f o r  th e  responses 
I I  and I I I ,  and s in c e  c o n s i s t e n t  agreement between th e  two previous 
methods had a l r e a d y  been ob ta ined  f o r  a l l  th re e  re sponses .
The d isc re p a n c y  between t h e  measured s tep  responses  and the  c a l c u l a t ­
ed responses  forms th e  d is c u s s io n  o f  th e  fo llow ing  Chapter.
See T u s t in ,  A. A Method of  Analysing th e  Behaviour of L in e a r  
Systems in  Terms of Time S e r ie s .
P roc . I n s t .  E le c t .  E ng rs . v o l .  94, IIA, 1, p . 130. 1947.
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CHAPTER 12
DISCUSSION OF RESULTS.
1 2 .1 .  Comparison o f  C a lcu la ted  w ith  Measured Responses.
The measured un jc i-s tep  responses  a r e  given by th e  curves 1  of F ig s .
54, 55 and 56, and th e  a b s t r a c t i o n  o f  th e se  r e s u l t s  from th e  t r a n s i e n t  
reco rd s  has a l r e a d y  been d e a l t  w i th .  In  th e  same diagrams a re  a l s o  given 
the  c a l c u l a t e d  s te p  re sp o n ses ,  the  curves numbered 2 being those  ob ta ined  
by Cam pbell’ s method and th e  curves numbered 3 being those  r e s u l t in g  from 
th e  meihod o f  Bedford and F re d e n d a l l .  F in a l ly  curve 4 o f  F ig .  54, g ives  
the  s t e p  response  c a lc u la te d  by Floyd’ s method.
Exam ination  of th e s e  curves  shows th e  fo llow ing  genera l f e a tu r e s ,
( i )  th e  c a l c u la te d  responses  i n  each case a re  s u b s t a n t i a l l y  the 
'same in  r e s p e c t  o f  t h e  tim e and s i z e  o f  th e  maximum overshoot.
( i i )  i n  al 1 c a se s  th e  tim e a t  which maximum overshoot i s  reached in  
th e  c a l c u l a t e d  responses  i s  c o n s id e ra b ly  le s s  than th e  time fo r  
maximum overshoo t i n  th e  measured re sp o n ses .  The d iscrepancy  
however becomes sm alle r  as the  degree  o f  o s c i l l a t i o n  in  the 
re sp o n se  becomes g r e a t e r .  Thus we have
Measured Time of Meas. Time o f  C alc . D if fe ren ce
Response No. Max. Over sh o o t.  Max. Overshoot. Max .Overshoot, as /  Meas.
Value
I I 0 .47  sec 0.28 40.4
I 0 .5 9 0 .4 32.2
I I I 0.41 0.31 24 .4
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( i i i )  th e re  i s  reasorjab le  agreement between th e  c a lc u la te d  and
measured v a lu e s  o f  maximum overshoot except when th e  l a t t e r  has
i t s  s m a l le s t  v a lu e .  Actual v a lu es  a re
Response No. Measured C a lc u la te d *  D iffe ren ce  compared
Max.Overshoot. Max.Overshoot. w i th  Meas. Value.
I I  15% 31% + 16%
I  21  30 + 9
I I I  47 43 -  4
* (Campbell’ s method).
B r i e f l y ,  t h e r e f o r e ,  i t  may be sa id  th a t  th e  agreement i s  b e s t  i n
reg a rd  to  b o th  time and s iz e  of the maximum overshoo t,  when the  degree o f
o s c i l l a t i o n  in  th e  response  i s  g r e a t e s t .
1 2 .2 .  D isc u s s io n  of  d isc rep a n cy  in  r e s u l t s .
The l a c k  o f  agreem ent i n  the tim e s c a le  o f  th e  responses  i s  th e  most
e v id e n t  f e a t u r e .  The reaso n  fo r  t h i s  and the ex ce ss iv e  c a lc u la te d  va lues
o f  th e  maximum o vershoo t i n  th e  response  I I ,  may be in v e s t ig a te d  under
th r e e  h ead in g s .
(a )  Accuracy o f  methods used  in  co nvert ing  from frequency to  s tep  
re sp o n se .
(b) E x ten t  o f  l i n e a r  o p e ra t io n  under frequency  response c o n d i t io n s .
(c) R e p ro d u c ib i l i ty  o f  system s tep  and frequency resp o n ses ,  and o rd e r  
o f  acc u racy  o f  experim ental measurements.
(a)  Accuracy o f  methods of c a l c u l a t i o n .
In  Cam pbell’ s method th e  approxim ation  made i s  to assume t h a t  the  
response  w i l l  n o t  d i f f e r  g r e a t ly  from th a t  o f  a second-order system naving
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on ly  one complex r o o t - p a i r  i d e n t i c a l  w ith  th e  p r in c i p a l  complex ro o t  of
th e  system under i n v e s t i g a t i o n .  I t  i s  th e r e f o r e  c l e a r  t h a t  t h i s  method
w i l l  g iv e  good r e s u l t s  i f  the  system, a l b e i t  o f  h igh  o rd e r ,  has in  f a c t
one complex r o o t - p a i r  from which a l l  o th e r  ro o ts  a r e  rem otely  s i t u a t e d .
The method a l s o  assumes the response I as ca tends  to  an
Oi
i n d e f i n i t e l y  low v a lu e .  Cam pbell 's  procedure w i l l  th e re fo re  g ive  good 
r e s u l t s  f o r  o s c i l l a t o i y  systems b u t  w i l l  g ive  poor r e s u l t s  fo r  systems 
damped by l a r g e  r e a l  r o o t s .  The g ra p h ic a l  accuracy  of t h e  method may 
be checked by perfo rm ing  a c a l c u l a t i o n  in  a simple second -o rde r  system, 
having only  one complex r o o t - p a i r .  This has been  done elsewhere and 
e s t a b l i s h e s  an  o rd e r  o f  accuracy  o f  2 -  5%,
The F o u r ie r  s y n th e s is  method on the o the r  hand depends on a measured 
c h a r a c t e r i s t i c  th roughou t i t s  whole range and w i l l  depend th e re fo re  on the 
shape o f  t h i s  i r r e s p e c t i v e  o f  what ro o t  and zero  p a t t e r n  produces i t .  By 
ta k in g  an a n a l y t i c a l  example, the  normal acc u racy  of the method can be 
shown to  be ag a in  ab o u t 2 -  3%,
From t h e  above th e r e f o r e  we may conclude t h a t ,  a l though  th e  
app rox im ations  made i n  c a l c u l a t i o n  may c o n t r ib u te  e r ro r s  o f  2 -  3% under 
th e  b e s t  c o n d i t io n s ,  a m ajor d isc rep an cy  o f  25 -  40% i s  no t accountab le  to  
them.
(b) E x ten t  o f  l i n e a r  o p e ra t io n  o f  system under frequency  response  
c o n d i t io n s .
Waveforms o f  o u tp u t  ang le  and motor arm ature c u r r e n t .
I t  has a l re a d y  been s t a t e d  t h a t  experim enta l frequency  response
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measurements  w e re  made down t o  t h e  l o w e s t  f r e q u e n c y  a t  wh ich  the  o u tp u t  
m ot ion  was a p p a r e n t l y  a s i n u s o i d .  For f r e q u e n c i e s  lower t h a n  t h i s ,  t h e  
o u tp u t  shows a d e f i n i t e  s t a t i o n a r y  t im e a t  the  peak am p l i t u d e  of  i t s  
movement.  fhe s t a t i o n a r y  p e r i o d  i s  o f  c o u r s e  due t o  a f i n i t e  e r r o r  be­
ing  r e q u i r e d  t o  a l l o w  a d r i v i n g  t o rq u e  equal  to  t h e  s t i c t i o n  to rque  to  
be a ev el  oped .  As t h e  f r e q u e n c y  i s  lowered  so t h e  s t a t i o n a r y  p e r i o d  i n ­
c r e a s e s .  F i g .  69 below g i v e s  a r e c o r d in g  o f  t h e  o u t p u t  motion a t  a 
f r e q u e n c y  o f  a b o u t  0 .12  c / s ,  w i t h  a s i n u s o i d a l  i n p u t  movement o f  ± 1 0 °  
a m p l i t u d e ,  and a c o n t r o l  s t i f f n e s s  equa l  to  t h a t  of  r e sponse  I .
m s  j
F i g .  69.
The s t a t i o n a r y  p e r i o d  f o r  the o u t p u t  i s  a b o u t  0 .8  s e c .  and the
an
a m p l i t u d e  o f  t h e  o u t p u t  movement i s  on ly  ± 9 . 3 ° .  A l a r g e  i n c r e a s e
The a m p l i t u d e  s c a l e  f o r  the  pa pe r  r e c o r d i n g s  i s  1° = 0 . 1 "  and time' 
marking  d a s h e s  o c c u r  e v e r y  0 .5  s e c .  (see Sec.  1 0 . 2 ) .
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i n  t h e  c o n t r o l  s t i f f n e s s  ca use s  j e r k i n e s s  to be a p p a re n t  when t h e  o u t p u t  
l e a v e s  i t s  s t a t i o n a r y  p o s i t i o n ,  a s  i n  F i g .  70, b u t  a t  t h e  sarne t ime,  t h e  
s t a t i o n a r y  p e r i o d  d e c r e a s e s  and the  o u t p u t  am pl i tude  more n e a r l y  approaches  
t h e  i n p u t  a m p l i t u d e .
f
f
F i g .  70.
The f r e q u e n c y  i n  F i g .  69 i s  c o n s i d e r a b l y  l e s s  than  t h e  lowes t  p o i n t s  
a t  which  t h e  f r e q u e n c y  r e s p o n s e s  I ,  I I  and I I I  were commenced. Response 
I ,  h a v i n g  o o n t r o l  s t i f f n e s s  1 .15  l b - f t / ° ,  s t a r t e d  a t  ap p ro x im a te ly  0 . 4  c / s  
and r e s p o n s e s  I I  and I I I ,  hav in g  c o n t r o l  s t i f f n e s s  2 .3  l b - f t / o ,  s t a r t e d  a t  
a b o u t  0 . 6  c / s .  Records were t ak e n  of  t h e  o u t p u t  motion and o f  t h e  motor  
a r m a tu r e  c u r r e n t  f o r  s e v e r a l  p o i n t s  t h ro u g h o u t  t h e  range  o f  e xpe r im e n ta l  
f r e q u e n c y  r e s p o n s e  measurement .  The f re q u e n c y  p o i n t s ,  f o r  each o f  t h e  two 
v a l u e s  o f  c o n t r o l  s t i f f n e s s ,  a r e  as  f o l l o w s .
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1 .  Lowest experim ental p o in t .
2. Lowest f requency  a t  which the  motor a rm ature  c u r re n t  waveform has
a rea so n ab le  fundamental s in e  component.
3. Frequency fo r  which TOS a maximum, i . e .  th e  resonan t
f requency .
i 6 i4 .  Frequency a t  which j ^ / ^ j  aga in  became u n i ty .
5 .  Frequency a t  which | d e c r e a s e d  to  0 .5 .
The o u tp u t  motion records  F ig s .  71a to  75a r e f e r  to  th e  f req u en c ie s  
1 to  5 j u s t  d e sc r ib e d  w ith  a c o n t ro l  s t i f f n e s s  of 1.15 l b - f t / ° .  
O sc illog ram s F ig s .  71b to  75b give th e  motor armature c u r r e n t  va r i a t i o n  
fo r  th e s e  p o i n t s .  Following t h i s  group a re  reco rds  F ig s .  76a to  80a, and 
o sc i l lo g ra m s  F ig s .  76b to  80b, which r e p r e s e n t  -the same p o in ts  1 to 5 (but 
n o t  th e  same f re q u e n c ie s )  f o r  a c o n tro l  s t i f f n e s s  o f  2.3 l b - f t / ° .
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Response
(b)  Motor a rm a tu re  c u r r e n t ,  (approx.  O S  cyc le )
F i g .  71.  NP o i n t  1 .  Approx. l o w e s t  expe r im en ta l  r e a d i n g .
W=2 62 , | |  (i") ■ 1 4 .
( a )  O u tp u t .
I .  F i g s .  71 t o  75,  Con t ro l  s t i f f n e s s  1 .15  l b - f t / 0 .
am plitude ± 1 0 °
I n p u t
(a )  O u tp u t.
(b)  Motor a rm a tu re  c u r r e n t .
F i g .  72 .  P o i n t  2 .  Lowest  f r e q u e n c y  f o r  r e a s o n a b l e  fundam enta l  
s i n e  component  i n  motor  a r m a tu r e  c u r r e n t  waveform, 
c o  =  S-I<j ,  | £ H  -  / - W .
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(a) O u tpu t.
(t>) Motor arm ature c u r r e n t .
F ig .  73. P o in t  3 . Approx. resonan t f requency .
co = 6-<98 , | | ( H  -  ! - S S  •
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(a) O utput,
(b) Motor a rm a tu re  c u r r e n t .
F ig .  74. P o in t  4. Frequency a t  which J fu^^J ^
w = ?-72 , I = ( 02.1 0t
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(a )  O u t p u t .
A A A
v
Motor  a r m a t u r e  c u r r e n t .
F i g .  75 .  P o i n t  5 .  Frequency  a t  -which | = o-5
oo =• /3-^G ? | -* =  0 - 5 5 .
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Response I I .  C on tro l s t i f f n e s s  2 .3  l b - f t / ° .  In p u t am plitude ± 5 ° .
(a)  O utput.
(b) Motor a rm a tu re  c u r r e n t .
F ig .  76. P o in t  1 .  Approx, low es t  experim en ta l r e a d in g .
u> = 3 - &| , 1Cjcol j  -  1-2.
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( a )  O u t p u t .
(b)  Motor  a r m a t u r e  c u r r e n t .
F i g .  77.  P o i n t  2 .  Lowest  f r e q u e n c y  f o r  r e a s o n a b l e  fundamenta l
s i n e  component  i n  motor  a rm a tu r e  c u r r e n t  w ave - fo rm .  




V / V /
(a) O utpu t.
(b) Motor a rm ature  c u r r e n t .
F ig .  78. P o in t  3. Approx. resonan t frequency .
=  <1.03  j A  ( j c o ) I.SI •
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ggjg|££
(a) Output
(b) Motor arm ature c u r r e n t .
F ig .  79. P o in t  4 .  Frequency a t  which j ^ f
to  =  15-37 , =  I-0 8 -
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(a) O utput,
(b) Motor arrnature c u r r e n t .
Frequency a t  whi< 
c c  =  18-G } j = ■  b - 0
F ig ,  80. P o in t  5. ich | 0 - 5
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The fo llow ing  o b se rv a t io n s  may be made from th e  fo rego ing  r e c o rd s  
and o sc i l lo g ra m s .
( i )  The o u tp u t  m otion, a s  f a r  a s  the eye can judge ,  i s  s in u s o id a l  
excep t a t  the  low es t  experim en ta l p o i n t .  At th e s e  p o in t s  th e  
waveform i s  n o t  f a r  o f f  s in u s o id a l  but shows f l a t t e n i n g  o f  t h e  
p eak s .  The development o f  th e se  waveforms, i . e .  F ig s .  71a and 
76a from the  low frequency waveform F ig .  69 i s  a p p a re n t .  This 
e f f e c t  has a l r e a d y  been d is c u s s e d ,
( i i )  The waveforms o f  motor a rm a tu re  c u r re n t  show q u i t e  c l e a r l y  t h a t  
n e a r - s in u s o id a l  o p e ra t io n  o f  the system only  r e s u l t s  onoe 
ap p rox im ate ly  re so n a n t- f re q u e n c y  has been  reach ed .  Above t h i s
frequency  th e  waveforms a r e  rea so n ab ly  s in u s o id a l .  The deve lop ­
ment o f  t h i s  s in u s o id a l  waveform from th e  somewhat ragged b u t  n o t  
e n t i r e l y  random v a r i a t i o n  o f  F ig .  71b p roceeds in  an  o r d e r ly  
f a s h io n .
( i i i )  The waveforms f o r  a c o n t ro l  s t i f f n e s s  o f  1 .15  l b - f t / 0 show good 
c o r r e l a t i o n  w ith  th o s e  fo r  a c o n t ro l  s t i f f n e s s  o f  2 .3  l b - f t / ° ,  
where more "p eak in ess"  r e s u l t s .  At the  low er  f r e q u e n c ie s ,  i n  th e  
re g io n  r e p re s e n te d  by F ig s .  72b and 77b, a rea so n ab le  p r e d i c t i o n  
o f  th e  waveform i s  p o s s ib le ,  from a c o n s id e r a t io n  of th e  f r i c t i o n  
c h a r a c t e r i s t i c  o f  th e  lo a d ,  as  shown below.
Enlargements o f  f i lm  n e g a t iv e s  taken  on a Cossor Model 1089 
O sc i l lo sc o p e  w i th  s ing le -sw eep  tim e b a s e .
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Veloeify fwd.reverse
Fig* 81. F r i c t io n / s p e e d  c h a r a c t e r i s t i c  o f
mechanism lo a d .
C onsider th e  t o t a l  d r iv in g  to rque  re q u ire d  to move an i n e r t i a  lo a d  
s in u s o id a l ly  a g a in s t  t h e  above f r i c t i o n  to rq u e .  S ince  th e  motor i s  
o p e ra t in g  w i th  a f ix ed  f i e l d  c u r r e n t ,  th e  t o t a l  to rq u e  waveform w i l l  a l ­
so r e p r e s e n t  t h a t  of the  motor armature c u r r e n t .  The c o n d i t io n s  a re  
g iven in  F ig .  82.








F ig .  82. N on-Sinusoidal to rque  f o r  s in u s o id a l  a n g u la r  
m otion.
The upper d iagram  shows -the s in u s o id a l  d isp la cem e n t,  v e l o c i t y  and 
a c c e l e r a t i o n  o f  the  lo ad  i n e r t i a .  From th e se  curves  th e  a c c e l e r a t i o n  
and f r i c t i o n  components of the d r iv in g  to rq u e  may be drawn i n ,  a s  th e  
low er f ig u r e  shows. The sum of th e  two r e p r e s e n t s  th e  t o t a l  to rq u e  
and hence th e  a rm a tu re  c u r r e n t  waveform. Reference t o  th e  o sc i l lo g ra m s  
i n  F ig .  72b and 7 7 b in d ic a te s  t h a t  th e  a c tu a l  waveform o f  motor c u r r e n t
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p o s se s se s  th e  p r e d ic te d  shape, any  v a r i a t i o n  b e in g  on ly  a q u e s t io n  of  th e  
r e l a t i v e  amounts o f  f r i c t i o n  and a c c e l e r a t i o n  components.
L ikew ise ,  th e  improvement i n  waveform as th e  f req u en cy  i s  r a i s e d  i s  
due to  th e  a c c e l e r a t i o n  to rque  in c re a s in g  w h ile  the s t i c t i o n  to rq u e  remains 
e s s e n t i a l l y  th e  same. F u rthe r  the  f r i c t i o n  to rq u e  r e q u ire d  a t  any
5*-
v e l o c i t y  a lso  becomes sm a l le r  in  r e l a t i o n  to th e  a c c e l e r a t i o n  to r q u e .  The 
r e s u l t  i s  o b ta in e d ,  th e r e f o r e ,  t h a t  s in u s o id a l  o p e ra t io n  of th e  system i s  
o n ly  ta k in g  p la ce  above a frequency which i s  app rox im ate ly  equal t o  t h e  
r e s o n a n t  frequency .  For any system, however, i t  i s  p o s s i b l e  to  make the 
a c c e l e r a t i o n  to rque h ig h e r  in  r e l a t i o n  to  th e  s t i c t i o n  to rq u e  by runn ing  
the i n p u t  and o u tp u t  through l a r g e r  am plitudes  a t  any p a r t i c u l a r  f req u en cy ,  
and in  t h i s  manner s in u s o id a l  o p e ra t io n  may be ex tended to  low er f r e q u e n c ie s .  
F u r th e r  d is c u s s io n  of t h i s  p o in t  i s  g iven  in  Sec. 1 3 .2 ,  which o f f e r s  
c r i t i c i s m  o f  the  experim enta l  te c h n iq u e .
L in e a r  range of c o n t r o l .
The l i n e a r  range of the  o v e r a l l  s e n s i t i v i t y  c h a r a c t e r i s t i c ,  see  F ig .
44, has  a l re a d y  p laced  l i m i t s  on th e  maximum in p u t  s te p s  which could  be used 
f o r  t r a n s i e n t  response  measurements. A s im i la r  r e s t r i c t i o n  a p p l i e s  to  the. 
f requency  re s p o n se .  The l o c i  o f  F ig s .  58, 60, and 62, enable t h i s  to  
be checked . The maximum e r r o r s  f o r  th e  re sponses  I ,  I I  and I I I  a r e ,  in
The r a t i o  max. v e l o c i t y  being in v e r s e ly  p ro p o r t io n a l  to  th e  f req u e n c y ,  
max. a c c e le r a t io n
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f a c t ,  1 4 .7 ° ,  8 .3 ° ,  and 9 .3° which a r e  a l l  w i th in  the  l i n e a r  range  o f  t h e i r  
r e s p e c t iv e  s e n s i t i v i t y  c h a r a c t e r i s t i c s .  Thus f a r  the dynamic s e n s i t i v i t y  
c h a r a c t e r i s t i c s  o f  the system have n o t  been m entioned . These r e l a t e  to  
the  motor to rq u e  p e r  u n i t  e r r o r  fo r  any g iven  motor s p e e d . More f r e q u e n t ­
l y ,  th e  in fo im a t io n  i s  given in  terms o f  the  to rq u e /s p e e d  curves o f  th e  
motor f o r  g iven  v a lu e s  o f  t h e  e x c i t a t i o n  o f  th e  g e n e r a to r  su p p ly in g  th e  
motor a rm a tu re  power. These curves can in  t u r n  be p rep a red  from th e  o u tp u t  
c u r r e n t /o u tp u t  v o l ta g e  c h a r a c t e r i s t i c s  of the g e n e ra to r ,  i n  t h i s  case  th e  
metadyne g e n e ra to r .  The r e s u l t  o f  s teady  load  t e s t s  on th e  metadyne 
g e n e ra to r  to  d e te rm ine  th e se  c h a r a c t e r i s t i c s  i s  shown in  F ig .  83. I n  an 
i d e a l  machine p o sse ss in g  no re s id u a l  magnetism th e se  would be sym m etrica l 
about th e  o r i g i n .  The p o s s ib le  e f f e c t  o f  cu rv a tu re  o f  t h e  dynamic 
c h a r a c t e r i s t i c s  can be deduced from th e se  c u rv e s .  From th e  frequency  
resoonse  r e s u l t s ,  th e  maximum v e l o c i t y  a t t a in e d  by th e  motor was a b o u t  
16 r a d / s e c .  This corresponds to  motor v o l t a g e s  o f  th e  o rd e r  o f  15V and 
th e re f o r e  i t  i s  ap p a re n t  t h a t  only a small p o r t i o n  o f  -the cu rves  of F ig .  83 
on e i t h e r  s id e  o f  zero v o l t a g e ,  was a c t u a l l y  u se d .  From t h i s  we may s a f e l y  
conclude t h a t  th e  e f f e c t  o f  curved dynamic c h a r a c t e r i s t i c s  in t ro d u c e s  
n e g l i g i b l e  e r r o r .
I n t e r a c t i o n  w ith  power-supply system .
This was n o t  d e t e c ta b le  daring  t r a n s i e n t  response measurements. A 
maximum v a r i a t i o n  o f  5V in  220V occurred  in  th e  m e tad y n e -g en e ra to r  d r iv in g -  
m otor v o l t a g e ,  i n  the course  o f  s in u s o id a l  m easurements.
The o v e r a l l  e f f e c t  of s t i c t i o n ,  n o n - l i n e a r  f r i c t i o n ,  s a t u r a t i o n  and 
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Fig. 84  Check of linear operation by 
comparison of ®/e Qoo) loci.
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c o n s id e r a t io n  of two Q(jco) l o c i  having known c o n t ro l  s t i f f n e s s e s .  Thus 
s in c e  response  I I  on ly  d i f f e r e d  from response  I  in  hav ing  tw ice ' the  con- 
t r o l  s t i f f n e s s ,  th e  g(/co) locus  o f  I may be expanded r a d i a l l y  in  th e  N yquis t 
p lane  by a f a c t o r  of 2, and compared w ith  th e  ftyw) lo c u s  o f  I I .  F ig .  84 
d em onstra tes  t h i s  and supplements th e  c o n c lu s io n  a l r e a d y  drawn from con­
s id e r in g  the w ave-forms, namely, t h a t  v e ry  n e a r ly  l i n e a r  c o n d i t io n s  o b ta in  
from co = 8 r a d / s e c .  upwards.
(c) R e p ro d u c ib i l i ty  of system . Order of ac c u ra c y  o f  experim en ta l
measurements.
In  a complex system such as the one t e s t e d ,  th e  q u e s t io n  of c o n s i s t e n t  
r e s u l t s  im mediately a r i s e s .  This has been checked th o ro u g h ly  and i t  has 
been e s t a b l i s h e d  t h a t ,  given s im i la r  c o n d i t io n s  p r i o r  to  t e s t i n g ,  e . g .  
th e  same ru n n in g - in  p e r io d s  under s teady  s in u s o id a l  m otion, i t  i s  p o s s i b l e  
to  produce t r a n s i e n t  responses which a re  p r a c t i c a l l y  i d e n t i c a l .  The maximum 
e r r o r  in  t r a n s i e n t  reco rd ing  amounts in  f a c t  to no more ih a n  th e  v e ry  s l i g h t  
back lash  between th e  motor s h a f t  and th e  f in e  r e s e t t e r  s h a f t .  This i s  o f  
th e  o rd e r  o f  3° a t  the  motor s h a f t  and r e p re s e n ts  a p o s s ib le  d is c re p a n c y  be­
tween th e  recorded  angle and the a c t u a l  an g le  o f  the  f i n e  r e s e t t e r  s h a f t ,  o f  
9 /2 5 ° .  For a 9° s te p ,  t h i s  r e p re s e n ts  a 4/6 e r r o r ,  and f o r  a 20° s t e p ,  a b o u t  
2,5% e r r o r .
Not q u i t e  th e  same accu racy  a p p l ie s  to th e  f req u en cy  re s p o n s e s ,  c o n s id e r ­
a b le  e r r o r  b e in g  p o s s ib le  a t  the h ig h e r  f re q u e n c ie s  w ith  in p u t  motions o f  5 ° .  
The e r r o r  i n  observ ing  the  d ia l  in d i c a t i o n  being abou t ^ o ,  th e  l e a s t  acc u racy
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i s  10%, which occurs a t  the h ig h e s t  experim en ta l p o in t  o f  re sp o n ses  I I  
and I I I .  The accuracy  w ith  l a r g e r  o u tp u t  movements in c re a s e s  
p r o p o r t i o n a l ly .  Reference to  the re sp o n se  curves shows i t  to  v a ry  from 
5% to  2% f o r  a l l  b u t  the above mentioned p o i n t s .  The u n c e r t a i n t y  i n  
measuring th e  p h a s e - s h i f t  o f  -°(jo>) has a l re a d y  been s t a t e d  i n  S e c .1 0 .2 .  
This measurement gave v e ry  c o n s i s t e n t  r e s u l t s .
A c r i t i c i s m  o f  foe experim en ta l te ch n iq u e  in  f requency  response  
measurement i s  g iven  i n  th e  n ex t and concluding C hap te r .
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CHAPTER 13.
CONCLUSION. FURTHER WORK.
1 3 .1 .  Conclusions from Experim ental R e s u l t s .
A h ig h -ac cu racy ,  high-power servo-mechanism has been s u b je c te d  to  
s te p  in p u ts  under c o n d it io n s  re p re s e n t in g  the n e a r e s t  approach p o s s ib le  
to  l i n e a r  o p e ra t io n .  The system has a l s o  been s u b je c te d  t o  s te a d y  
s in u s o id a l  in p u ts  over a f i n i t e  frequency  range l im i t e d  a t  th e  low er 
end by n o n -s in u so id a l  o u tp u t  movement, and a t  th e  h ig h e r  end, by 
in a c c u ra te  e r r o r  v o l ta g e  i n d i c a t i o n ,  due to  the sm all am p li tude  o f  o u t ­
pu t movement. Approximately l i n e a r  o p e ra t io n  to o k  p la c e  over th e  top  
70 -  75% o f  t h i s  frequency ran g e .
The measured and c a lc u la te d  s t e p  responses  show some measure o f  
c o r r e l a t i o n  b u t  a re  most n o t ic e a b ly  d i f f e r e n t  in  t h e i r  t im es f o r  maximum 
o v e rsh o o t,  w ith  l e a s t  d isc rep an cy  o ccu rr ing  when the d eg ree  o f  
o s c i l l a t i o n  i s  g r e a t e s t .  The bulk  o f  t h i s  e r r o r  i s  due t o  assuming in  the 
a n a l y s i s  t h a t  t r u e  s in u s o id a l  c o n d i t io n s  hold  from z e ro  frequency  upw ards. 
The assumed frequency response  c h a r a c t e r i s t i c s  in  th e  r e g io n  of z e ro
frequency ,  have i n  f a c t  co n fe r red  h ig h e r  v a lu es  o f  th e  e f f e c t i v e  am p li tu d e
0  /  ■and s m a l le r  va lues  o f  th e  e f f e c t i v e  p h a s e - s h i f t  o f  -*(/(») th an  a c t u a l l yQ.
o c c u rs .  The te rm  e f f e c t i v e  i s  u sed  s in ce  we know q u i t e  d e f i n i t e l y  t h a t  
n o n - s in u s o id a l  co n d i t io n s  e x i s t ;  ( th e  e f f e o t iv e  am plitude  and p h a s e - s h i f t  
m igh t,  however, be considered  a s  the  am plitude and p h a s e - s h i f t  r e s u l t i n g  
i f  on ly  the  fundamental component o f  the o u tp u t  were ta k e n ) .  These
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assumed c h a r a c t e r i s t i c s  r e s u l t  in  th e  c a l c u la te d  s te p - re s p o n s e  b e ing  
f a s t e r  th a n  in  p r a c t i c e .  We a r e  able  t o  a t t r i b u t e  the  g r e a t e r  p a r t  o f  th e  
d isc re p a n c y  to  t h i s  assum ption , s in c e  measurements made i n  th e  f req u en cy  
range where th e  ou tpu t m otion, b u t  n o t  the motor a rm a tu re  c u r r e n t ,  was 
s in u s o id a l ,  a r e  reasonab ly  a c c u r a te .  The above assum ption  a l s o  a cc o u n ts  
f o r  the  b e t t e r  agreement f o r  an o s c i l l a t o r y  response  th a n  fo r  a well-damped 
one. For in s ta n c e ,  i n  th e  harmonic a n a l y s i s  method t h i s  r e s u l t s  from th e  
in c r e a s e  in  the resonance peak i n  comparison w ith  t h e  rem ainder o f  th e  
re sp o n se .  Since t r u e  s in u s o id a l  co n d i t io n s  have i n  f a c t  been o b ta in e d  a t  
r e s o n a n t  f re q u e n c ie s  the c a lc u la te d  response w i l l  be more n e a r ly  c o r r e c t .  
Cam pbell’ s method w i l l ,  of c o u rs e ,  g ive the b e s t  r e s u l t s  when t h e  re sp o n se  
i s  f a i r l y  o s c i l l a t o r y ,  due to  t h e  assum ption made i n  the  method t h a t  th e  
p r i n c i p a l  mode i t s e l f  accounts  fo r  the  t o t a l  o v e rsh o o t .
1 3 .2 .  C r i t i c i s m  of Technique of Frequency Response Measurement.
In  th e  method employed in  the  t e s t s ,  a f ix e d  am p li tude  o f  in p u t
o s c i l l a t i o n  was used fo r  any p a r t i c u l a r  curve being  d e te rm in e d .  This
r e s u l t e d  i n  "the a c c e l e r a t i n g  to rque  req u ire d  be ing  comparable w i th  th e
f r i c t i o n  /  s t i c t i o n  to rque  a t  low f r e q u e n c ie s .  I f  the  in p u t  am plitude  i s
r a i s e d  however as  th e  frequency  i s  low ered, th e n  i t  has been shown -that
4b e t t e r  s in u s o id a l  co n d i t io n s  r e s u l t .  Brown and Campbell g ive  a method 
which w i l l  accomplish t h i s .  Trouble w i l l ,  o f  co u rs e ,  a r i s e  i f  th e  in c re a s e d  
v e l o c i t i e s  c a r r y  th e  motor o p e ra t io n  i n t o  a curved re g io n  o f  i t s  to rq u e /s p e e d  
c h a r a c t e r i s t i c s ,  o r  i n t o  a re g io n  in  which th e y  a re  n o t  eq u i -s p a c e d .  This
happens f a i r l y  soon in  the case  of a m e tadyne-gene ra to r  type se rvo  such as
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th e  one t e s t e d .  The method used i s ,  n e v e r th e le s s ,  c r i t i c i s e d  on t h i s  
p o i n t .
1 3 .3 .  A n a ly t ic a l  Techniques.
A ll methods g iv e  e s s e n t i a l l y  the same p r e d ic te d  s t e p  re s p o n s e ,  as 
th e  u n d e r ly in g  assum ption  o f  s in u s o id a l  c o n d i t io n s  from z e ro  f requency  
upwards i s  made in  each c a se .  I t  i s  encourag ing , however, t h a t  i n  t h i s  * 
case  where no th ing  i s  known o f  th e  type o f  ro o ts  o f  th e  system c h a r a c t e r i s t i c  
e q u a t io n ,  Campbell’ s v e ry  approxim ate method g iv e s  agreem ent w i th  th e  o th e r  
two. From t h i s  i t  may be expec ted  th a t  th e  p r in c ip a l  mode th e o ry  of P a r t  
I I  o f  t h i s  t h e s i s  w i l l  p rov ide  reasonab le  r e s u l t s  i n  p r a c t i c e  g iven  
approxim ate l i n e a r  c o n d i t io n s .  I t  r e p re s e n ts  th e  same type  of app rox im ation  
a s  Cam pbell’ s method, b u t  one which does ta k e  i n t o  accoun t th e  rem ain ing  
ro o ts  of th e  system  c h a r a c t e r i s t i c  e q u a t io n .
1 3 .4 .  G e n e ra l i s a t io n  o f  C onclusions .
The o b je c t  o f  th e  in v e s t ig a t io n  was to  determ ine to  what e x t e n t  
q u a n t i t a t i v e  p r e d ic t io n  o f  a system  t r a n s i e n t  response  was p o s s i b l e  from 
knowledge o f  a measured frequency  re sp o n se .  The r e s u l t s  o b ta in e d  f o r  th e  
p r e s e n t  system have a l re a d y  been g iven  and th e  e r r o r  i n  p r e d i c t i o n  has been  
d i s c u s s e d .
The q u e s t io n  now a r i s e s  o f  w hether  a g enera l s ta tem en t may be made on 
th e  ev idence  o f  th e  above in v e s t ig a t i o n .  While i t  would be u n reaso n ab le  
to  claim  a c e r t a i n  l i m i t  of p r e d ic t io n  fo r  a l l  s y s te m s , . some i n d i c a t i o n  i s  
p o s s ib le  o f  th e  maximum e r r o r  i n  p r e d i c t i o n  w hich  i s  l i k e l y  t o  occur i f  
c o r r e c t  experim enta l techn ique  i s  employed. This r e q u i r e s  (a )  re a so n a b le
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sine-w ave co n d i t io n s  throughout the -whole system to  as low a f requency  
as p o s s i b l e ,  and (b) measurements of h igh  accuracy  a t  low f r e q u e n c ie s  and 
a t  th e  re so n an t  f re q u e n c ie s .  Loss o f  acc u racy  a t  .frequencies  g r e a t e r  
th a n  t h a t  a t  vrhich the  response d ec rease s  to  0 .5  say , may be t o l e r a t e d .
Under th e se  co n d i t io n s  th e  maximum o vershoo t ought to  be p r e d i c t a b l e
to w i th in  10% o f  th e  in p u t  s tep  and w i th  g r e a t e r  accu racy  f o r  g r e a t e r
degrees  o f  o s c i l l a t i o n .  The tim e f o r  maximum overshoo t should  be
c a l c u la b le  to  w i th in  25% o f  t h e  t r u e  v a lu e  and w i l l  c e r t a i n l y  be so f o r
o s c i l l a t o r y  re sp o n ses .  The r e s u l t s  o f  th e  i n v e s t i g a t i o n  do n o t  w a r r a n t
any c l o s e r  l i m i t s  be ing  s e t .  I t  i s ,  however, in  th e  case  of r e l a t i v e l y
complex h ig h -ac cu racy  systems of c o n s id e ra b le  power o u tp u t  t h a t  t h e s e
maximum d ivergences  o f  c a lc u la te d  and a c tu a l  s te p  re sp o n ses  w i l l  o c c u r .
Medium- and low-power servo-mechanisms, excep ting  the i n h e r e n t ly  n o n - l i n e a r
" o n -o f f"  ty p e s ,  w i l l  a lm ost c e r t a i n l y  g ive  b e t t e r  ag reem en t.  S im i la r l y  a
frequency  response  des ign  on paper i s  not l i k e l y  to  a f f o r d  a c l o s e r  guide
to  th e  t r a n s i e n t  response  which w i l l  occur in  p r a c t i c e ,  than  th e  above
f ig u re s  i n d i c a t e .  I t  i s  n e v e r th e le s s  r e a s s u r in g  t h a t  the  maximum overshoo t
at
i n  p r a c t i c e  w i l l  be le ss  th a n  the l i n e a r  p r e d i c t i o n  th e o iy .  s u g g e s t s . On 
th e  o th e r  hand, the response-tim e i n  p r a c t i c e  w i l l  exceed th e  v a lu e  p r e d ic te d  
by c a l c u l a t i o n .
1 3 .5 .  F u r th e r  Work.
The g r e a t e r  p a r t  o f  the  work r e l a t i n g  to  servo-mechanisms which has
* The measured response I I I  a d m it te d ly  shows a g r e a t e r  ov e rsh o o t th an  the  
p r e d ic te d  re sp o n se .  -As however th e  4:% d i f f e r e n c e  could  v e ry  w e l l  r e s u l t  
from th e  in a ccu racy  in  measurement and c a l c u l a t i o n ,  th e  two oversh o o ts  a re  
f o r  p r a c t i c a l  purposes the  same.
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been done in  the p a s t  has assumed l i n e a r  c o n d i t io n s  of o p e ra t io n ,  and i n
p r o p o r t io n  to t h i s  amount o f  work, few papers  have d e a l t  w ith  n o n - l i n e a r  
4Z,42,Ab
e f f e c t s .  R ecen tly ,  however, p a r t i c u l a r s  r e l a t i n g  to  s p e c i f i c  n o n - l i n e a r
systems and a l s o  reviews of t h e  n o n - l i n e a r  o s c i l l a t i o n  problem as a whole 
*have been ap p ea r in g .  I t  i s  c l e a r  a t  th e  o u t s e t  t h a t  v e ry  l i t t l e  
g e n e r a l i s a t i o n  of t h e  n o n - l in e a r  problem can be o b ta in e d .  The problem  
has b een  and i s  be ing  ta ck led  from a more p r a c t i c a l  v iew p o in t ,  by c o n s id e r ­
in g  s e p a r a t e ly  each type o f  n o n - l i n e a r i t y  as i t  o c c u rs ,  e . g .  s e rv o s  w ith  
to rq u e  l i m i t a t i o n ,  back lash ,  n o n - l i n e a r  f r i c t i o n  and c u rv a tu re  o f  motor 
to rq u e /sp e e d  c h a r a c t e r i s t i c s .  From any one o f  th e s e  i n v e s t i g a t i o n s  the  
g e n e r a l i s a t i o n  o f  r e s u l t s  i s  i n  i t s e l f  d i f f i c u l t  and much work s t i l l  remains 
to  be  done to  s o r t  ou t the  co n c lu s io n s  reached  by d i f f e r e n t  experim ents  on 
th e  s u b j e c t .  The q u a l i t a t i v e  e f f e c t  i s  r e l a t i v e l y  easy  to  e s t a b l i s h  b a t  
non-dim ensional p r e s e n ta t io n  of q u a n t i t a t i v e  r e s u l t s  i s  h in d e re d  by la c k  of 
u n ifo rm ity  o f  experim enta l c o n d i t io n s .  The c le a r in g -u p  and u n i f i c a t i o n  o f  
th e  r e s u l t s  fo r  each type  o f  n o n - l i n e a r i t y  on i t s  own i s  a p r a c t i c a l  problem  
of immediate im portance .
F u r th e r ,  more c o n s id e ra t io n  should be g iv en  t o  fu n d am en ta l ly  n o n - l i n e a r  
systems o f th e  "o n -o f f"  ty p e .  The same may be a lso  s a id  o f  a . c .  o p e ra te d  
systems th e  f u l l  development of which has been  de layed  on a c c o u n t  of 
t e c h n ic a l  d i f f i c u l t i e s  o f  c o n t ro l  and a l s o  on accoun t o f  the  added com plex ity  
o f  th e o ry  w ith  a ca rr ie r -w a v e  p r e s e n t  i n  th e  sequence .
See r e fe re n c e s  44,45, so-57 ,
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In  a d d i t io n  to  th e s e  e s s e n t i a l l y  p r a o t i c a l  problem s, th e re  i s  s t i l l  
room fo r  f u r th e r  t h e o r e t i c a l  developm ents . Even i n  the  l i n e a r  th e o ry ,  
th e  q u e s t io n  o f  m u l t i - lo o p  sy s tau s  having more than  one in p u t ,  in ten d ed  
o r  o th e rw ise ,  can  be ex p lo red .  R e la ted  to  t h i s  i s  the problem o f  i n t e r ­
a c t i o n  w ith  the  pow er-supply and c o n s id e ra t io n  o f  the  -whole system  in  
terms o f  energy flow. The techn ique  o f  te n s o r  a n a ly s i s  has s t i l l  to  be 
u s e f u l l y  a p p l ie d  to  such m u l t i - lo o p  system s.
The i n t e r e s t i n g  problem o f  o p t im is a t io n  and th e  b e a r in g  o f  in fo rm ­
a t i o n  th e o ry  upon p r a c t i c a l  servo-mechanism d e s ig n s  a l s o  o f f e r s  much 
scope to  t h e o r e t i c a l  w orkers .  J u s t  e x a c t ly  to  what e x te n t  p r a c t i c a l  
servo-mechanism des igns  may hope to  p r o f i t  from t h i s  a s p e c t  i s  n o t  o b v io u s .  
At p r e s e n t  t h i s  re f inem en t seems le s s  im p o r tan t  th an  the p ro d u c t io n  o f  
r e l i a b l e  r e s u l t s  r eg a rd in g  the  b a s ic  n o n - l i n e a r i t i e s  which occur i n  every  
p r a c t i c a l  system. Together w ith  a s tudy  o f  Mo n -o f f"  system s, t h i s  i s ,  i n  
the  a u t h o r ' s  op in ion ,  th e  most p re s s in g  o b je c t iv e  a t  t h e  p r e s e n t  t im e .  I t  
i s  th e  a u t h o r ’ s i n t e n t i o n  to  proceed to  t h i s  work.
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APPENDIX I .
THE EXPONENTIAL FOURIER SERIES FOR A PERIODIC FUNCTION.
The t r ig o n o m e t r ic a l  form of the  F o u r ie r  S e r ie s  f o r  a fu n c t io n  
oftOjperiodic i n  -time T ~ 2/7 , i sI CO
A
p i t )  « ( an cosncut + bnsin noot)  ( l a )
7- 7 n~i
where rfy
a„ =  J  pCtjdt 3 ( 2 )
°-n = J  p(t)cos neatdt , (3)
~1/z 7/
C zbh -  J  p it)s in  nait d t . (4)
P u t t in g  cos/icot — ^£'/nWy -£ j  s/nnojl'= _[ ( t ™ -  £ jn0J^  i n  ( l a )
2 ’ 2/ 
we h a v e  oo .
pit) * +± "E [ Can-jbn) l J -h (Q.n-f-jbn)t~ jnC° ]  ,• ( lb )
T  T  n* i
From (3) and (4)
//z • h
an- j b n -  J  p it)  I J/1<P d t  - P(nta) (5)
-7?z_ .
aa -pjbn = /  p i t ) i jn0°^clt = P(-noo) (6)
-7 /Z
P u t t in g  0 = 0  in  (5) o r  (6 ) ,  a l s o
f  ^ z
POico) = j  p(!')dt 0 0 (7)
n-o
Thus, s u b s t i t u t i n g  i n  ( lb )
inoot
pit) -  ±  2  P(ncx>)i . ( l c )7 j  ix ^  _cc
This i s  th e  ex p o n en t ia l  form o f  th e  F o u r ie r  S e r ie s  f o r  a p e r io d  f u n c t i o n .
The c o e f f i c i e n t  Pinto) i s  g iven  by
r 7/i -incut
P(nco) » /  plt)t dt ( 5 )
-T/z
The n^  frequency component in  ( l a )  i s
g (ancosncot -j- bnsifjncot )  -  2 cos (ncot-  $n ) , where 
= aj-tbf,1 = l ^ ) i Z and fn = tan' • Hence t h e  c o e f f i c i e n t s  P(ncv)
<2(7
r e p r e s e n t  the  r e l a t i v e  am plitudes and phases o f  t h e  f req u en cy  components, 
the  a c tu a l  am plitudes being 2\P(noo)\ . iP(noa)] and (f>n d e f in e  two
re a l  l i n e  s p e c t r a ,  the am plitude ard  phase s p e c t r a .  Both a r e  c o n ta in ed
i n  the  complex c o e f f i c i e n t  Pinui) , which we n o te  from (5) and (6) a l s o  has 
the  p ro p e r ty  P(noa) = co n ju g a te ,  Pi-not) .
Extension  of Range of P e r io d ic  F u n c t io n .
By allow ing  th e  p e r io d ic  time T  to  in c re a s e  i n d e f i n i t e l y ,  i t  becomes
p o s s ib le  to  r e p re s e n t  a n o n -p e r io d ic  fu n c t io n  -f(t) . This p ro c e ss  r e q u i r e s
t h a t  t h e  fundamental p e r io d  co become i n f i n i t e s i m a l  and the  f req u en cy  
co m p o n e n ts  become th e  con tinuous v a r i a b l e  co . Thus, 
w r i t i n g  ( ic )  as n^ -t-ec jnojj^
p(0  =  1  2  P(nui)i  . c o  
' ZJ] - a s  w
i n  the  l i m i t  T-*- o0 ] , t h i s  becomes
/70U -*■ OJ 
Co duo 00
'out
- f i t )  =* 1  j  fr ( w ) £ J 3
-  00





E quations  (8) and (9) express the  in v e rs e  and d i r e c t  F o u r ie r  
Transforaoation. S t r i c t l y  speaking sev e ra l  c o n d i t io n s  a re  r e q u i r e d  
be s a t i s f i e d  by -f(t) in  o rder  t h a t  i t s  F o u r ie r  Transform Flto) should 
e x i s t .  The most im portan t  o f  th e se  i s  t h a t
/ifwid
should be f i n i t e .
APPENDIX I I .
TABLES TO ASSIST IN THE CALCULATION OF NYQUIST DIAGRAMS AT REAL AND
COMPLEX FREQUENCIES.
Each of  the "Tables I  to  V on the fo llow ing  pages r e f e r s  t o  one 
v a lu e  o f  r e l a t i v e  damping, d e f in e d  by th e  ang le  /6 as  e x p la in e d  i n  
Sec. 5 .1 ;  the v a lu es  of 0  co rresponding  t o  Tables I  t o  V a r e  0 ° ,
30°, 45°, 60° and 75°.
• ^Table I  gives, the  f a c t o r  (t+ jx )  i n  p o la r  form. Tables I I  to  V 
show the v a lu e s  o f  ( a ) ( f t  x i n  p o la r  form and (b) xC-f+j) 3
x zC-(Tfj)z o o -o rd in a te  form; th e  range  o f  i s  0 .10< -*^  10'.
With th e  a id  o f  th e se  Tables, f a c t o r s  such as ( I t f t )  3 ( ( tap+  bff) may 
be eva lua ted  f o r  v a lu e s  o f  p -  u(-t f t - j )  , (T = fan j3 •
TABLE 1 . 0  = 0°.
U + i x ) * ' -
JL R r ' r
0.1 1.005 0.995 5.7
0 .2 1.02 0.980 11.3
0 .3 1.04 0.962 16 .8
0 . 4 1.08 0.926 21.7
0 .5 1.12 0.893 26.5
0 .6 1.17 0.855 30.8
0 . 8 1.28 0.781 38.6
1 . 0 1.41 0.707 45 .0
CM.i—1 . 1 .56 0.641 50.4
1 .6 1.89 0.529 57 .8
2 .0 2.24 0.446 63,3
3 .0 3.16 0.316 71.8
4 . 0 4.12 0.243 76 .4
5 .0 5.10 0.196 78.5
6.0 6.08 0.164 80.8
8.0 8.06 0.124 82.8
10 .0 10.05 0.100 84.3
TABLE I I ,  £ = 3 0 °
(!+ x[-<r + j] )±'~ 0 xC-r+j) x zC-r+j)z
X R / r ' r Real Imag. Real Imag.
0 .1 0.947 1.06 6.1 -0 .058 0.1 -0 .007 -0 .0 1 2
0 .2 0.913 1.10 12.7 -0 .115 0.200 -0 .0 2 7 -0 .0 4 6
0 .3 0 .88 1.14 19.9 -0 .173 0 .3 -0 .061 -0 .1 0 4
0 .4 0.866 1.15 27.5 -0 .231 0 .4 -0 .1 0 7 -0 .1 8 4
0 .5 0.869 1.15 35.2 -0 .288 0 .5 -0 .1 6 7 -0 .288
0 .6 0 .888 1.13 42.5 -0 .346 0 .6 -0 .2 4 0 -0 .4 1 4
Q . 00 0 .964 1.04 56.1 -0 .462 0 .8 -0 .427 -0 .7 3 6
1 .0 1 .09 0.917 66.5 -0 .577 1 .0 -0 .667 -1 .1 5
1 .2 1.24 Q.806 75.5 -0 .692 1 .2 -0 .961 -1 .6 6
1 .6 1 .6 0.625 90. -0 .924 1 .6 -1 .7 1 -2 .9 4
2 .0 2.00 0.500 94.3 -1 .15 2.0 -2 .6 7 -4 .6 0
2.5 2.54 0.394 100. -1 .4 4 2.5 -4 .1 7 - 7 .1 9
3 .0 3.09 0.324 103.7 -1 .7 3 3.00 -6 .0 5 -1 0 .4
4 .0 4.21 0.238 108.1 -2 .31 4 .00 -1 0 .7 -1 8 .4
5 .0 5.35 0.187 110.7 -2 .8 8 5 .0 -1 6 .7 - 2 8 .8
6.0 6.40 0.156 112.6. -3 .4 6 6 .0 -2 4 .0
■'tf.r-i1
8.0 8.78 0.114 114.3 -4 .6 2 8 .0 -4 2 .7 -7 3 .6
10 .0 11 .09  . 0 .090 . 115.5 -5 .7 7 10.0 -6 6 .7 -1 1 5 .0
TiffiLE I I I . $  * 45°
( l + x f - r + i r f 1-  Rt'it<j>° xl-r+j) xH-r+})z
X R. (C* cf>> Real Imag. Real Imag.
0 .1 0.906 1.10 6.3 -0 .1 0 .1 0 . -0 .0 2
0 .2 0.825 1.21 14 .0 - 0 .2 0 .2 0 -0 .0 8
0 .3 0.762 1.31 23.2 -0 .3 0 .3 0 -0 .1 8
0 .4 0.721 1.39 33.7 - 0 .4 0 .4 0 -0 .3 2
0 .5 0.707 1.41 45.0 -0 .5 0 .5 0 -0 .5 0
0 .6 0.721 1.39 56.4 -0 .6 0 .6 0 -0 .7 2
00.o 0 .825 1.21 75.9 - 0 .8 0 .8 0 -1 .2 8
1 .0 1.00 1.00 90.0 -1 .0 1 .0 0 -2 .0 0
1 .2 1.22 0.82 99.4 -1 .2 1 .2 0 -2 .8 8
1 .6 1.71 0.585 110.5 -1 .6 1 .6 0 -5 .1 2
2 .0 2.24 0.446 116.5 -2 .0 2 .0 0 - 8 .0
2.5 3.08 0.325 . 119.1 -2 .5 2.5 0 -1 2 .5
3 .0 3.61 0.277 123.7 - 3 .0 3 .0 0 -1 8 .
4 .0 5 .00 0.200 126.9 - 4 .0 4 .0 0 -32
5 .0 6.40 0.156 128.7 - 5 .0 5 .0 0 -50
6 .0 7.81 0.128 129.8 -6 .0 6 .0 0 -72
8 .0 10.63 0.094 131.1 - 8 .0 8.0 0 -128
10 .0 13.45 0 ,0?4 132,0 -1 0 .0 10.0 0 -200
TABLE IV .# * 6 0 °
( /  + x-f-r+jJ) ±lU - f 0 oL(~<r+j) x z (-tr+ j)z
•X £ r f r Real Imag. Real Imag
0 .1 0.833 1.20 6.9 -0 .173 0 .1 0 .02 -0 .0 3 5
0 .2 0 .684 1.46 17.0 -0 .346 0 .2 0 .08 -0 .1 3 8
to.o 0 .566 1.77 32.0 -0 .520 0 .3 0 .18 -0 .3 1 2
0 .4 0.505 1 • 9*8 52.4 -0 .693 0 .4 0 .32 -0 .5 5 4
0 .5 0.518 1.93 74.8 -0 .866 0 .5 0 .50 -  0.867
0 .6 0.602 1 .66 93.8 -1 .0 4 0 .6 0 .72 -1 .2 5
o • CO 0.89 1.12 116.0 -1 .3 9 0 .8 1 .28 -2 .2 2
1 .0 1 .24 0.806 126.2 -1 .7 3 1 .0 2 .00 -3 .4 6
1 .2 1.62 0.617 131.9 -2 .0 8 1 .2 2.88 -4 .9 8
1 .6 2.39 0.418 137.8 -2 .7 7 1 .6 5.12 -8 .8 7
2 .0 3.18 0.314 140.7 -3 .4 6 2 .0 8 .0 -1 3 .9
2.5 4.16 0.24 143.1 -4 .3 3 2.5 12.5 -2 1 .6
3 .0 5.16 0.194 144.5 -5 .2 0 3.0 18 .0 -3 1 .2
4 .0 7.16 0 .14 146.0 -6 .9 3 4 .0 32.0 -5 5 .4
5 .0 9.15 0.109 146.8 -8 .6 6 5 .0 50.0 -8 6 .7
6 .0' 11 .2 0.090 147.6 -1 0 .4 6 .0 72.0 -125
8.0 15.1 0.066 148.3 -1 3 .9 8.0 128. -222
10 .0 19.1 0.052 148.9 -1 7 .3 10 .0 200 -346
TABLE V. 0~7S°
( t + x [ - i T + j ] ) -  r U & P  x i - r + j )  -Xz f-1T + j ) 1
J C £ r ' Real Imag. Real Ima g •
0 .1 0.635 1.57 9.1 -0 .373 0.1 1 .293 -0 .7 4 6
0 .2 0.324 3.09 38.1 -0 .746 0 .2 2 .59 -1 .4 9
0 .3 0.322 3.11 111.8 -1 .1 2 0 .3 3.88 -2 .2 3
0 .4 0.632 1 .58 140.8 -1 .4 9 0 .4 5 .1 8 i ro . CO CO
0 .5 1 .00 1.00 150.5 -1 .8 7 0 .5 6.47 -3 .7 3
0 .6 1 .38 0.725 153.9 -2 .2 4 0 .6 7.76 -4 .4 6
0 .8 2.14 0.467 157.7 -2 .9 8 0 .8 10.36 -5 .9 6
1 .0 2.91 0.344 159.7 -3 .7 3 1 .0 12 .9 -7 .4 6
1 .2 3.67 0.272 161.5 -4 .4 8 1 .2 15.5 -8 .9 5
1 .6 5.22 0.192 162.4 -5 .9 6 1 .6 20.7 -1 1 .9
2 .0 6.76 0.148 162.9 -7 .4 6 2 .0 25.9 o>.
i—
ii
2.5 8.70 0.115 163.3 -9 .3 3 2.5 32.4 -1 8 .7
3 .0 10.6 0.094 163.5 -1 1 .2 3 .0
00.COCO -2 2 .4
4 .0 14.5 0.069 163.5 -1 4 .9 4 .0 51.7 -2 9 .8




6.0 22.2 0.045 164.6 -2 2 .4 6 .0 77 .6 -4 4 .6
8.0 29.9 0.033 164.6 -2 9 .8 8.0 104 -5 9 .6
1 0 .0 37.7 0.026 164.6
to.
to1 10 .0 129 -7 4 .6
APPENDIX I I I .
TABLES OF Is in  r\Q AED J cos/70 FOR t! ODD UP TO fl = 21
n n
( i n t e r v a l s  o f  10° in  B f o r  0°<Q<30°, and 15° in  $ fo r  30°<d4 9Qo)
n 0 10° 20° 300 45° 60° 75° 90°
i 0 0.174 0.342 0.500 0.707 0 .866 0.966 1 .000
3 0 0.167 0.289 0.333 0.236 0 -0 .236 -0 .3 3 3
5 0 0.153 0.197 0.100 -0 .141 -0 .173 0 .052 0.200
7 0 0.134 0.092 -0 .071 -0 .101 0.124 0.037 -0 .1 4 3
9 0 0.111 0 -0 .111 0.079 0 -0 .0 7 9 0.111
11 0_ 0.085 -0 .058 -0 .045 0 .064 -0 .079 0.088 -0 .0 9 1
13 0 0.059 -0.076 0.038 -0 .0 5 4 0.067 -0 .0 7 4 0.077
15 0 0.033 -0 .058 0.067 -0 .047 0 0.047 -0 .0 6 7
17 O' 0.010 -0 .020 0.029 0.041 -0 .051 -0 .0 1 5 0.059
19 0 -0 .009 0.018 -0 .026 0.037 0.046 -0 .0 1 3 -0 .0 5 2
21 0 -0 .024 0.041 -0 .047 -0 .0 3 4 0 0.034 0.047
For 9 0 °<re< 180°, /sinnC9o+&) « Jsi/j n (9o~fi)%














0 100 200 30° 45° 60° 75°
1.000 0.985 0.940 0.866 0.707 0.500 0.259
0.333 0.289 0.167 0 -0 .236 -0 .3 3 3 -0 .2 3 6
0.200 0.129 -0 .035 -0 .173 -0 .141 0 .100 0.193
0.143 0.049 -0 .109 -0 .124 0.101 0.071 -0 .138
0.111 0 -0 .111 0 0.079 -0 .111 0 .079
0.091 -0 .031 -0 .070 0.079 -0 .064 0.045 -0 .0 2 3
0.077 -0 .049 -0.013 0.067 -0 .054 0.038 - 0 .0 2 0
0.067 -0 .058 0.033 0 0.047 -0 .067 0.047
0.059 -0 .058 0.055 -0.051 0.041 0.029 -0 .0 5 7
0.053 -0 .052 0.049 -0 .045 -0 .037 0.027 0.051
0.048 -0 .041 0.024 0 -0 .0 3 4 -0 .047 -0 .0 3 4
For 90°< 0 <• 180°, ± cos nCfo + fi) = ~J cos n (9o - ft) .   ------------n . —n
Table of XcosciQ 
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S y n o p s i s
The paper describes the general aim s and problems o f servo­
mechanism operation. A fter an explanation o f the action o f the 
control, the various inpu t signals met with are discussed. A  short 
review o f electric and hydraulic servo components is then given, with 
a note o f the control effect produced by the various 'power units. 
Servo-mechanism performance is then considered and the question 
o f stability and steady-state following are treated. I n  the fir s t case, 
the action o f time lags is pointed out with the aid o f their steady-state 
frequency response characteristics. N on-linear effects such as 
backlash and var iable friction  are also described. The paper concludes 
with a sum m ary o f the methods used in  practice, fo r  stabilization and 
reduction o f steady-state, error.
I n t r o  l> co tto n
The primary purpose of the class of control systems known 
generally as servo-systems is the control of the position, velocity 
or other attribute of the output member of a piece of apparatus, 
in such a manner that the magnitude of this quantity is in accord­
ance with the dictates of some earlier, essentially time-varying 
quantity. The controlled quantity or output quantity as it is 
usually termed, might, for example, be the angular position 
* Of Glasgow U niversity .
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in the training direction of an anti-aircraft gun. This would 
be required to move and follow as accurately as possible some 
other quantity, known as the input quantity, in this example 
the angular position of a light shaft in a remotely situated com­
puting mechanism.
The characteristic of such control systems is that the action 
of the control is dependent upon the error or difference between 
the instantaneous input and output values ; it means, therefore, 
a continuous comparison of the output quantity with its desired 
value, as represented by the input, in order to determine the 
magnitude and sense of the error. This error quantity then, 
through the medium of power-amplification, is ultimately 
responsible for driving the output back into coincidence with the 
input and in so^  doing reducing itself to zero. From the point 
of view of the error, such a system is self-zeroing .* That some 
type of power amphfication, for example, electric or hydraulic, 
is necessary, follows from the fact that very considerable forces 
are normally required for the rapid movements of the output 
member, subjected in addition perhaps, to extraneous disturb­
ances. It is not possible to derive this power from the error 
quantity directly since such power would not normally be 
sufficient, and in any event, this procedure would adversely 
affect the true value of the input quantity itself. It is, there­
fore, axiomatic that servo-systems are power-amplifying.
Consider, for example, a ship steering-gear which, though 
not normally regarded as such, is a simple form of hydraulic 
servo-mechanism for the purpose of controlling the rudder angle 
in accordance with the angle of the helm. The latter is, there­
fore, the input quantity. Its value is continuously compared 
with the output quantity of the system, namely, the rudder 
angle, usually by means of the differential action of a floating 
lever. One end of this lever is actuated by the tiller movement 
and the other end by the movement of a receiver telemotor 
operated from a transmitting unit controlled by the angle of 
the helm. The resulting movement of the differential lever, 
representing the difference between the two angles, sets the 
.stroke of a variable-delivery pump delivering high-pressure oil 
to a double-acting ram which moves the rudder in the correct 
direction. The basic elements of a servo-control are thus present, 
namely, an error-determining device forming the error quantity,
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which, after hydraulic power amplification, is the ultimate 
cause of moving the rudder into the position of correspondence* 
The essential operation of servo-control is illustrated in Fig. 1* 
wherein is shown the continuous feedback of information about 
the output magnitude in order to compare it with the input 
magnitude and so determine the error, e. The error quantity is 
here defined as £=0.,—0O.
In electrical engineering terms, the error can be thought of 
as the result of applying negative feedback of the output quantity 
to the input quantity. Recognition of the similarity between 
servo-systems and negative feedback amplifiers in electronic 
circuits has enabled many of the methods already existing for 
the analysis of such amplifiers to be judiciously applied to 




y  Q r B0 and Load %
Feedback or Reset
Fig. 1.— Block diagram o f  servo-system.
in practice, that electrical servo-mechanisms are more flexible 
in adjustment than other types, has led to much of the theory 
being developed in electrical terms.
G e n e r a l  F e a t u r e s  o e  S e r v o -s y s t e m  P e r f o r m a n c e
Self-oscillation. The most important feature of a servo-system, 
in common with any system having feedback over an amplifying* 
means, is the possibility of sustained self-oscillation without 
the application of an external input quantity. The tendency 
to go into an uncontrolled state, in which the output and all 
other variables in the control sequence periodically increase 
and decrease to large amplitudes in either direction, depends 
upon the degree of corrective action put into the control, or 
niore briefly, on the sensitivity of the control. If the corrective 
action is slight, the output will be very sluggish in responding
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to a sudden fixed deviation of the input and an unnecessarily 
long time will elapse before coincidence with the input occurs. 
At the other extreme, by the overshooting of an’inertia load, 
the corrective action may be over-violent and may produce a 
greater error than the original Such a system will increase its 
errors alternately in either direction, and is therefore totally 
unstable. The actual frequency of the oscillation depends 011 
the size of the system, being higher for small fractional-horse- 
power systems than for larger power-type servos, for example,, 
a 5-h.p. system which might have' a natural frequency of oscilla­
tion of the order of 1 to 2 cycles per sec. Clearly, the control 
action must be intermediate between the above states, producing 
a sufficiently fast response: and one in which any overshooting 
is restricted in magnitude and rapidly caused to die away.
In p u t Signals. The type of input quantity variation to which 
a servo-mechanism will be subjected in practice will depend on 
the particular application. For an anti-aircraft gun following a 
target moving at constant velocity in a horizontal plane, the 
following speed of the gun (considering the training motion only) 
will increase as the target approaches the gun and will decrease 
as the target recedes, the maximum angular velocity depending 
on how near the plane approaches and on its speed. This type 
of input quantity will, therefore, be relatively gradual in appli­
cation, showing first an increasing rate of change followed by a 
decreasing rate of change, A converse state of affairs exists 
when any control system is suddenly made operative with, in 
general, an initial difference between input and output. This 
results in a sudden “ step-function,” as it is called, being applied 
to the system, which will recover after the general manner shown 
in Fig. 2a.
This step-function response, or transient response, on account 
of the approximation to it occurring in practice and also on 
account of the ease of testing an experimental system, is a- 
valuable method of specifying the performance of any particular 
system in respect of its speed of response and degree of damping. 
In general terms, one overshoot of 15 per cent, of the input 
magnitude with a small subsequent undershoot might be accept­
able, provided that the final decay of the error was not unduly 
long.
Other specifications for a following system are the errors-
270 SERVO CONTROL PROBLEMS
allowable with certain maximum rates of change of input or 
certain maximum accelerations of the input. In a servo following 
an input moving with constant velocity, Fig. 2b, it frequently 
happens that the output, although running at the same speed, 
lags a fixed distance behind the input, this distance being known 
as the steady-state velocity error. Certain applications require 
this error to be zero ; such systems are designated zero-velocity- 
error systems. Analogously one has zero-displacement-error 
system s for those applications in which no static error results in 
the step-function response. Curve C in Fig. 2a shows a system 
having a steady-state error in displacement, that is, static error.
Another form of input that gives much insight into the per­
formance of any system is one which has a harmonic variation
Time
(«)
A — underdamped A — response with velocity error
B — overdamped B — response with zero velocity error.
C— response showing static error.
Fig. 2 .— Servo-mechanism inpu t signals and responses.
with time. Although the input itself seldom has such a variation, 
an equivalent effect is obtained when the input is fixed and a 
periodically-varying torque is externally applied at the output 
shaft of the system. Such a situation may arise due to the un- 
stabilizing effect of a ship’s roll on an unbalanced gun mounting. 
The application of such an input motion and the resulting output 
of a servo-mechanism is shown in Fig. 3a, from which the main 
effects are first, a change of the magnitude of the variation and 
second, a lag of the output quantity behind the input quantity. 
Whether the output magnitude is greater or less than that of 
the input depends on frequency of the imposed harmonic varia­
tion ; at a high frequency it is fairly evident that the input 
motion cannot be reproduced by a massive load, which will
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follow quite well at very low frequencies. A convenient method 
of displaying the relationship of Fig. 3a. is the vector diagram 
of Fig. 3b.
. Regulators and Stabilizers. These are essentially servo-control 
systems having a fixed value of input quantity and subject to 
extraneous influences. Under these conditions the error pro­
duced by an external torque or load being applied, can only be 
such as will call into existence an equal opposing torque from the 
control action. A particularly good example occurs in ship 
stabilization by the use of activated fins. The input quantity 
is fixed and, for this reason, let it be called the datum quantity. 
In this application it is the vertical direction provided by a 
vertical-keeping gyroscope. Roll of the ship causes a signal to
be supplied by the gyro and this, after modification and several 
stages of amplification by hydraulic means, eventually causes 
the fins to tilt and through the ship’s forward motion provide a 
.stabilizing couple in the correct direction.
In connection with regulators, it frequently happens that the 
datum quantity is not of the same physical nature as the regulated 
quantity. In a steam-engine governor the datum quantity 
is a certain setting of the force provided by the governor con­
trolling spring. The speed of the engine is expressed by an axial 
force exerted on the governor sleeve, this conversion being 
effected by the centrifugal action of the rotating balls. Another 
example of an implicitly-contained datum quantity is the balance- 




Fig. 3-— Sinusoidal input signal and steady-state response.
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The general problem with regulators is in the main a steady- 
state one. While it is obviously advantageous for a regulating- 
system to have as quick a response as possible commensurate 
with stability, the primary concern is the steady-state effect 
upon the controlled quantity of some constantly applied torque 
or load demand. The analysis of regulators, therefore, differs 
slightly from that of servo-mechanisms in-that firstly, the output, 
response to an output disturbance is required (sometimes to a 
supply system disturbance in addition) rather than to a variation 
in the datum quantity and that secondly, the steady-state error 
or droop is of more importance than the transient effects. These 
differences are points of operation only and do not alter the fact 
that regulators and servo-mechanisms are basically the same class 
of control, the former with a fixed pre-determined input and the 
latter with a random, time-varying input. The generic name of' 
closed-cycle, closed-loop or closed-sequence control includes all 
such systems.
B a s ic  C o m p o n e n t s
The purpose of this section is to give a very brief descriptive- 
review of commonly occurring servo-components. Though 
there are numerous methods of securing a particular result in 
practice, attention will be drawn only to those elements that 
may be termed typical and which tend to recur in association 
with other typical members. This will be done for electric and 
hydraulic servo-mechanisms only. Pneumatic servos of a few 
watts output, such as occur in aircraft applications, are not 
considered. The description “ basic ” refers to the essential 
features only of the control, that is, to error-determination, 
power-amplification and load movement. Additional connections 
of apparatus to this basic structure for obtaining improved servo 
responses are taken up in a later section.
Electrical Servo-mechanisms. Fig. 4 shows the simplified 
diagram of the metadyne system for the remote-position- control 
(r.p.c.) of a gun mounting. This refers to one motion only of the 
gun, two separate servos being required to control it completely 
in both training and elevation. The gun-driving motor is a 
D.c. motor operating with a fixed shunt field current and fed 
with variable armature current in either direction by a metadyne
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generator, which is essentially a rotating-machine amplifier. 
The small input power required by the metadyne generator for 
its differential or push-pull excitation is supplied in turn by a 
high-gain thermionic amplifier whose input is the error signal. 
This is obtained in the form of a small alternating voltage from 
a pair of magslips, one driven by the output shaft and the other 
by the input shaft. The sequence then is error-determination 
(magslips), power-amplification (thermionic amplifier and meta­
dyne generator), power drive (d .c . servo-motor) and load (train­
ing moment-of-inertia). Such elements represent a selection
Amplifier Metadyne Gun
Mags/ip transmission
Fig. 4.— M etadyne system fo r  remote-position-control o f gun  
m ounting  (diagrammatic).
of the practical components that frequently occur in electrical 
servo-circuits. The features of each are described below, together 
with brief mention of alternative arrangements.
Error Devices. The magslip family of data-transmission sys­
tems was developed by the Admiralty Research Laboratory, 
and of the many forms now in use the coincidence transmission 
system and the transmitter-hunter-resetter system will be 
described.
Coincidence transmission produces the angular error between 
two remotely-situated shafts as an alternating voltage. Referring 
to Pig. 5a, it will be seen that the 3-phase stators are connected
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and that the rotor of the transmitter has its single-phase winding 
connected to an alternating supply and is rotated by the serva 
input shaft. The rotor of the second magslip is driven or reset 
by the servo output shaft and the magnetic axis of its winding 
is so arranged that in the position of zero error no voltage is 
induced by the stator currents. The a .c .  voltage obtained if 
there is either a fixed positive or negative error is shown in Fig. 5b. The magnitude and phase of this voltage with a variable




- 60° - 30°Tim e
Fig. 5 .— M agslip coincidence transmission.
error is shown in Fig. 5c. The sensitivity of these units is 0-0 
volt per 1° misalignment, their accuracy ±i°> and normal 
operation is from a 50-volt, 50-cycles per sec. supply or from a- 
20-volt, 1,100-cycles per sec. supply.
The transmitter-hunter-resetter chain produces the angular' 
error between two remotely-situated shafts as an angular dis­
placement. Fig 6. shows an additional unit, the hunter, carrying: 
3-phase windings on both rotor and stator which are connected 
to the transmitter and resetter stators respectively. The-
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transmitter and resetter rotors are connected to an A .c .  
supply and the torque acting upon the hunter rotor is, for small 
errors, proportional to the misalignment between the input and- 
output shafts. The movement of the hunter rotors is constrained 
by springs to a few degrees either way and, by the linkage shown, 
the rotor moves the sensitive pilot-valve of an oil unit. The 
torque produced in a 3-in. hunter is about 0-16 oz.-in. per 1° 
misalignment.
For applications in which a local control of power is sufficient 
a mechanical differential gear is a simple form of error-measuring 
device. It is not, however, without reaction on the input shaft,, 
which must be capable of resisting the torque.
Power A m plification. A th e r m io n ic  a m p lif ie r  is  n o r m a l ly  
r e q u ir e d  t o  g iv e  a  d .c .  o u t p u t  o f  t h e  c o r r e c t  m a g n it u d e  a n d
direction in response to an a .c .  input of variable magnitude 
and which is either in-phase or anti-phase with a fixed datum. 
This type of amplifier, therefore, has a preliminary stage of 
phase-sensitive rectification followed by two or more stages of 
balanced, push-pull D.c. amplification. In addition the amplifier 
is the point where further signals or interstage networks may 
be added for improved servo response. It may also function in 
such a way to reduce the power supply to the servo as the 
extremities of the load range are reached and any limit switches 
are operated. The power output of thermionic amplifiers, how­
ever, is reached at about 50 W. and for power purposes a rotating- 
machine or dynamo-electric amplifier follows.
Dynamo-electric A m plifiers. Developed originally for electric 
traction, the metadyne generator obtains its high power ampli­
fication and rapid , outputt current response to the control-field
Transmitter Hunter
Fig. 6•— Three-element transmiUer-hunt'er-resetter chain.
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current by using armature-reaction fluxes. On one axis of the 
machine strong armature-reaction flux is produced by a short- 
circuited pair of brushes and on a quadrature axis to this, negative 
feedback of the output current from a secondary set of brushes 
is applied to the control-field current. This feature tends to 
make the output current rather than the output voltage of the 
generator proportional to the control-field current, and in effect 
constitutes a torque control on the d .c .  servo-motor, especially 
at low speeds. The differential control-field currents are of the 
order ,of 40^40 mA. Power amplifications range from 100 
(for about 500 W. output) to 10,000 (for about 50 kW. output).
Similar to the metadyne generator but for the omission of 
negative feedback of output current, the amplidyne generator 
lacks the rapid current response of the metadyne. Positive feed­
back of output current (over-compensated amplidyne) may be 
adopted to increase the output voltage.
In the interests of power amplification the straightforward 
d .c .  generator (Ward-Leonard control) requires to be preceded 
by an exciter kystem. Since, neglecting the effect of time lags, 
the generator voltage is proportional to the amplifier input, 
this type of control gives a d .c .  servo-motor speed proportional 
to error, but excessive currents and torques arise when the error 
changes suddenly. Negative feedback of the generator output 
current provides this torque limitation, and tends also to result 
in the control of the servo-motor torque rather than speed.
Servo-motors. For power-type servos, the d .c .  motor with its 
armature input controlled and having a fixed shunt field current, 
is normally used and results in the developed torque being pro­
portional to the motor armature current. In fractional-horse- 
power servos, the converse is arranged, with the field current 
variable and armature current constant. This method of con­
nection enables the amplifier to supply the field power of a small 
motor directly and, approximately, makes the servo-motor 
torque proportional to the error.
The 2-phase a .c .  motor is frequently used in low-power appli­
cations thereby providing a wholly a .c .  operated servo. Diffi­
culties of designing stabilizing circuits in this case restrict its 
use to systems having a certain amount of inherent damping.
H ydraulic Servo-mechanisms. Fig. 7 illustrates a simple 
■valve-controlled hydraulic servo. The error is determined by
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the transmitter-hunter-resetter chain, the resulting small.pilot-, 
valve movement being amplified by the hydraulic relay, the 
output of which moves the valve controlling the oil motor. ..This 
drives the load, shown as a simple inertia, and also resets the 
local magslip. Apart from the a .c . supply to the magslips, the 
system uses 110 electrical power and constitutes an all-hydraulic 
servo. In large hydraulically-powered servos it frequently 
happens that coincidence transmission magslips are used, followed 
by thermionic amplification of the voltage and conversion to a 
mechanical displacement before passing it to the hydraulic 
relay circuits. The final power drive, apart from simple rams 






Fig. 7*— Valve-controlled hydraulic servo-mechanism  (diagrammatic).
controlled oil servo-motor, both examples requiring some form 
of variable-delivery pump. In a pump-controlled power drive 
the delivery is variable in either direction and determined by 
the pump stroke which is dependent upon the control action. 
The pump supplying a valve-controlled power drive is pressure- 
regulated and gives up to full delivery in one direction only. 
Descriptive details of some typical methods used in hydraulic 
or electro-hydraulic systems are as follows.
Power A m plification. The simple double-acting ram or 
hydraulic relay is an amplifier giving very high force magnifi­
cations, and is operated generally with a source of oil at a constant 
pressure lower than that used for the final power drive. Hydraulic 
amplifiers are capable of practically unlimited power output,
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but owing to friction and difficulties of mechanical construction 
there is a minimum input force below which the sensitive valve 
cannot be made to work.
In the basic hydraulic relay, consisting of a double-acting ram, 
the velocity of the ram or output can be taken as proportional 
to the effective port opening of the valve, provided that the 
pressure drop across the ram does not exceed about 50 per cent, 
of the supply pressure. Assuming that the port opening is 
proportional to the valve displacement from the mid position, 
the basic relay therefore produces an output displacement pro­
portional to the integral of the input displacement.
The integrating relay with negative displacement feedback, 
more commonly called a “ proportional,” “ corresponding,” or 
“ follow-up ” relay, has the valve moved according to the relative 
displacement of the ram and the input acting at opposite ends 
of a floating or follow-up lever, pivoted at the end of the valve rod. 
An alternative method is to have a. movable liner, operated by 
the ram, in the pilot-valve cylinder. The addition of this negative 
displacement feedback produces an amplifier which, in the steady 
state, has an output displacement proportional to the input 
displacement.
The normal form of the electro-hydraulic relay has as its 
input quantity the d .c .  voltage supplied by the previous stage 
of thermionic amplification. By means of a coil and cylindrical- 
magnet system (similar to that of a moving-coil loudspeaker), 
the input is converted to a mechanical force which operates the 
hydraulic relay.
P um ps and Control Valves. Variable deliver}^  pumps are 
normally of the radial-piston type, the action of the stroke 
control causing the pis ton-assembly to be driven eccentrically 
and produce pumping action, the amount and direction of which 
depends on the amount and directioix of the eccentricity imparted 
by the stroke-control lever.
For requirements of appreciable power an approximately 
constant pressure source is obtained by regulating the stroke and 
hence delivery of a variable-delivery pump, according to the 
pressure changes brought about by the load. In this instance it 
is arranged that the pump delivery will be zero at some maximum 
pressure rating Px and will be increased to the full capacity in 
one direction at some lower pressure, about 0-BPj thus giving a
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tptal pressure change of 20 per cent, from zero to full capacity 
of the pump. In practice this can be done by the movement of 
a spring-controlled piston in a cylinder supplied with the output 
pressure of the pump, the resulting displacement operating the 
stroke control lever.
The reciprocating-piston control valve is much used in servo 
technique in a wide range of sizes. In large valves working at 
high pressures, the forces due to hydraulic reaction exceed the 
frictional forces present, but with sensitive pilot-valves the con­
verse holds. The main feature that limits the operation of small 
sensitive valves is in fact the friction and stiction effect. The 
latter is overcome to a certain extent by superimposing on the 
operative force a relatively high frequency “ dither ” force, 
provided by a linkage to an eccentrically driven member.
Servo-motors. The hydraulic motor used in servo-control is 
in effect a reversed radial-piston or swash-plate type pump with 
a fixed stroke. Neglecting leakage, the velocity of such a motor 
is directly proportional to the volume of liquid passing through 
it per unit time. In practice, however, the velocity is not quite 
independent of the torque but decreases as the torque, pressure 
difference and hence leakage across the pump, increase. While 
valve-control of an oil motor is basically wasteful due to the 
energy loss in the valve itself, its use enables a number of motors 
to be operated simultaneously from one constant-pressure source. 
Pump-control on the other hand demands a separate pump and 
driving motor for each installation but against this it is likely 
that the wear on the pump, which is not generating at constant 
pressure, will be less. To a first approximation, the velocity of a 
pump-controlled motor is proportional to the amount of stroke 
given to the pump. A more complete analysis includes the 
effect of compressibility of the oil and in effect inserts a certain 
resilience into the system.
S e r v o -m e c h a n i s m  R e s p o n s e  Ch a r a c t e r is t ic s
In this section, details are given of the problems that arise 
in predicting the response of a servo under certain conditions of 
input motion and load characteristics. The problems are dis­
cussed as far as possible without formal mathematical treatment.
Stability. As any practical control system must not only be
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stable, but must possess a certain stability margin, the root 
causes of instability are the first points to be investigated. In 
this respect three aspects of the problem emerge, each , of which 
is capable of causing unstable operation. These are :
(a) The form of the basic control characteristic, assuming
all time lags in the operation of the sequence are 
absent. .
(b) The presence of time lags in the control sequence.
\c) Imperfections of the mechanical drive, for example 
backlash, and variable friction characteristics of the 
load or other mechanical members.
Effects (a) and (b) lend themselves to analytical treatment in 
linear systems, that is, whenever the system “ constants ” or 
parameters do not vary with the magnitude of their related 
varying quantity. Frequencies of oscillation resulting from these 
■effects are termed natural frequencies. Item (c) is essentially a 
non-linear property. Any resulting oscillations may be either 
continuous or interrupted, and not of the same frequencies or 
amplitudes as in the linear systems.
(a) Basic Control. The relationship between the output quan­
tity and a constantly applied error quantity determines the 
basic nature of the control action. For example, by removing 
the a .c .  supply to the magslips in Fig. 4 and instead supplying 
a constant a . c .  voltage, v, to the amplifier (this in effect repre­
sents an error v/0-6°), it is found that the motor eventually rotates 
at constant velocity. It is emphasized that this steady-state 
relationship is only established after the lapse of a certain period, 
the duration of which is dependent on the magnitude of the time 
•delays occurring in the system, and that, in this steady state, 
time-lags have ceased to have any effect. Any linear system in 
which a steady-state output velocity is produced by the appli­
cation of a constant error is represented by a basic control 
equation, dQ jdt = K„e, where K„ is the gain factor of the system. 
Such a velocity-controlled system is inherently stable.
The type of control existing in Fig. 7, however, results in a 
steady-state output acceleration proportional to error* and
* Owing to th e  fin ite travel o f  th e  relay p iston , an  experim ental trial o f  
th is w ould  require the stead y  sta te  to  be a tta in ed  before t h e  relay  
p iston  m oved  th is m uch.
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hence has a basic control equation, d2Q0jdt2 =  Kac. This type, 
namely acceleration-control, is inherently unstable and must 
always have additional stabilizing means. It may be compared 
to an undamped pendulum where the restoring force is propor­
tional to the swing e from the vertical. Thus, since
— M ld2e/dt2 =M ge,
—d2ejdt2 — (g(l)e,
while, for the above control type,
d2d0ldt2~ d 2(Qi—c)/dt2 =Kas
i.e. —d2sfdt2 — Kae
for a stationary input. Hence with no motion whatever given 
to the input, continuous oscillatory errors are formed as the 
output hunts about the input position. This type of instability 
is therefore inherent in the control characteristic and without 
some stabilizing means this form, which is shown later to be 
highly desirable for certain applications, cannot be used. The 
remaining type, which does not occur in position control, how­
ever, is that in which a steady-state error produces a steady- 
state output displacement. This form is confined to certain 
types of regulating systems only.
(b) T im e Lags. The two forms of time lag considered here 
are finite time lag and simple exponential time lag. Finite time 
lag is also known as “ dead-time.” It is the time-interval 
between the occurrence of a signal and the response, due to an 
intermittent action in the system. Finite time lag does not 
appear very often in servo-circuits but is of common occurrence 
in process-control systems, where due to the finite speed of 
propagation of the signal change, a lag results. The input- 
output relationship for an element having finite time lag and 
subjected to a sudden change in its input is shown in Fig. 8a 
and the corresponding relationship for the more common expon­
ential time lag in Fig. 8b.
Exponential time lag occurs, for example, in the response of the 
piston of a proportional-type hydraulic relay to a change in 
position of the input member of the relay. It arises, also, in 
the growth of the current in an inductive circuit such as the field 
winding of a generator or exciter. The greatest time lag in an
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electrical servo, however, is due to the output inertia and to the 
viscous damping effect on the load introduced by the servo­
motor operation. The falling torque/speed characteristic of d .c .  
servo-motors causes a considerable interval to elapse before an 
inertia load reaches the steady-state speed corresponding to a 
change of the control field current of the generator supplying 
the motor.
Time lags, whether present in the forward control sequence, or 
incurred in the process of output measurements, accentuate any 
tendency to instability by virtue of their supplying to the com­
ponent immediately following them information concerning the 
past state of the output rather than its actual state. In exponen­
t s
Initial Slope Afp 
TimeTime
x-0{ t- fT )  =  xJf] T d x j d t + x 0— x i
(a) F inite  time lag (b) Exponential time lag
Fig. 8.— Responses o f  time-lag elements to sudden change in input.
tial time lags, for given values of the lags and the other constants, 
fdr example, sensitivity, of any system, the existence of stability 
or not, can be checked by Routh’s1 or Hurwitz’s2 Criterion. This 
is not, however, particularly helpful for assessing the damping or
relative stability. Much design work with this second aim in view
is carried out in terms of the behaviour of the system components 
when they are carrying continuous sinusoidally-varying quantities 
as in Fig. 3. This arises from the fact that a system which is in 
a state of persistent self-oscillation operates with such signals 
at all points of the control sequence. Thus, for continuous self­
oscillation without the application of an input, the error quantity 
must be formed wholly from the output. That is, if
0O = 0OW sill cof, 
then e — — 0O = 60m sin (cot— 180°).
1 See bibliography, p . 296.
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The conditions for continuous self-oscillation are therefore that 
the ratio of the amplitudes of the output and error should be 
unity, that is, Qom/ zm =  1 while the phase shift is 180°.
Considering now the effect of a simple exponential time-lag 
element having a sinusoidally-varying input, Fig. 9a shows the 
resulting output reduced in amplitude and lagging in phase. 
The amplitude ratio x onJ x im is l/-\/l+“2T2 while the phase 
shift is tan_16)T (Appendix 1). For a given time lag, the phase 
shift increases with the frequency of the input while the amplitude 
ratio x omJxim decreases, Fig. 96. For a given frequency the 
same result is obtained as the time lag is increased.
Time
Fig. 9.— Steady-stale frequency response o f exponential time lag.
The implication of this result as far as stability is concerned 
is depicted in Fig. 10. Curve A is the polar plot of the phase 
shift and amplitude reduction or attenuation, introduced by a 
simple exponential time lag. It is essentially a repeat of Fig. 96. 
Curve B, which coincides with the —90° radius vector, is the 
polar plot of the basic control characteristic of a velocity- 
controlled system.* Curve C is the resultant curve giving the 
amplitude ratio and phase shift for 0o/e in a velocity-controlled 
system with one time lag. It is derived by “ multiplication ” 
of the two curves A and B at corresponding frequencies. That is, 
for the frequency o>1I'2tc,
OR=OP X OQ and 0=#+9O°.
* Since f/0o/d< =  K e =  K em sin co*
0n =  — (K e^/co) cos cof=(K E m/oo) sin (cot— Q0°) =  0om  sin  ( a t— 90°) 
Therefore the  am plitude ratio, OQ in F ig . 10, =  K/coi. The phase
.shift, is equal to  —90° for all frequencies.
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The result of the time delay has been to increase the phase lag 
of the output with respect to the error quantity. A further step 
now is to add another time lag to the system, as in Fig. 11.
' Curve A is the polar plot of the resultant of two time lags acting 
one after the other. Curve C is the resultant 60/e polar plot for a 
velocity-controlled system with the two time lags. In this 
instance, the phase shift introduced by the time lags is sufficient 
to turn the resultant C curve through angles in excess of 180° 
at high frequencies. With the sensitivity or gain-factor of the 
system as shown, the amplitude ratio at 180° phase shift, namely,
f/,o) —o -
- 9 0
F ig. 10.— N yquist diagram, fo r  velocity-controlled servo-mechanism with one 
exponential time lag. (Arrow u>ith each locus, indicates direction o f  increasing
frequency.)
the length ON, is less than unity. Since, however, the control 
sensitivity K is a variable quantity, the amplitude ratio Qom/e m 
at “ cross-over ” will depend wholly on the value given to K. 
If it is increased from that shown in Fig. 11, a stage is eventually 
reached when ON is equal to unity, that is, N coincides with S. 
Under these adjustments the amplitude ratio 0om/em is unity while 
the phase shift is 180°. This, as stated previously, is the critical 
stability limit at which the servo-system is capable of supplying 
its own error solely from the output quantity. Any attempt 
to increase the sensitivity further merely causes continuous 
oscillations to occur. This particular technique for investigating 
stability results in the test is generally known as the Nyquist3
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Criterion*. By its use the separate contributions of the individual 
time lags to the total phase shift of 0o/e, are readily made evident. 
It may be mentioned here that since the unstabilizing effect of a 
time lag is due to the phase lag which it introduces into the 
sequence, the process of stabilization is to insert phase-advance 
to counteract this.
The numerical'prediction of the effect of time lags in the step 
function response entails a certain amount of labour. It is 
generally true, however, that if one time lag is large compared 
with those remaining, the response will show greater damping 
than if the time lags are all of the same order. Prinz4 has given
LO,
Fig. 11.— Nyquist diagram o f  stable velocity-controlled servo-mechanism 
with two exponential time lags.
for two and three lags relationships necessary for optimum 
response, but for an accurate prediction of overshoot and other 
features in the step response a complete solution of the overall 
equation governing the system is necessary. Certain standard 
equations, however, for various classes of control having a 
specified overshoot in the step response have been calculated 
by Whiteley5. With the aid of these the approximately correct 
values of the servo adjustments in relation to the time- and 
other constants of the system can be found.
(c) Backlash. In general the load of a servo-mechanism 
is such as to require a considerable gear reduction from the motor 
shaft. A heavy gun mounting, for instance, is driven through a
* A  single-loop servo-system  w ill be stab le if, for all frequencies from zero to  
in fin ity, the  polar locus o f  the  vector representing the phase sh ift and gain  
o f  0o/e , does n o t enclose th e  p o in t (— 1, 0). I f  th e  locus encloses th e  
poin t (— 1, 0), the system  is unstable.
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gear ring of large diameter and as the drive may be required to 
operate between certain extremes of temperature, a certain 
freedom of operation must be allowed. This, together with the 
normal machining errors, limits to several minutes of arc the 
accuracy it is possible to achieve in a high-torque drive. Again, 
with such a drive, mechanical resilience occurs in the shafts 
themselves and in any comparatively soft materials used in 
mechanical couplings. The result of this backlash and resilience 
is that the motor and load tend to oscillate in anti-phase at 
either end of the power drive and if the system possesses high 
amplification oscillations of a relatively high frequency result 
within the backlash. This tendency to instability can be partially 
overcome by driving the resetting transmitter from the motor 
instead of from the load, since with resilience and backlash 
present the motor is effectively in advance of the load position 
at any time. Such a procedure necessarily places the load outside 
the control loop and though stabilizing may result, the accuracy 
of the system is decreased by the errors which still exist in the 
power drive. A further improvement due to Belsey6 consists 
in deriving part of the reset from the motor and part from the 
load. They are then combined in such proportions that re­
setting is effectively carried out at the “ nodal-point ” of the 
power drive, that is, at the position which would be occupied 
by a solidly-coupled motor-load inertia. This divided-reset 
as it is termed, gives greater accuracy by allowing a further 
increase in the gain of the system before instability occurs and 
by obtaining the feedback information at a point, in effect, nearer 
the final load.
Steady-State Following. The basic control equation referred 
to in a previous section is an expression of the conditions under 
which a servo-mechanism can sustain a constant error. Thus 
for an acceleration-controlled system, d2Q0jdt2 =  Kas. A constant 
following error of <h/Ka therefore results when the output, and 
hence the input also, possesses the constant acceleration <f>. 
Such an input is shown in Fig. 12, curve C. An approximation 
to this may occur in practice over a very limited time. More 
commonly, the inputs B and A result and as neither possesses 
any acceleration, no permanent error can exist in an acceleration- 
controlled servo following either input. For this reason, accelera­
tion-controlled servos are also termed zero-velocity-error systems.
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Similarly in the velocity-controlled type, dQ jdt =  Kce, a 
constant error z—Q.fKv will exist for an output velocity and 
hence an input velocity f2, as in B. This type requires no error, 
however, to maintain a constant output angle 0. It is therefore 
also termed a zero-displacement-error system.* From the 
expression for the constant-velocity following error, it is evi­
dently desirable that K„, that is, the gain factor or control 
sensitivity of the system, should be as large as possible. The 
displacement-controlled type is not capable of following steadily 
moving inputs and therefore has no application in servo­
mechanism work.
The property of following a constant-velocity input with zero 
steady-state error is very advantageous and can be realized in
Time
Fig. 12 .— “ Step-function ” constant-velocity and constant-acceleration inputs.
both electrical and hydraulic servos, but probably more easily 
by the latter. Such a system will require a fair degree of stabi­
lizing in order to counteract the inherently unstable basic 
characteristic and the inevitable time lags which occur. In 
order to attain sufficient constant-velocity following accuracy 
with a velocity-controlled type the gain setting requires to be 
very high, which again entails considerable stabilizing in the 
transient region. The design problem, therefore, resolves itself 
into one of stabilization without loss of steady-state accuracy. 
Methods of achieving this are taken up in a following section.
Performance at Creep Speeds. The variable friction character­
istic of a normal load or other mechanical member is shown in 
Fig. 13.
* I t  m ust be rem em bered th a t the above results are established  for linear 
system s only. In  practice, stiction  m ay  cause a sm all sta tic  error 
to  appear.
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Considering the motion of output as the input shaft is slowly 
turned, the error must build up until the torque developed is 
sufficiently large to overcome the stiction of the output. Once 
movement occurs, the friction torque reduces suddenly and as a 
result, overshooting of the output generally occurs so that it 
comes to rest ahead of the input. A stationary period of the 
output then follows until the input motion results in sufficient 
error to move the output again. Depending upon the adjust­







Fig. 13.— Dependence o f  fric tion  on speed.
position sufficiently to cause an intermittent type of oscillation. 
In practice also there is usually a wide variation of the stiction 
value or stiction/friction ratio over the range of load movement. 
The net result of such irregularities is that smooth following at 
low creep speeds presents a formidable problem, which is only 
partially solved. Attempts have been made to superimpose a 
“ dither ” torque on the servo-motor in the same manner as for 
the sensitive pilot-valve of an oil unit.
A similar state of affairs exists in the “ static ” behaviour of a 
system in which the motor torque is proportional to the inte­
grated error. An initial static error is then integrated until the 
torque which has been built up suddenly moves the output,
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■which-then overshoots and. comes to rest. The integration of 
error then proceeds once more and a slow cycle of load movement 
about-.the input position results.
S t a b i l iz a t i o n  o e  S e r v o -m e c h a n i s m s  a n d  R e d u c t i o n  
o e  S t e a d y -S t a t e  E r r o r
[There, may be said to be two sources of error in a servo-system, 
namely, transient error and steady-state error. Transient error 
is the discrepancy between output and input while the system 
is in the course of responding. The natural tendency of any 
system to oscillate appears as overshooting and undershooting 
before the output is finally constrained to obey the input. In 
a, completely unstable system this period, during which the 
system behaves according to its natural modes, lasts indefinitely. 
Stabilization consists essentially in giving large damping to the 
natural frequencies of oscillation of the system. From the 
standpoint of the Nyquist Criterion, it implies some means of 
putting a local “ dent ” into the polar plot of 0o/e, in order to 
place it as far as possible from the critical (—1, 0) point. It is 
not, however, intended to go into this aspect of design here.
On the other hand, steady-state error is dependent on the 
system behaviour once this natural settling-period is over, and 
as already shown depends only on two features. These are, 
firstly, the basic type of control, and secondly, the amount of 
sensitivity or gain that can be allowed. Thus the requirements 
of high steady-state accuracy conflicts with that of reasonable 
transient performance. Since also the steady-state velocity 
error existing in a velocity-controlled system cannot be made 
zero without in effect changing over to an acceleration-controlled 
system, additional modifying networks or connections which 
produce zero-velocity error do in fact change the class of the 
control system.
There are numerous methods in practice for bringing about a 
particular system response. Since one, and only one, control 
equation can exist for any specified time response, which is 
the solution to that equation, all practical methods of improving 
servo performance are merely methods of altering the coefficients 
of that equation to a certain set of values. From the practical 
viewpoint they are by no means equivalent, some being more
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easily or advantageously applied than others ; realization of 
this analytical equivalence is often a design aid in attempting 
to replace a rather cumbersome linkage by an electric network, 
or conversely in knowing a stabilizing method in electric terms 
and translating this into mechanical methods.
As to the means employed in improving either the transient 
or steady-state performance, three main techniques arise, which 
may be described as cascade compensation, feedback compensa­
tion and load compensation or vibration damping.
Cascade compensation is the insertion into the forward control 
sequence, at the thermionic amplification stage, of specially 
designed networks chosen for the modifying effect on the error 
signal as it changes. Feedback compensation, employed in both 
electric and hydraulic servos, consists in supplying additional 
information to the low-power end of the forward control sequence, 
that is, the amplifier input, as to the rates of change of the output 
quantity. Load compensation, employed for small power instru­
ment-type servo-systems, makes use of some form of vibration 
damper. It is particularly useful in wholly a .c . operated servo­
mechanisms where the design of corrective networks presents 
difficulty. A further general point already mentioned is that 
stabilizing methods are more easily derived for electric systems 
than for their hydraulic counterpart. For this reason high- 
power hydraulic servos usually have a first stage of thermionic 
amplification in which the primary stabilizing means are provided. 
Purely mechanical methods of cascade or feedback compensation 
are restricted to the possible varieties of a spring dashpot 
combination.
Stabilization Methods. Output Velocity Feedback. All loads 
possess a certain amount of natural friction which damps the 
load movement to some extent. Such friction is of a very 
variable nature, however, and the amount of damping it provides 
is negligible in comparison with that which can be obtained 
electrically by means of an additional feedback of output velocity. 
Thus, by driving a small D.c. tachogenerator from the output 
shaft, a D.c. voltage proportional to the velocity of the output 
is obtained and this can be added to the normal error voltage 
at a suitable stage in the amplifier. The connections are so 
arranged that the torque produced by this voltage at all times 
opposes the velocity of the output and thus effectively introduces
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viscous friction on the output shaft. An alternative to providing 
a tachogenerator is to derive a current approximately propor­
tional to the output speed by connecting directly across the 
servo-motor armature and supplying the auxiliary field winding 
of a metadyne generator or a Ward-Leonard exciter. Although 
an effective method of stabilization, output velocity feedback 
is not suitable for systems required to follow constant velocity 












F i g .  1 4 . — S t a b i l i z i n g  a r r a n g e m e n t s ,  ( a )  T r a n s i e n t  o u t p u t - v e l o c i t y ’ f e e d b a c k ,  
( b ,  c) A m p l i d y n e  a n t i - h u n t  c o n n e c t i o n s .
voltage feedback due to the constant speed of rotation, and 
provide the necessary driving torque in addition. The above 
defect may be remedied by making the feedback operative 
only when the output changes its velocity. A simple CR net­
work, Fig. 14a, cascaded with the output of the tachogenerator, 
will accomplish this transient velocity feedback.
The auxiliary or anti-hunt field winding is also used frequently 
in amplidyne regulating systems, and is then supplied through 
a condenser or anti-hunt transformer, Figs. 146 and 14c. Both
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arrangements allow the feedback ampere-turns to be operative 
only when the output voltage changes, the current flowing 
being approximately proportional to the rate of change of output 
voltage.
Addition of Derivatives of Error. That the addition of time- 
derivatives of the error quantity can stabilize a servo-system 
may be shown by considering the response of a simple lagging 
element such as might occur in the forward control sequence. 
For an inductive field circuit having a voltage proportional to 
the error impressed on it, the rise of current is given by
Ri + I d i /d t  =  Kjy.
If we add a component proportional to the rate of change of 
the error, this becomes
Hi -+- Ldijdt — Kxs -f K.2dz/dt,
so that by making L/R=K2/K1, the response becomes instan­
taneous and the time lag has been cancelled. This is not 
necessarily the best procedure in practice but it gives approxi­
mately the amount of derivative control to be used. Similarly 
from the standpoint of the output motion, by feeding in a term 
proportional to the derivative of error, the motor has two com­
ponents of torque. The action of the two components can be 
seen by considering the torques acting as the output overshoots 
from an initial point behind the input, that is, initially positive 
error. As zero error is being approached by the output with 
increasing velocity, the derivative component opposes the 
normal error component and provides an increasing retarding 
torque reaching maximum at zero error, while immediately 
after this point the normal and derivative components act 
together. This provides an effective stabilizing action without 
affecting the steady-state velocity error under constant-velocity 
following. Practical methods of obtaining the derivative of 
error term are shown in Fig. 15a and b. Both networks operate 
on B . C .  and are inserted between o.c. stages of the thermionic 
amplifier. It should be stated that network b produces only an 
approximation to the “ error-j-derivative of error ” condition, 
but this in no way makes it any less effective. Theory indicates 
there is no particular advantage in a pure derivative component.
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Proportional Feedback over a Time-Lag. This simple method is 
used partially to counteract the effects of time-lags as they occur. 
By opposing the input with the output or a proportion of it, 
the effective time lag of the modified element is reduced but at 
the expense of steady-state gain. (Appendix II.)
Load Compensation. Two types of vibration damper are in 
use for servo stabilization, resonant and non-resonant types. 
In the former an inertia disc with suitable damping is spring- 
coupled to the output shaft. The spring constant and inertia 
are so chosen to give a natural frequency equal to that of the 
oscillation requiring damping. In these conditions the disc 
removes energy from the hunting shaft and dissipates it in its 
viscous brake. In the non-resonant type an inertia is friction- 
coupled to the output, which therefore experiences friction
torque whenever there is relative velocity between it and the 
coupled inertia. This occurs when output oscillates, since the 
inertia disc cannot follow under these conditions. The energy 
of the output oscillation is thus converted into heat and the 
output shaft stabilized. For small servos this method of stabi­
lization is very effective.
Reduction o f Steady-State Error. The primary method of 
reducing steady-state error is to have as large a value as possible 
of the control sensitivity. Given that a certain servo is stable 
but suffers from undue velocity-error, one solution of the pro­
blem is to incorporate in the amplifier a network which, reduces 
the amount of signal passed for fairly rapid changes of the error 
but does not affect the transmission in the steady state. By 
this means the sensitivity of the amplifier may be increased 
without affecting the original stability but at the same time
F i g .  1 5  C a s c a d e  ( o r  i n t e r s t a g e )  s t a b i l i z i n g  n e t w o r k s .
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providing a higher steady-state amplification than initially. 
The steady-state errors are thereby reduced. The circuit in 
Fig. 15c which operates on d .c . signals is commonly used and 
sometimes referred to as an “ error+ integral of error ” network.
Since a zero velocity-error system depends basically on an 
acceleration-control, the connection of a simple hydraulic 
integrating relay in series with either a pump- or valve-controlled 
power drive will give the necessary characteristic, but will 
require stabilizing in view of its inherent instability. An arrange­
ment much used in oil servo units is shown in Fig. 16. Here 
the simple integrating relay is provided with “ transient dis-
F i g .  1 6 - — H y d r a u l i c  i n t e g r a t i n g  r e l a y  w i t h  t r a n s i e n t  d i s p l a c e m e n t  
f e e d b a c k
placement feedback ” by means of the spring-daslipot com­
bination. Since in the steady state, the spring will always 
return the end of the lever to its zero position, the result of a 
constant displacement of the input end of the lever is to cause 
the piston to move with constant velocity. The steady-state 
integrating property therefore remains. Due, however, to the 
“ solid ” action of the dashpot when initial movement of the 
piston takes place, the valve temporarily closes before being 
slowly displaced to its steady-state position by the spring. 
The result of this transient behaviour is highly stabilizing due 
to the initial peak of velocity given to the piston.
As previously stated, although producing the same result 
certain practical methods of stabilization possess distinct advan­
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tages over others. This particularly applies in the comparison 
of cascaded networks in contrast to additional feedback loops. 
In the latter, since the signal is derived from a later stage in the 
sequence there is always sufficient power available for supplying 
the feedback network. A cascaded network on the other hand 
must be arranged so that it does not affect the purity of the 
error signal and if more than one network is required these 
must be placed between stages of the amplifier, and not directly 
connected in cascade. There is the additional feature that 
corrective networks normally operate with d .c .  signals and thus 
a feedback connection from rotating d  .c . machinery is particularly 
applicable. Even if a feedback source does not exist in the 
sequence it can be provided, for example, by a d .c .  tacho­
generator. Finally, feedback stabilization usually makes the 
system less responsive to output disturbances than cascaded 
networks, due to informatioii being more directly provided at 
the input end of the control sequence. The action, however, of 
feedback networks is less obvious than with networks cascaded 
in the control sequence, and the best stabilizing arrangement is 
very often determined by experience or by trial and error rather 
than wholly analytical considerations.
A p p e n d i x  I
P h a s e  S h i f t  a n d  A t t e n u a t i o n  d u e  t o  S im p l e  E x p o n e n t i a l  
T im e  L ag
In the differential equation relating the input x t and output x 0 
of the delay element, whose time constant is T seconds,
T d x 0idtJr x (j= x i 
put x i= x im sin (at.
Then, if x 0— A  sin coi-ffB cos ozt in the steady-state,
wTA cos co<-coBT sin wi-j-A sin wi-f-B cos o>t=rt m sin a t
A—wBT — x i m
A+B/<dT=o,
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whence A =.rim/(l+co2T2), B= — T?-mcoT/(l+co2T2) 
x 0 =a;iwl(sin a t—coT cos co#)/(1 co2T2)
— x im sin (at—<h)/v/l + “2T2, <h~tan~1toT.
The phase shift is tan^oT and the attenuation x omlx im is
A p p e n d ix  II
B.EDUCTION OE EFFECTIVE TlME-CONSTANT OF A SlM PLE
E x p o n e n t i a l  T im e  l a g , b y  N e g a t i v e  F e e d b a c k .
For the exponential delay element, with the fraction k of its 
output negatively fed back,
T d x 0jd t-\-x0= x —x i— k x 0
TdXgldt-trCl-JrtyXg—Xj
or T ,d x 0/dt-{-x0= x il(l- \-k )
where T'=T/(l-f-&) is the effective time constant. Note that 
steady-state gain x 0/x f has been reduced from unity to 1/(1
B i b l i o g r a p h y
.(]) “ D ynam ics o f a System  o f R igid  B od ies,” b y  E . J . R otith . JS77. 
M acm illan & Co., London.
l / y l + < » 2 T 2 .
° -   .X; — x Lag
' O—I —  y





{ 2) “ U eber die B edingnngen , unter w elchen eine G leiclm ng nur W urzeln  
m it negativen  reellen Theilen b esitz t,” b y  A. H im vitz. M athsm at. 
A nnalen , 1895, vol. 46, p. 273.
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(3) 11 R egeneration  T heory,” by H . N yq u ist. Bell System  Tech. Journ .,
1932, vol. 11, p. 126.
(4) Contributions to the Theory o f A u tom atic Controllers and F ollow ­
ers,” by D . G. Prinz. J o vrn . S ci. In st., 1944, vo l. 21, p. 53.
(5) Theory o f Servo S ystem s, w ith  Particular R eference to S tab ilisa ­
t io n ,” b y  A. L. W hite ley . Journ. In st. E lec. E n g ., 1946, vo l. 
93 II , p.' 353.
(6) " N aval A p plications o f E lectrical R em ote-P ositional Controllers,”
by W . E . C. Lam port. D iscussion  b y  F . H . B elsey . Journ. In st. 
E lec. E n g ., 1947, vol. 94 I I  A , p. 236 (C onvention Paper). A  
great deal o f in form ation is contained  in the Proceedings a t th e  
C onvention on A utom atic R egulators and Servo M echanism s, 
Journ. In st. E lec. E n g ., 1947, vol. 94 II  A , N os. 1 and 2.
(7) " Principles o f Servo-m echanism s,” b y  G. S. Brow n and D . P. Camp­
bell. 1948. John  W iley  & Sons, N ew  York.
(8) " Theory o f  Servom echanism s,” by H . M. Jam es, N . B . N ichols
and R . S. Phillips, 1947. M cGraw-Hill B ook Co., N ew  York.
Discussion
Prof. B. H a g u e , D.Sc., Ph.D. : The Institution is to he com­
plimented on the inclusion of this paper in its Transactions ; and 
the Author is to be congratulated on the clarity and precision 
with which the principles have been stated. The paper is a clear 
illustration of the late Prof. Perry’s dictum that engineering 
knowledge should not be separated into watertight compartments, 
a statement which is particularly true of the subject of servo­
mechanisms. In this subject the old principle of servo-control, 
due to the mechanical engineer, has been combined with a large 
body of theoretical knowledge, developed by the electrical engin­
eer for the discussion of regenerative action or feedback in elec­
trical amplifiers. The result has been the development of the 
modern technique of automatic control so ably discussed in the 
paper.
Two applications of servo-mechanism recently came under the 
writer's observation. One was the adjustment of the electrode 
position in an electric furnace, which was carried out by servo 
equipment operating through an amplidyne generator. The 
furnace current, which was to be maintained constant, operated 
a control mechanism with amplification through the amplidyne ; 
this in turn supplied current to the motors which adjusted the
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position of the electrodes so as to keep the furnace current at the 
desired value. The other application was the automatic control 
of cutting force and speed of cut in a large planer. This is often 
done by some form of Ward-Leonard control gear, involving the 
use of several auxiliary electrical machines. In this particular 
example the performance of the planer was controlled by a purely 
electronic servo device, the power supply being taken from a 
thermionic rectifier.
Mr. V . R . P a l i n g ,  B .S c .  : The writer would support Prof. 
Hague in complimenting the Author on his lucid presentation of 
the subject. Such expositions which make the subject accessible 
to the layman hardly exist at present. That is unfortunate, 
because it is a subject which should be of interest to engineers 
whose main work lies in other fields. The terminology and 
nomenclature are oarticularly confusing, and one American 
writer* has summon up the situation by saying that the control 
experts have got their terminology so balled up that no one but 
themselves can understand it. That is a fair statement of the 
position.
The British Standards Institution is preparing a glossary on 
this subject,f and a reference to that might usefully be included. 
The preparation of such a glossary must be a difficult task, and is 
likely to end up by pleasing no one. In the first section that has 
been issued, in addition to a list of definitions, a list of rejected 
terms is given as an appendix, and the rejected terms outnumber 
the accepted terms.
The, by now, classical papers of Routh, Hurwitz and Nyquist 
are given in the bibliography, but these are not likely to prove 
helpful to an engineer who wants to find out what it is all about. 
None of those authors was writing with control systems in view, 
and none was writing for engineers. Nyquist indeed was writing 
for electronic engineers, but everybody knows that they are 
different from other people and have a language of their own.
On p. 272 the Author divides control systems into those with 
a fixed predetermined input and those with a random time- 
varying input. It is desirable to recognize the existence of an 
intermediate class which has a predetermined input which
* E d  S. Sm ith . Trans. Am er. Soc. M ech. E n g ., 1946, vo l. 68, p. 523.
f  B ritish  Standard 1523. (In  course o f pub lication .)
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nevertheless varies with time ; that would be the case in a fur­
nace in which the temperature was required to go through a pre­
scribed cycle of operations. Prof. Hayes* has suggested that a 
more logical classification is simply into systems with a pre­
determined input and those with a random input.
Mr. J. S t e f e n s o n  : The iAuthor has described both electrical 
and hydraulic servo-mechanisms. How does the relationship 
between power input and output for the two systems compare 
with the ratio of say 1 to 10,000 in ordinary hand-controlled 
plants (for example, tram cars and small marine engines) ? For 
gun-mountings both systems are used by different firms and in 
the Denny-Brown stabilizer the first servo stage is electrical and 
the rest hydraulic. Are there any special reasons for this ?
Mr. D. M o r r i s o n ,  B.Sc. (Associate Member) : Can the Author 
comment on the suitability of servo control systems for com­
paratively small power installations in view of the extra equip­
ment required '? The writer has in mind the particular problem 
of controlling closely the speed of a d .c .  motor for aircraft reson­
ance testing. This can be accomplished by using a 5-h.p. motor 
with manual speed control and an ample reserve of power, or 
by using a 1-h.p. motor with automatic speed regulation.
It will be found, however, that the extra weight, space and 
•expense of the control system for the second scheme more than 
outweighs the original saving on the motor.
With regard to the Author’s comments on the capstan torque 
amplifier, it is the writer’s recollection that this system was used 
for remote control of gun turrets on some German aircraft 
(ME 210 and 410).f
Mr. A. S i l v e r l e a f ,  B.Sc. (Associate Member) : The Author 
states that the problem of gun stabilization on a rolling ship 
had not yet been satisfactorily solved. Does this imply that it 
could be completely solved ? In a true servo-mechanism, is it 
possible to obtain complete accuracy of control ? The writer 
has the impression that in servo-mechanisms it is essential to 
have some error, for it is only through an error that control can
* Proc. In st. Meeh. E n g., 1948, vol. 159, p. 36. 
f Flight, 1943, vol. 43, p. 144.
300 SERVO CONTROL PROBLEMS
be exercised. In this connection, is there any difference in prin­
ciple between steady-state regulators, and servo-mechanisms, 
linked to a varying datum quantity, which affects the degree of 
control which it is possible to achieve I
Author s Reply
Mr. C r u i c k s h a n k  : Prof. Hague mentions the common ground 
which the subject of servo-mechanisms provides for the electrical 
and the mechanical engineer. In this respect, the two-way 
nature of the development lias perhaps not been fully recognized. 
While recent theory has predicted seemingly new means of 
achieving certain practical results, it has also happened that a 
few of these have been already in existence in the field of mech­
anical applications and that a closer understanding of their 
operation is now provided.
Of the two industrial applications cited by Prof. Hague, the 
first is an example of regulating to a constant value and represents 
the majority of industrial problems, while the second more nearly 
approaches true servo action. Industrial servo controls of the 
second type have on the whole been rather slow in forthcoming, 
possibly because their complexity offers a certain maintenance 
problem. There has always been a tendency to avoid installing 
complex apparatus if accuracy of control is gained at the expense 
of ease of maintenance. Standardization of components in future 
control apparatus may successfully solve this problem.
With regard to Mr. Paling’s remarks on terminology, the 
Author agrees with him in sympathizing with engineers whose 
main work lies in other fields and who may be called on to take 
up a problem in servo control. The fluid state of nomenclature 
may be cleared up when the British Standards Institution pu blishes 
the glossary he refers to, but it .may quite simply mean that 
process-control engineers and servo-control engineers will have 
to learn not only each other’s language, but also that of the 
glossary. The Author also agrees with the more logical classifi­
cation of control systems suggested by Prof. Hayes, which takes 
in those with predetermined time-varying inputs and which are 
not mentioned in the paper.
In reply to Mr. Stefenson, the total power amplification pro­
vided in a large, high-aecuracy angular-position control servo
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is very great indeed. The final power-amplifier, whether electric 
or hydraulic, has, of course, its output determined by the li.p. 
of the system and an input power in the region of 5 to 25 watts. 
These figures imply power-amplifications up to 10,000 for the 
final stage alone of a system having a 50-kW. output. Prior to 
this, a large power-amplification takes place in the thermionic 
amplifier in electric and electro-hydraulic systems. As the power- 
output of a metadyne generator or of a hydraulic amplifier is set 
only by the physical size of the unit, it is difficult to see how a 
comparison with the manually-controlled systems can really be 
made at all.
Turning to the second point mady by Mr. Stefenson, namely 
the relative merits of electric and hydraulic servos, space pre­
cludes a detailed answer to the question. Some of the advan­
tages of the hydraulic type, however, are the lighter construction 
required for a given power, the high torque/inertia ratio of the 
oil motor which thus enables it to accelerate a load without itself 
absorbing about an equal quantity of power, as in the case of an 
electric motor, and the ease of maintenance of hydraulic systems 
if once property manufactured. Against these the electric servo 
can show great flexibility in the thermionic amplifying stage and 
additional connections for improved responses can be incorporated 
more easily than in the hydraulic counterpart. It is in the main 
composed of standard units, for example, motors and generators 
that can be supplied in large numbers in the' normal course of 
industry. Frequently the best solution is a combination of both 
electric and hydraulic, the former for the initial stages of error- 
detection, amplification and primary stabilizing means, while the 
latter is used for the final power stage. In the Denny-Brown 
stabilizer the final fin-tilting stage is much the same as a hydraulic 
steering gear, pre-amplification is by hydraulic means and the 
magslip-resetter system for determining the ship’s roll and roll- 
velocity constitutes the only electrical means employed in the 
actual control chain. It would be more correct, therefore, to 
term this a hydraulic system rather than electro-hydraulic.
Mr. Morrison states that a 1-h.p. automatic speed-regulating 
system for aircraft resonance testing demanded more weight, 
space and expense than the original system employing a 5-h.p. 
motor with ample reserve of power. While the space and expense 
of an extra control system may not be in its favour, it is surprising
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that weight considerations of the smaller motor and its equipment 
should compare unadvantageously. In the scheme mentioned, 
which concerns mechanical resonances, it is clear that an extremely 
sensitive control would be required to maintain accurate exciting 
frequencies in the face of large energy fluctuations in the load. 
For the holding of such constant exciting frequencies and for the 
measurement of resulting amplitudes, as opposed to the measure­
ment of merely the resonant frequencies, an electronic control 
system would be essential.
The Author thanks Mr. Morrison for his interesting reference 
to the use of the capstan torque amplifier in gun turrets on certain 
German aircraft.
In reply to Mr. Silverleaf, if the Author has given the impression 
that the complete stabilization of a gun on a rolling ship is possible , 
he haste.]is to correct it. Complete accuracy of control cannot be 
obtained either in stabilizing or in following systems in which the 
corrective action depends on an error. With regard to regulators, 
however, which, as stated previously, present mainly steady-state 
problems, it is true to say that in the steady-state, the accuracy 
may be brought to within any desired limits however small, and 
according to the design of the system. There must, however, be 
certain transient errors before . such accuracy or, in the limit, 
even zero steady-state error, is achieved. Analytically speaking, 
there is 110 difference between a steady-state regulator and 
a' servo-mechanism.
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